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Selecting an optimal aperture in Kirchhoff
migration using dip-angle images
Alexander Klokov and Sergey Fomel

ABSTRACT
We present a method for selecting a migration aperture in Kirchhoff migration.
We first split migrated data into constant-dip-angle partial images. Then, in
every partial image, we estimate the consistency between each event and the
constant dip of the analyzed section. We filter out events whose slope is far from
the corresponding dip. Stacking of the filtered partial images corresponds to
migration having an optimal aperture. Synthetic and real data examples demonstrate that the proposed approach to migration-aperture optimization is able to
reduce migration noise while preserving diffraction energy, which characterizes
small geological objects and brings additional resolution to the image.

INTRODUCTION
Kirchhoff migration remains a popular tool for seismic imaging (17). It handles every
input trace separately, enabling the user to work with data sets of any configuration
(including irregular geometry) and to apply target-oriented analysis. One of the features of Kirchhoff migration is its global aperture. The migration operator distributes
energy throughout a wide area described by an impulse-response surface. However, a
seismic image is constructed only by a local part of the surface that touches a reflector. The remainder does not make a constructive contribution and, even worse, may
generate image artifacts (28; 11).
The artifact problem can be solved by limiting migration aperture. Schleicher
et al. (24) analyzed influence of aperture parameters on imaging results and proposed
a technique based on projected Fresnel zones for shortening the migration curve.
After preliminary picking of target reflections and computing diffraction curves, they
estimated the migration-aperture size by analytical equations. Sun (28) analyzed the
structure of a seismic image and proposed rules for its optimal construction. Two
main principles were identified: (1) the tangent point between a diffraction curve and a
reflector must be located in the central part of the aperture and (2) the aperture must
be at least as large as the first Fresnel zone. Several methods were proposed to achieve
these two objectives. Tillmanns and Gebrande (31) detected instantaneous slowness
in the data domain. Sun and Schuster (27) described wave-path migration smearing
energy within a small zone centered on the specular reflection point and defined under
a stationary-phase approximation. Lüth et al. (18) smeared migrated multicomponent
1
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data only inside a Fresnel volume built around rays computed using polarization of the
wavefield. Buske et al. (7) constructed a Fresnel volume for single-component seismic
data, determining the emergent angle by local slowness analysis. Tabti et al. (29)
worked with diffraction-operator panels and picked Fresnel apertures after preliminary
low-pass filtering. Kabbej et al. (12) introduced an attribute that characterizes the
distance between a common-midpoint position and a currently imaged depth point
then migrated the attribute and used it for weighting-function construction. Spinner
and Mann (25) used the common-reflection-surface operator to determine parameters
for the optimal migration aperture. Alerini and Ursin (1) estimated horizon slopes in
the image domain.
The migrated dip-angle domain has properties that are favorable for taking both
issues — the aperture position and its width — into consideration. In this domain, a
reflection event has a concave shape with an apex whose position corresponds to the
reflector dip (2; 16; 15). The event summation in the dip-angle direction produces
an image in accordance with the stationary-point principle (4). To limit aperture in
the dip-angle domain and to restrict summation to stationary points, Bienati et al.
(3) applied an automatic slope estimation followed by muting. Aperture size was
defined on the basis of wavelet bandwidth. Dafni and Reshef (8) proposed analyzing
migrated gathers simultaneously in dip-angle and scattering-angle directions.
A seismic wavefield may contain reflections and diffractions. There are a number
of important differences between these two components (14). One of the differences is
that reflections require a narrow migration aperture, whereas diffractions require an
aperture as wide as possible (while allowing matching of a diffraction curve). Therefore, all methods that imply migration-aperture limiting are oriented toward optimal
imaging of reflection boundaries and not diffraction objects. Diffractions characterize
small but important geological objects and play a significant role in imaging of rough
reflection boundaries (13). Their attenuation may cause a significant loss of resolution
(19). For image resolution to be preserved, a migration-optimization method should
aim to protect the diffraction component. In this paper, we demonstrate an approach
that allows us to achieve an optimal aperture size for reflection boundaries while also
protecting the diffraction component. The main idea is analyzing slope information
in constant-dip partial images.

DIFFRACTIONS AND REFLECTIONS IN
CONSTANT-DIP PARTIAL IMAGES
Common-reflection-angle migration (32) can produce a set of dip-angle gathers in
which traces are partial images of a fixed lateral position for different migration dips.
At the same time, the migrated volume can be considered as a set of constant-dip
partial images. Integration of the partial images along the dip angle provides a seismic
image:
Z
ˆ z, α)dα ,
I(x̄, z) = I(x̄,
(1)
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ˆ z, α) is a true-amplitude partial image for migration dip α (5).
where I(x̄,
A dip-angle gather exposes the difference between reflections and diffractions (2;
16; 15). Reflection events have a concave shape, and an image of a reflection boundary
is constructed by a limited range of dip angles near the event apex. The effective
range contains migrated impulses whose shift from the event apex does not exceed
half the prevailing period. This area is equivalent to the Fresnel zone in the dip-angle
domain. Diffraction events appear flat, however, which means that the full range of
migration-dip angles provides an effective contribution to the image (Figure 1). Thus,
an optimal migration aperture should simultaneously be limited for reflections and
expanded for diffractions.

Figure 1: Reflection event and diffraction event in the 2D dip-angle gather.
optapert/. smile
In the constant-dip partial-image domain, reflections and diffractions appear different as well, although they have some analogous features. To examine this, let us
start with the simple case of zero-offset migration having the correct constant velocity.
Similar derivations can be considered for prestack data.
A diffraction event behaves hyperbolically (Figure 2(a)). Its shape is defined by
the following equation (see derivation in Appendix):
q
(2)
z(xm ) = (xm − x0 ) tan α + (xm − x0 )2 / cos2 α + z02 ,

4
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where α is the constant-dip of the partial image, xm is an imaging position, and x0
and z0 are position and real depth of the diffraction point, respectively.
At the position of the diffraction point, when xm = x0 , the event has the correct
depth z(xm ) = z0 . The slope of the event at this point corresponds to the derivative:
∂z
|x =x = tan α .
∂xm m 0

(3)

Equation 3 indicates that an effective part of a diffraction event, which corresponds to
the correct position and contributes to the image, has the same slope as the migration
dip, or the constant-dip of the corresponding partial image.
The response of a plane reflector in the constant-dip partial image is a segment.
Let us consider a small part of the reflection boundary, which has a dip α0 and
lateral length d (Figure 2(b)). In the correct-constant-velocity case, coordinates of
the segment edges after constant-dip migration can be defined by rotation around
escape points y1 and y2 :
sin α0 − sin α
,
cos α0
cos α
,
= z1
cos α0

x¯1 = z1

(4)

z¯1

(5)

and
sin α0 − sin α
+d,
cos α0
cos α
= z2
.
cos α0

x¯2 = z2

(6)

z¯2

(7)

The migrated edge points define a segment, whose slope is
tan β =

z¯2 − z¯1
cos α sin α0
=
.
x¯2 − x¯1
1 − sin α sin α0

(8)

Equation 8 illustrates some features of the migrated reflection boundary. For instance,
a migrated horizontal reflector (α0 = 0) keeps the zero-slope independent of the
migration dip.
Equation 8 also allows us to find the condition in which the migrated slope is
consistent with the constant-dip partial image (β = α). In this case,
cos α sin α0
sin α
=
.
1 − sin α sin α0
cos α

(9)

If α is derived from equation 9, note that the equation has only an α = α0 solution.
In other words, the slope of a migrated reflection event equals that of the migration
dip only after migration with the correct dip. Such is the case when the segment
corresponds to the stationary point and contributes to the image. Thus, an effective

Optimal migration aperture

5

Figure 2: Constant-dip migration (scheme) of (a) a diffraction point and (b) a reflection boundary. optapert/. scheme-diffr,scheme-refl
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reflection event is consistent with the constant-dip partial image, as it is for diffractions. The derivation in the Appendix shows that this fact is true for curved reflectors
as well.
To verify the assertions presented, we ran the following experiment. We put two
reflectors and one scattering point in the constant-velocity field (Figure 3). One
reflector is flat, and the second has a dip of 15 degrees. We assume that reflectivity
is generated by density variations. The modeled zero-offset section is presented in
Figure 4. We migrated the data using Kirchhoff common-angle migration with the
correct velocity. Figure 5 displays the image and a dip-angle gather extracted from
the position where the scattering point is located. The diffraction event appears flat
in the dip-angle gather, as expected, while the reflection events have concave shapes.
Figure 6 shows two partial images corresponding to 0 and 15 degrees. Note that
reflection boundaries and an effective part of the diffraction event are consistent with
the partial image — 0 and 15 degrees, respectively (the slope is indicated by dashed
lines).
To represent a realistic situation, we placed the same reflectors and scattering
point within a smoothed velocity field from the Marmousi model. Both reflection and
diffraction events have complicated shapes in the data domain (Figure 7). Figure 8
displays the image and the dip-angle gather after migration with the correct velocity.
The traveltimes for Kirchhoff angle-domain migration were computed by Huygens
wavefront-tracing (22), which allowed us to handle multiple arrivals. The diffraction
event is flat, as it was in the constant-velocity example, but the shape of the reflection
events appears much more complicated. The gather is contaminated by strong migration artifacts that produce noise in the image. Figure 9 shows two partial images
corresponding to 0 and 15 degrees. Both images appear to be quite noisy. However,
note that, even after migration with a complicated-velocity model, effective reflection
events are consistent with the dips of partial images. The diffraction event at the
scattering-point position has the appropriate slope as well (the slopes are indicated
by dashed lines).
An event-slope-consistency analysis may provide information about separation between constructive and nonconstructive parts of migrated data. The key observation
is that constructive reflection and diffraction events have slopes that are close to the
constant-dip of the partial image. Slopes of nonconstructive events differ significantly
from those of partial-image dips. Integration of constructive events only corresponds
to migration having an optimal aperture.

SLOPE-CONSISTENCY ANALYSIS
One approach to analyzing constant-dip partial-image consistency is to measure the
local slope in every partial image and to construct a taper function that is based
on this measurement. The taper should protect events whose slope is close to the
corresponding constant dip. Slopes that differ significantly from that of the constant

Optimal migration aperture
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Figure 3: Theoretical model with two plane reflectors and one diffractor.
optapert/theo theo-model
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Figure 4: Zero-offset section corresponding to the constant-velocity model.
optapert/theo data0

dip should be attenuated. However, if conflicting dips occur in the partial image,
dips estimation becomes a non-trivial task.
To avoid this issue, we estimate segment conformity with a partial image by
stacking along a local trajectory defined by partial-image constant dip. Constructive
segments match the trajectory that yields high values of coherency. On the other
hand, destructive segments get stacked in the wrong direction and provide low values
of coherence. Classic semblance (30), as a coherence measure, can be used for defining
a weight function. Weighting of migrated data corresponds to migration aperture
optimization.
For illustration, we use the constant-dip partial images shown in Figure 9. They
correspond to migration dips of 0 and 15 degrees, and we first apply local stacking
along directions corresponding to 0 and 15 degrees, respectively. We extend stacking
to the dip-angle direction as well. Effective contributions are locally plane in this
direction, and local stacking along migration dips allows for signal enhancement. We
measure coherency of the stacked data and get the semblance function S(α, z, x)
presented in Figure 10. High semblance values correspond to events consistent with
the dips of partial images. The next step is to transform the semblance function to
a weight function W (α, z, x), which should optimally handle migrated amplitudes.
The weight should not change a plane diffraction event or an effective apex area of
reflections. At the same time, the weight should smoothly attenuate away from the

Optimal migration aperture
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Figure 5: Depth-migrated image and common-image-gather in dip-angle domain corresponding to distance of 7 km. optapert/theo zo-res-init
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Figure 6: (a) Zero-degree partial image and (b) fifteen-degree partial image for the
constant-velocity model. optapert/theo zodpis0,zodpis15
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Figure 7: Zero-offset section corresponding to the Marmousi-velocity model.
optapert/depthMig dm-zo

apexes so that edge effects can be eliminated
using the following thresholding rule:

1 for

S(α,z,x)−s1
W (α, z, x) =
for
 s2 −s1
0 for

(11). We define our weight function
S(α, z, x) > s2 ,
s1 < S(α, z, x) < s2 ,
S(α, z, x) < s1 ,

(10)

where s1 and s2 define two thresholds. Thus, weight function is defined by summation bases and thresholding parameters. In complex inhomogeneous media, these
parameters depend on migrated data and can be estimated by trial and error. Local
summation in the dip-angle direction can be performed along constructive parts of
the reflection concave event, whose size is defined after analysis of migrated dip-angle
gathers. An optimal lateral window should suppress migration artifacts at a minimal
computational cost. The semblance function in equation 10 appears to have smooth
features that simplifies a heuristic choice of the threshold parameters.
In our synthetic example, we used a dip-angle window of 10 degrees, a lateral window of 150 m, and parameters s1 and s2 equal to 0.2 and 0.4, respectively. Figure 11
shows the weighted partial images. Reflectors consistent with the partial images, as
well as appropriate parts of the diffraction event, are preserved. At the same time,
a large amount of noneffective contribution, which may produce migration noise, has
been eliminated. Summation of the weighted partial images provides the stacked
image, which has the migration artifacts being suppressed significantly (Figure 12).

12
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Figure 8: Depth-migrated image and common-image-gather in dip-angle domain corresponding to distance of 7 km. optapert/depthMig res-init
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Figure 9: (a) Zero-degree partial image and (b) fifteen-degree partial image for the
Marmousi-velocity model. optapert/depthMig dpis0,dpis15
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Klokov and Fomel

Figure 10: Semblance function for (a) zero-degree partial image and (b) fifteen-degree
partial image. optapert/depthMig semb-0,semb-15

A weight function constructed by using the dip-angle direction only allows for attenuating reflection events around their apex areas while preserving diffraction events
as well. Figure 13 shows the result of migrated data weighting using local summation
along dip-angle window of 10 degrees. Reflection events are localized around their
effective areas, and the diffraction event has its full width being preserved. However, the image remains contaminated by migration artifacts, which happen to be
stationary in the dip-angle direction.
We next address the situation when migration velocity is not correct. Figure 14
shows the image and the dip-angle gather after migration with 10% lower velocity. Reflection boundaries look distorted. The diffractor is undermigrated and has a
complicated shape in the dip-angle gather. The image is contaminated by strong migration artifacts. For migration-aperture optimization by slope-consistency analysis,
we used the same parameters as in the previous example (Figure 15). Reflection and
diffraction events both are optimized to their effective parts, eliminating migration
noise in the image.
These experiments demonstrate that slope-consistency filtering can be used after
migration even when using a complicated velocity model or an incorrect model. In
the previous section, we considered theoretically the case of the zero-offset migration.
The proposed principles may apply also to prestack migration in which stacking of
the full offset range provides accumulation of effective migrated data parts. The
experiments also reveal that noneffective segments may have an appropriate slope as
well. For instance, the optimized fifteen-degree partial image (Figure 11(b)) has some
events at a depth of 1.5 km. These events appear to have a correct slope that is close
to 15 degrees, and they therefore evade nonconsistent-slope filtering and bring noise
to the image of the flat reflector. This kind of noise is inherent in Kirchhoff migration
and is produced by the complexity of the velocity model and incompleteness of the
migrated data (26). In practice, it can be eliminated by stacking the full range of
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Figure 11: (a) Zero-degree partial image and (b) fifteen-degree partial image after
migration-aperture optimization. optapert/depthMig dpis-cln-0,dpis-cln-15
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Figure 12: Image and dip-angle gather after migration-aperture optimization by slopeconsistency analysis. optapert/depthMig res-clean
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Figure 13: Image and dip-angle gather after migration-aperture optimization by local
summation in the dip-angle direction. optapert/depthMig res-clean1
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Figure 14: Initial image and common-image-gather in dip-angle domain corresponding
to distance of 7 km (wrong velocity case). optapert/depthMig fres-init
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Figure 15: Image and dip-angle gather after migration-aperture optimization by slopeconsistency analysis (wrong velocity case). optapert/depthMig fres-clean

20

Klokov and Fomel

offsets.
The proposed approach can be used easily in three dimensions, in which migrated
events are defined by two orthogonal directions (15). Migrated constant-dip traces
compose a 3D volume, and slope-consistency analysis should be performed along a
plane surface whose slope is defined by the two migration dips. The method does not
require slope estimation and has a relatively low computational cost.
Note that the effectiveness of the method is conditioned to that of semblance
estimation. In the case of conflicting events, semblance operator effectively deals
with events that are relatively strong to be detected. In practice, weak diffraction
events might get suppressed by reflections and noise, which might cause difficulties in
the slope-consistency estimation and, consequently, in the events protection. These
weak events can be enhanced by diffraction imaging techniques (10; 15).

SYNTHETIC DATA EXAMPLES
We next tested the presented approach on prestack migration of the Sigsbee2B data
set (20). The model contains a number of artificial point scatterers. The top of
the salt body has a high curvature that acts as a transition between reflections and
diffractions. There is a number of faults, which produce diffraction energy as well.
Therefore, the data set is appropriate for testing of diffraction protection.
Figure 16 shows a seismic image of the left part of the model and one dip-angle
gather extracted from the position in which two strong diffraction points are present.
The gather contains two flat diffraction events at depths of 5.2 and 7.6 km, which
correspond to the artificial scatterers. Some diffraction energy is also found at a depth
of 4.3 km scattered by the fault.
Figure 17 shows the image and dip-angle gather after migration-aperture limiting.
First, we detected reflection apex positions, estimated effective dip ranges around
them, and rejected migrated amplitudes that did not correspond to effective dip
intervals. This procedure enables elimination of migration noise with correct imaging
of reflection boundaries (3). However, aperture limiting causes significant shortening
of diffraction events and, as a result, weakening, or even disappearance, of diffraction
objects in the image.
To optimize the migration aperture using the proposed slope-consistency approach, we performed semblance analysis using a dip-angle aperture of 10 degrees
, a lateral base of 200 m, and parameters s1 and s2 equal to 0.2 and 0.4, respectively.
(Figure 18). Reflection events become limited to the vicinity of their apexes, as in
the previous example. At the same time, the procedure protects diffraction events in
the gather and, hence, the corresponding diffraction objects in the image. Artificial
point scatterers and faults are imaged correctly.
Figure 19(a) demonstrates one constant-dip partial image corresponding to 15
degrees. It resembles the seismic image of the model, with some differences. As
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expected, dipping reflection boundaries are shifted from the correct positions and
diffraction objects are represented by hyperbolic events. After slope-consistency analysis, we construct a filtering mask (Figure 19(b)) to protect events whose slope is close
to that of the dip of the partial image (Figure 19(c)). As a result, diffraction hyperbolas became confined to the vicinities of their correct positions, where they have the
appropriate slope. Faults at a depth of 4 km and other reflection boundaries were
protected as well. Remaining migrated energy was eliminated significantly.

Figure 16: Initial image and common-image gather in dip-angle domain corresponding
to distance of 6.1 km. optapert/sigsbee sigs-input
The salt body complicates Kirchhoff imaging in the right part of the Sigsbee model
and increases the amount of migration noise. Figure 18 shows a seismic image and
one dip-angle gather extracted from the position in which strong diffraction points
are present. The scatterer at 7.6 km is illuminated well, and the dip-angle gather
contains the corresponding plane diffraction event. A fault can be identified at the
15-km position and depth of 7 km. Some amount of migration noise is concentrated
just below the salt and in the salt cavities above.
Migration-aperture optimization by slope-consistency analysis allows us to significantly decrease migration noise and, at the same time, to protect diffraction objects
— artificial point scatterers, the fault, and the salt boundary are all imaged correctly
(Figure 21). In comparison, simple aperture limiting leads to noise suppression as
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Figure 17:
Image and dip-angle gather after migration-aperture limiting.
optapert/sigsbee sigs-ap
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Figure 18: Image and dip-angle gather after migration-aperture optimization by slopeconsistency analysis. optapert/sigsbee sigs-semb
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Figure 19: (a) Fifteen-degree constant-dip partial image, (b) weight function produced by slope-consistency analysis, and (c) partial image after migration-aperture
optimization. Dashed line indicates position of considered artificial scattering points.
optapert/sigsbee pimage15-input-l,pimage15-mask,pimage15-semb-l
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well; however, the diffraction objects are lost, and the salt body appears distorted
(Figure 22).

Figure 20: Initial image and common-image gather in dip-angle domain corresponding
to distance of 16.8 km. optapert/rightSigsbee init

FIELD DATA APPLICATION
We next applied our aperture-optimization technique to a field 3D data set obtained
from the Piceance Basin area in Colorado, USA. Figure 23 shows a part of the
Williams Fork Formation, which is a well-known reservoir that contains a number of
channels and point-bar sand bodies (21). (6) and (15) previously analyzed the data
by diffraction imaging and showed that a number of diffraction objects were clustered
in the top part of the volume. The image is corrupted by migration artifacts, and
diffraction objects are buried under the noise.
We performed slope-consistency analysis using a 10-degree dip-angle windows, a
50-m-square stacking base, and parameters s1 and s2 equal to 0.1 and 0.3, respectively
(Figure 24). Migration noise appears to be filtered out, whereas point objects in the
shallow part are preserved. Diffraction objects are clearly observed in the slice.
For comparison, we migrated the data using a limited aperture of 10 degrees in
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Figure 21: Image and dip-angle gather after migration-aperture optimization by slopeconsistency analysis. optapert/rightSigsbee sca
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Figure 22:
Image and dip-angle gather after migration-aperture limiting.
optapert/rightSigsbee ap
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two principal directions (Figure 25). Although most of the migration artifacts have
been successfully eliminated, diffraction objects from the top part get smeared. These
objects have low energy caused by scarcity of migration dips in the aperture.

Figure 23: Initial 3D image for Piceance Basin data set. optapert/gibson image3

CONCLUSIONS
Migration-aperture optimization in Kirchhoff angle-domain migration can significantly enhance the quality of a seismic image. The aperture-optimization method
needs to eliminate migration artifacts without distorting the useful signal. The diffraction component of the seismic wavefield characterizes small but important geological
objects and brings extra resolution to seismic imaging. For an optimal image of
diffraction objects, as wide a migration aperture as possible should be used. However, imaging of reflections requires an aperture narrowed around the tangent point.
To meet both requirements, we propose utilizing constant-dip partial images. An
analysis of the consistency between local slopes and constant dips of a partial image
makes evaluating the contribution of any part of the migrated data possible. This
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Figure 24: Image after migration-aperture optimization by slope-consistency analysis.
optapert/gibson image-clean
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Figure 25:
Image obtained
optapert/gibson image3s

after

migration

with

limited

aperture.
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analysis allows us to extract constructive events. Stacking these events is equivalent
to migration using an optimal aperture.
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APPENDIX: HYPERBOLIC REFLECTOR IN THE
DIP-ANGLE DOMAIN
For insight into the appearance of reflector images in the dip-angle domain, let us
consider the case of a hyperbolic reflector (9). A special property of hyperbolic
reflectors is that they can transform to plane dipping reflectors or point diffractors
with an appropriate choice of parameters. Reflector depth is given by the function
q
(A-1)
z(x) = z02 + (x − x0 )2 tan2 β ,
and zero-offset reflection traveltime is given by
q
2
t(y) =
z02 + (y − x0 )2 sin2 β .
(A-2)
v
When the reflector is imaged by time migration in the dip-angle domain (23) using
velocity vm , point {y, t} in the data domain migrates to {xm , tm } in the image domain
according to
q
vm
vm sin α
xm = y −
t sin α = y −
z02 + (y − x0 )2 sin2 β ,
(A-3)
2
v
q
2 cos α
tm = t cos α =
z02 + (y − x0 )2 sin2 β ,
(A-4)
v
where α is the migration dip angle. Eliminating y from equations A-3 and A-4, we
arrive at the equation
p
2 cos α γ (xm − x0 ) sin α sin2 β + (xm − x0 )2 sin2 β + z02 D
, (A-5)
tm (xm ) =
v
D
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where γ = vm /v and D = 1 − γ 2 sin2 α sin2 β. Equation A-5 describes the shape of
the image of the hyperbolic reflector (A-1) in the dip-angle domain.
When the dip of the migrated event, imaged at a correct velocity (γ = 1),
#
"
cos α sin2 β
xm − x0
v 0
, (A-6)
sin α + p
tan αm = tm (xm ) =
2
D
(xm − x0 )2 sin2 β + z02 D
is equal to the dip of the image (αm = α), it also becomes equal to the true dip of
the reflector (αm = α0 ), where
tan α0 = z 0 (xm ) = p

(xm − x0 ) tan2 β
z02 + (x − x0 )2 tan2 β

.

(A-7)

We can specify these conditions for two special cases described next.

Point diffractor
The hyperbolic reflector in equation A-1 creates a point diffractor at coordinates
{x0 , z0 } when β = π/2. In this case, equation A-5 simplifies to (15)
q

2 + z 2 1 − γ 2 sin2 α
(x
−
x
)
γ
(x
−
x
)
sin
α
+
m
0
m
0
0
2 cos α
tm (xm ) =
. (A-8)
v
1 − γ 2 sin2 α
At a correct velocity (γ = 1),
p
2 (xm − x0 ) sin α + (xm − x0 )2 + z02 cos2 α
tm (xm ) =
,
v
cos α
which is equivalent to equation 2 in the main text. The dip of the image is
v
xm − x0
p
tan αm = t0m (xm ) = tan α +
.
2
cos α (xm − x0 )2 + z02 cos2 α

(A-9)

(A-10)

It is easy to verify that, above the diffraction point (xm = x0 ), αm = α.

Plane dipping reflector
The hyperbolic reflector in equation A-1 becomes a plane dipping reflector when
z0 = 0. In this case, equation A-5 simplifies to (15)
tm (xm ) =

2 (xm − x0 ) cos α sin β
.
v 1 − γ sin α sin β

(A-11)

The dip of the image at a correct velocity is
tan αm =

cos α sin β
v 0
tm (xm ) =
,
2
1 − sin α sin β

(A-12)

which is equivalent to equation 8 in the main text. The dip of the reflector in this
case is simply α0 = β. It is easy to verify that when α = β, αm = α.
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A reversible transform for seismic data processing
William A. Burnett1 and Robert J. Ferguson2

ABSTRACT
We use the nonstationary equivalent of the Fourier shift theorem to derive a general one-dimensional integral transform for the application and removal of certain
seismic data processing steps. This transform comes from the observation that
many seismic data processing steps can be viewed as nonstationary shifts. The
continuous form of the transform is exactly reversible, and the discrete form provides a general framework for unitary and pseudounitary imaging operators. Any
processing step which can be viewed as a nonstationary shift in any domain is a
special case of this transform. Nonstationary shifts generally produce coordinate
distortions between input and output domains, and those that preserve amplitudes do not conserve the energy of the input signal. The nonstationary frequency
and time distortions and nonphysical energy changes inherent to such operations
are predicted and quantified by this transform. Processing steps of this type are
conventionally implemented using interpolation operators to map discrete data
values between input and output coordinate frames. Although not explicitly
derived to perform interpolation, the transform here assumes the Fourier basis
to predict values of the input signal between sampling locations. We demonstrate how interpolants commonly used in seismic data processing and imaging
approximate the proposed method. We find that our transform is equivalent
to the conventional sinc-interpolant with no truncation. Once the transform is
developed, we demonstrate its numerical implementation by matrix-vector multiplication. As an example, we use our transform to apply and remove normal
moveout.

INTRODUCTION
It is well known that the Fourier transform has a variety of properties that make
it useful for signal processing in geophysics (24). The Fourier transform essentially
rearranges the data an input function into its complex frequency components (13).
This can be done because continuous functions and their discretely-sampled equivalents can be expressed in terms of the Fourier basis. The organization of data in
the Fourier domain allows many otherwise complex operations to be applied easily. Properties described by the Faltung, Weiner-Khintchine, and shift theorems (23)
can exploit this organization because of another property, described by the inversion
theorem (23), which states that the Fourier transform is exactly reversible.
35
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Many individual seismic data processing steps also simply rearrange input data,
and can therefore be viewed as transforms. Barring destructive processes such as
muting or band-limited frequency filtering, even an entire data processing flow is itself
simply transformations the input data into a corrected set. However, conventional
methods used to perform processing steps of this type are usually not implemented
as transforms. Instead, they are implemented with data-mapping algorithms that
require interpolation (12).
Most conventional interpolation schemes contradict the primary assumption of the
Fourier transform, as they do not assume the continuous equivalent of the recorded
data is constructed with the Fourier basis. Instead, they assume some other basis
in order to design efficient but approximate interpolants (13). These methods not
only have the risk of immediately altering the data, but they are also inherently
irreversible. Applying or removing processing steps in this way causes a small amount
of information loss. With quantitative analysis methods as a goal of modern seismic
data processing, it is important to preserve as much of the input information as
possible during the flow.
In order to address the problem of data loss due to interpolation-based methods,
we propose a reversible one-dimensional transform for the implementation of seismic
data processing steps. The proposed transform provides a general framework for
unitary and pseudounitary operators common to seismic data processing and imaging
(2; 8). This framework is developed in the context of nonstationary filtering (14).
Implementing imaging steps as reversible transforms does not require interpolation
in the continuous case, and correctly assumes the Fourier basis in agreement with
the Fourier transform for interpolation in the discrete case. Although several seismic
data processing operations have been individually described by transforms of exactly
this type (14; 16; 15; 8), the transform here is the general form (4; 7).
Since the Fourier basis is used, the forward transform is theoretically exactly
invertible. Just as the inversion theorem quantitatively justifies the Fourier domain as
a valid processing domain, a reversible transform for data processing steps justifies the
use of corrected data sets as if they are in valid processing domains themselves. Any
processing step that can be viewed as a nonstationary shift can be easily implemented
by this transform. Seismic imaging steps are naturally useful for separating signal
from noise, so they offer familiar, exploitable organizations of data (17; 25). Therefore,
the proposed reversible transform for seismic data processing offers a useful set of
quantitatively valid domains in which to work.
The general transform we derive is based on classical Fourier transform theory
(19; 23), and the theory of nonstationary filtering (14). We first develop the general
form for the forward data processing transform, and then derive the inverse of the
transform. Following the transform development, we implement the normal moveout
correction as an example, and then we discuss how conventional interpolation methods
relate to the proposed transform.
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THEORY
Many conventional seismic imaging steps are special cases of nonstationary shifts,
which can be performed simultaneously with the Fourier transform via nonstationary
convolution or combination (14). This section shows how the nonstationary shift
operator can be combined with the Fourier transform kernel to create a general data
processing transform kernel.
It is important to define a convention for the forward and inverse Fourier transform
before proceeding. The shift-direction determined by the sign in a shifting exponential
will reverse if the opposite sign convention for the Fourier transform is used. We use
the forward Fourier transform convention,
Z ∞
F (β) =
f (p) e−i β p dp,
(1)
−∞

where F (β) is the complex Fourier transform (commonly a function of frequency) of
the input signal, f (p) (commonly a function of time). With the Fourier transform
convention defined in equation 1, a positive sign in the shifting exponential causes a
backward shift of the input function. The inverse Fourier transform,
Z ∞
1
F (β) ei β q dβ,
(2)
g (q) =
2π −∞
has an output function, g(q), that is strictly different from the original input function.
A special property of the Fourier transform is that the input and output axes, p and
q, are identical, and f (p) = g(q), meaning that the input function passes unchanged
when put through both the forward and inverse Fourier transforms alone.
In general, any processing step that requires a mapping from an input coordinate
that is a function of the output coordinate, to that output coordinate, can be viewed
as a nonstationary shift by combination. Examples of such processing steps include
normal moveout (NMO), dip-moveout (DMO), and frequency-wavenumber (f-k ) migration. NMO is a nonstationary shift in the time-space domain, while f-k migration
performs a similar shift in the frequency-wavenumber domain. To remain general
though, it is better at this point to think in terms of input and output coordinates
rather than input and output times, so that frequency, wavenumber, space, or time
shifts can be admitted, depending on the desired domain.
To emphasize that the input and output coordinates do not necessarily correspond
to time, we use the above p − q notation. A general nonstationary data processing
shift in this notation is,
∆ (q) = p (q) − q,
(3)
where p and q are the input and output coordinates, respectively. Using these general
coordinates, the nonstationary data processing shift applied to an input function,
f (p), is,
Z ∞
1
F (β) ei β ∆(q) ei β q dβ,
(4)
g (q) ≡ f (q + ∆ (q)) =
2 π −∞
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where F (β) is the Fourier transform of f (p), β is the Fourier dual of p, and the
output signal, g(q) is the desired result of processing the input signal f (p). Unlike
the Fourier transform, p and q are not identical, although they represent the same
dimension. The convenient form of ∆(q) allows the exponentials to be reduced by
combining the Fourier transform kernel with the nonstationary shifting exponential.
The result is a concise form of the forward data processing transform,
Z ∞
1
F (β) ei β p(q) dβ,
(5)
g (q) =
2 π −∞
which confirms the desired result,
g (q) = f (p) .

(6)

The forward transform given in 5 is in the mixed-domain. For example, if the
input function is defined over time, 5 takes the frequency spectrum of that input
function, and outputs a new time series. This should not be alarming, as the Fourier
transform itself is a mixed-domain transform. It may seem questionable how p (q) is
handled in the exponent. However, since the nonstationary shift is formulated here
as a nonstationary combination, and the integration is over β, nothing new is needed
to handle the relation between p and q.
Although nonstationary combination kinematically performs nonstationary shifts
correctly, amplitudes are not changed, and therefore energy is not conserved between
input and output traces. Figure 1 demonstrates how the area under the input signal
changes under a nonstationary combination shift. This nonphysical energy change
within a trace is inherent to any processing step that applies or approximates a
nonstationary shift. Rayleigh’s theorem (also known as Plancherel’s theorem) states
that the integral of the square of an input function must be the same as the integral
of its squared Fourier transform (13). Physically, this means that energy should
be conserved between the input and Fourier domains, and clearly, the forward data
processing transform violates this. Although nonphysical in most cases, nonstationary
combination provides exactly the type of shift desired for the NMO correction and
many other seismic data processing steps. The well-known issue of NMO stretch
(1) is a clear example of this type of energy change, where the seismic amplitudes
remain unchanged after each trace has undergone the time-variant shift of the NMO
correction. Relative to the input signal, this energy change means distortions in both
the input and Fourier domains. These distortions are accounted for and handled by
the inverse transform developed below, which relies on physically valid nonstationary
convolution instead.
To quantify how the energy has been changed by the forward transform, take the
ratio of areas of a shifted and unshifted rectangular element as in Figure 1:


f (p1 )+f (p2 )
∆p
2

.
(7)
α (q) =
g(q1 )+g(q2 )
∆q
2
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Figure 1: Element area change
caused by a nonstationary combination shift. The values of f
at p1 and p2 are mapped to g at
q1 and q2 , respectively. Since ∆f
does not equal ∆g, the areas Af
and Ag are not equal. Therefore,
by Rayleigh’s Theorem, energy is
not conserved. Scaling g (q) by
α(q) makes the areas the same.
reversible/. NSArea

Equation 6 shows that the shifted values of the input function are not changed. This
corresponds to the height of the rectangular elements shown in Figure 1 remaining
unchanged by the forward transform (f (pi ) = g(qi )), giving,
α (q) =

∆p
.
∆q

(8)

α (q) =

dp
.
dq

(9)

In the continuous limit, 8 goes to,

The output function, g (q), is of course distorted by different amounts for various
q since the applied shift is nonstationary. By scaling g(q) by α(q) and integrating,
we claim that the energy change can be accounted for via Rayleigh’s theorem in the
inverse transform.
Now that there is a mechanism for removing amplitude distortions, the rest of the
inverse transform development comes from removing the kinematic shift. The output
function of the forward transform, g (q), becomes the input function of the inverse
transform. Since the forward shift is applied simultaneously with the inverse Fourier
transform, the reverse shift should be applied simultaneously with the forward Fourier
transform. That is, the inverse data processing transform should naturally recover
the original input spectrum, F (β), rather than go directly back to the original input
signal.
We first apply the Fourier transform to g (q) in terms of its own coordinate, q,
then reverse the nonstationary shift simultaneously,
Z ∞
G (γ) =
α (q) g (q) e−i γ q e−i γ ∆(q) dq ,
(10)
−∞

where γ is the Fourier dual of q, and G(γ) is the desired uncorrected spectrum. Two
interesting simplifications come from 10. First, we can again exploit the convenient
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form of ∆(q) to reduce the exponential giving,
Z ∞
α (q) g (q) e−i γ p(q) dq .
G (γ) =

(11)

−∞

Doing so forces integrating p (q) in the exponential over q, which may at first seem
like an unattractive approach, but we must do so to account for the nonphysical
distortion caused by the forward transform. The second simplification helps, as the
scaling function, α(q) = dp
conveniently acts as a change-of-integration-variable facdq
tor, giving,
Z
∞

g (q) e−i γ p(q) dp.

G (γ) =

(12)

−∞

By Rayleigh’s theorem, the energy change can be accounted for by scaling g (q) by
α (q) inside an integral over q. This observation, combined with 6, shows that 12
is equivalent to a regular Fourier transform of f (p). Therefore, we can recover the
unprocessed Fourier domain function–the goal of the mixed-domain general inverse
data processing transform,
G (γ) = F (β) .
(13)
The original unprocessed input function can then be exactly recovered by a regular
inverse Fourier transform:
Z ∞
1
G (γ) ei γ q dγ,
(14)
h (q) =
2 π −∞
where, h(q) is the final unprocessed function of the inverse Fourier transform. Equation 14 is just a regular inverse Fourier transform of G(γ) over its own coordinate, γ.
Therefore, using 13, it is clear that 14 is equivalent to a regular IFT of F (β) over β,
and that the desired result of the inverse transform is confirmed:
h (q) = f (q) .

(15)

The kinematics of this general data processing transform are clear under nonstationary filtering theory. We claim that for any data processing step implemented by
transform, the kinematics of the step can also be clearly understood, and that α (q)
trivially predicts the amplitude corrections which are otherwise difficult to quantify
using conventional filtering theory.

IMPLEMENTATION
Now that the general form of the transform has been developed, an appropriate
method is needed to implement it. The method we review and discuss here is matrix
vector multiplication.
In order to computationally implement an integral transform, recognize that the
input function can be viewed as a vector, or a one-dimensional array, and that the
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transform kernel can be viewed as a matrix, or a two-dimensional array. The output
of a matrix vector multiplication is analogous to the output function of the integral,
but it is another vector along a new coordinate axis. The important feature of matrix
vector multiplication is that it can be used to simultaneously multiply and integrate
two functions over an input index. This concept is certainly not new to engineering
or geophysics, and many of its benefits have been explored in detail (8).
Constructing a matrix operator for the forward and inverse data processing transform follows the same procedure one would use for any transform operator. The
general procedure is summarized here:
1. Identify the kernel of the transform and the input and output signals.
2. Construct the discrete input and output axes based on the sampling interval
and domain of the input signal.
3. For an input signal of N -samples, initialize an empty matrix of size N × N , and
associate the matrix indices with the input and output axes.
4. For each (j, l) matrix (row,column) coordinate pair, calculate the kernel value
and place it in the matrix.
The concise form of the forward data processing transform can be cast as a matrix
vector multiplication following the above steps as:
g (qj ) =

N
X
ei βl p(qj )
l=1

2π

F (βl ) .

(16)

A convenient feature of the data processing transform matrices is that they do not
differ from the form of the Fourier transform matrices other than a distorted time
axis. So by carefully matching the frequency axis, any standard FFT can be used
together with the discrete data processing transform.
The inverse data processing transform is more similar in form to the forward
Fourier transform, in that it takes the series from the input domain and outputs a
Fourier spectrum. Again following the procedure to construct a transform matrix, we
cast the inverse data processing transform (11) as a matrix-vector multiplication:

N 
X
α (ql ) e−i βj p(ql )
f (pl ) ,
F (βl ) =
2π
l=1

(17)

with no summation over l inside brackets. Again by carefully matching the frequency
axis, a standard inverse fast Fourier transform (IFFT) can be applied to the output
vector of equation 17 to recover the unprocessed input signal.
Although not necessary for implementation, it is insightful to separate the data
processing transform matrices as a composition of a Fourier transform matrix with
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a shifting matrix. For a set of traces that are of the same length, the only part of
the data processing transform matrix that changes from trace to trace is the shifting
exponential. It is only because of the unique form of the shift itself that the exponentials reduce to a single transform exponential. Before this reduction, the Fourier
transform matrices can be constructed separately from the forward and reverse shifting matrices for the same data. The construction of the Fourier transform matrices
is well-known, and elements of the forward shift matrix, A, are given by:
ajl ≡ ei ωl ∆j = ei ωl (p(qj )−qj ) .

(18)

Elements of the reverse shifting matrix, B, are then given by:
bjl = α (ql ) e−i ωj (p(ql )−ql ) ,

(19)

with no summation over indices. This approach requires the Fourier matrices to be
calculated only once for an input data set. For each trace in the given data set,
the shifting matrix is computed and then combined with the Fourier matrix as a
Hadamard (entry-wise) matrix product.
The inverse of the discrete data processing transform can be exactly formulated
as in the continuous case. The discrete data processing transform has very similar
form to the Fourier matrices, and its approximate inverse is easily calculated. From
equations 18 and 19, we claim that the inverse matrix for each trace can be accurately
approximated by the adjoint of the forward matrix, scaled by α(ql ).

NMO BY TRANSFORM
The kinematics of the shift required for the NMO correction simply shift data values
backwards from input time, tx , to output time, t0 , where tx depends on t0 . For ideal
continuous data, the input and output times are both arbitrary, but for discrete field
data, both must coincide exactly with a sampling time or values must be interpolated. In the continuous case, this is exactly a nonstationary shift by combination as
described by (14), where for the NMO correction, the nonstationary shift is expressed
as,
∆N M O (t0 ) = tx (t0 ) − t0 ,
(20)
(5) with,
r

x2
,
(21)
v2
where, x is the source-receiver offset, and v is the normal moveout velocity. It is the
goal of the NMO correction to flatten each event to its associated zero-offset arrival
time. The NMO correction can be clearly recognized as a nonstationary shift, where
tx (t0 ) is a special case of p(q), and t0 is a special case of q. Direct substitution into 5
yields the forward NMO transform:
Z ∞
1
g (t0 ) =
F (ω)eiωtx (t0 ) dω,
(22)
2π −∞
tx (t0 ) =

t20 +
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Figure 2: Synthetic CMP gather. Left: Velocity model. Four reflectors are placed in
a background velocity that increases linearly with depth (v(z) = 7.0+z kft/s). Right:
CMP gather generated using the velocity model. Arrival times predicted by Kirchhoff
modeling are convolved with a 25 Hz Ricker wavelet. reversible/nscnmo data

Figure 3: The forward NMO transform matrix can be composed as the Hadamard
(entry-wise) product of the inverse Fourier transform matrix (left) and the NMO
forward shifting matrix for an example trace at x = 3, 600 ft (right). The real part
of each matrix is shown here. reversible/nscnmo nmomat

44

Burnett & Ferguson

Figure 4: The inverse NMO transform matrix can be composed as the Hadamard
product of the forward Fourier transform matrix (left) and the NMO reverse shifting
matrix for an example trace at x = 3, 600 ft (right). The real part of each matrix is
shown here. reversible/nscnmo inmomat

Figure 5: Reversible NMO applied to gather from Figure 9(a). Left: Semblance panel
and picked velocity. Center: NMO-corrected gather. Right: Inverse NMO applied to
gather. reversible/nscnmo nmo
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Figure 6: NMO applied to and removed from a single trace at x = 2, 100 ft. Input
trace: thin-magenta line. NMO-corrected trace: thick-green line. Inverse NMO
without α: line of * symbols. Inverse NMO using α: line of + symbols. The use
of α allows one to recover the input trace by accounting for the non-physical energy
distortion caused by forward NMO (NMO stretch). reversible/nscnmo stretch
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where ω is the Fourier dual of tx . This transform takes the frequency spectrum of an
input seismic trace, F (ω), and directly outputs the NMO-corrected trace, g(t0 ). Figure 9(a) shows a synthetic common midpoint (CMP) gather generated using Kirchhoff
modeling. We estimate a reasonable NMO velocity from the synthetic gather in Figure 9(a) using a semblance scan, and then apply the NMO transform to yield the
result in Figure 4.
In the case of the NMO correction, the time distortion caused by the shift is
well-known, and referred to as NMO stretch (3; 9). Various authors have developed
strategies for handling the effects of NMO stretch in practical seismic data processing
(18; 20; 22). NMO stretch manifests the most at far offsets and early times, where
the NMO correction is the most severe. The waveform of an event in this area is
stretched to a longer period as the NMO correction is applied (24). The amplitude of
that event is not affected, but its time distortion causes an alteration in its frequency
content. Specifically, the lower frequency content is boosted, and since the amplitude
of the waveform is maintained, a nonphysical addition of energy to the input signal
has occurred. (24) quantifies the frequency distortion caused by NMO stretch in
terms of ∆N M O and t0 :
∆N M O
∆f
,
=
f
t0

(23)

where, f is the dominant frequency of the input waveform. This expression is derived from geometric arguments and assumes t0 >> f −1 (24). Another approach to
describing NMO stretch comes from analyzing the effects of the NMO correction in
terms of instantaneous frequency (1). This approach provides excellent insight into
the frequency distortion, and yields an exact expression for NMO stretch, S:
S=

tx
t0 −

x2 v 0 (t0 )
v 3 (t0 )

,

(24)

where v 0 is the derivative of v with respect to time (1). This expression quantifies
NMO stretch without approximations, and is not dependent only on the dominant
frequency as in equation 23. It is valid for variable velocity models, and for a constant
velocity model, the derivative of velocity goes to zero, and S − 1 agrees with the
approximation in equation 23.
As equation 24 suggests, NMO stretch is itself nonstationary, and therefore cannot be removed exactly using stationary filtering theory. However, since the data
processing transform takes advantage of nonstationary filtering, NMO stretch can be
removed exactly. Substituting the NMO variables, ∆N M O and αN M O (t0 ) into 11,
gives the inverse NMO transform:
Z

∞

F (ω) =
−∞

αN M O (t0 ) g (t0 ) e−iωtx (t0 ) dt0 .

(25)
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Here, insight into the role of α can finally be gained. αN M O (t0 ) is given as,

2 0

t0 − xv3v(t(t00) )
∂tx
αN M O (t0 ) ≡
=
.
∂t0
tx

(26)

The inverse NMO transform does account for NMO stretch, and in fact, αN M O =
S −1 exactly. Realizing that the two are equivalent leads to a straightforward (once
nonstationary filtering is allowed) perspective on predicting and quantifying NMO
stretch. Further, Barnes (1992) proves, in terms of instantaneous power and energy spectra, that S, and therefore αN M O (t0 ) indeed describe the nonphysical energy
change caused by the NMO correction. Figure 6 shows the application and removal
of the NMO correction to a single trace. Two cases are shown for inverse NMO: one
where α is not included and one where it is. In the case where α is used, the amplitude
is recovered correctly, whereas when α is not used, inverse NMO preserves the energy
of the NMO-corrected trace, leading to too much energy in the recovered signal. It
can be shown that α plays a similar role in accounting for nonphysical energy changes
introduced by other imaging steps such as so-called “Stolt stretch” associated with
Stolt migration (6).
The NMO transform acts as a map between the uncorrected spectrum and the
NMO-corrected trace. As such, the first step in implementing the forward NMO
transform on a trace is to apply a standard forward Fourier transform to the input
trace. This gives the uncorrected spectrum, which becomes the input column vector
for a matrix vector multiplication. Following 16, the discrete NMO transform is given
as,





g [t0 ]j =

N
X
ei ωl p(t0,j )
l=1

2π

F (ωl ) .

(27)

One can also decompose the forward NMO transform operator as the Hadamard
product of the inverse Fourier transform matrix and the NMO shifting matrix following 18 (see Figure 3). The frequency axis of the shifting operator must exactly match
the frequency axis used for the forward Fourier transform, since it will simultaneously
remove that Fourier transform as it NMO-corrects the data. The inverse NMO transform can also be implemented by matrix-vector multiplication by substituting tx and
αN M O into 17. As seen in Figure 4, the full inverse NMO transform operator can be
decomposed as the Hadamard product of the forward Fourier transform matrix and
the NMO reverse shifting matrix. We conclude this example by removing the NMO
correction by transform, shown in Figure 4. Most of the gather is recovered nearly
perfectly–only parts which were mapped to t0 = 0 are not recovered well.
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RELATION TO INTERPOLATION
Casting a theoretically continuous input signal as a vector is a natural way to view
recorded seismic data. The time-sampling interval of the recorded data determines
the Nyquist frequency of the recorded signal (11), and it can be assumed that the
data is frequency band-limited between zero and the Nyquist frequency (11). This
means that the recorded signal is exactly determined by this small and discrete range
of frequencies. No information is gained by using filters that operate on frequencies higher than the Nyquist frequency. This observation, combined with the Fourier
sampling theorem, suggests that a continuous, but band-limited form of the recorded
signal exists, and it is exactly described by the Fourier basis. This continuous form is
not necessarily the same as the true continuous function that a seismometer attempts
to record. Conventional processing algorithms estimate the values of this continuous
function by assuming that the function behaves like some interpolant between samples. A repeatable and accurate approach to discrete data processing is to return the
exact value of the band-limited continuous equivalent of the recorded signal at any
desired input coordinate. The data processing transform does exactly this.
The data processing transform is a special case of the nonstationary Fourier shift
theorem. It follows then, for the continuous case, that data processing steps implemented by transform are effectively performing convolution with a shifting scaled
Dirac delta function. The sifting property of the delta function justifies using convolution with a delta function to extract the exact values of a continuous input function
at exact target times. This is the ideal way to apply data processing corrections
in either transform or mapping approaches, but the discrete nature of seismic data
prevents this. By showing that interpolation operators are approximations to the
Dirac delta function, we suggest that any interpolation scheme can be viewed as an
approximation to a continuous and exact nonstationary shift.
The Dirac delta function can be formulated as the generalized limit of other more
common functions (19). Two clear examples of this are boxcar (rectangle) and Gaussian functions, which both approach an impulse as their widths go to zero and their
heights go to infinity (19). Take for example the boxcar function:

r (t) =

|t| ≤ 
.
0 |t| > 
1


(28)

As  approaches zero, the width of the boxcar goes to zero, and the height goes to
infinity (see Figure 7). As this occurs, the boxcar function approaches the Dirac delta
function:
lim r (t) = δ (t) .
(29)
→0

The scaled boxcar function is used as an interpolant for nearest-neighbour interpolation, where the width of the boxcar is equal to the sampling interval. This is a
poor choice in most cases, as nearest-neighbour interpolation in the time domain,
for example, has the unwanted effect of multiplying the frequency spectrum by a
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sinc function. Conversely, nearest neighbour interpolation in the frequency domain
introduces ringing into the time series.
Linear interpolation is equivalent to convolution with a scaled triangle function
with a width equal to twice the sampling interval (12). The triangle function also
approaches the delta function as its width goes to zero and height goes to infinity:
 1 |t|
− 2 |t| ≤ 

Λ (t) =
,
(30)
0
|t| > 
lim Λ (t) = δ (t) .
→0

(31)

This behaviour can be seen in Figure 8. A more common interpolant used in seismic
data processing is the sinc function. Data processing corrections implemented by
sinc-interpolation algorithms effectively perform convolution of the input signal with
a shifting scaled sinc-function. In the general continuous case, this has no clear
justification, but for band-limited or discrete data, the purpose of the sinc-function
becomes apparent. The Fourier transform of the sinc-function is a boxcar function
over its own frequency content (12). Since the ideal interpolant should not affect the
frequency content of the data while it estimates an intermediate value, a sinc function
with frequency content at least up to the Nyquist frequency of the input signal will be
the ideal interpolant (12). Computational efficiency is often increased by truncating
the length of the sinc operator (12), and tapering of the truncated sinc function is
often performed (21) to reduce the Gibbs phenomena ringing.
The sinc function is a very good choice for an interpolant as it attempts to respect
the finite bandwidth of the recorded data. However, convolution with a sinc function
is still an approximation to ideal continuous convolution with the delta function. For
the following expression (10), as  approaches infinity, the normalized sinc function
approaches an impulse (See Figure 9):
 sin π t
,
π t

(32)

lim sinc (t) = δ (t) .

(33)

sinc (t) =

→∞

There are more similarities between the narrowing sinc function and the Dirac delta
function than just the shape of the pulse. When  is less than infinity in 32, the
side lobes of the sinc function mimic Gibbs phenomenon in Fourier transform theory
(19). Since the Fourier transform of a sinc function is a boxcar function, one can also
visualize how it approaches the delta function in the Fourier domain. As the sinc
function narrows, its frequency content increases, and its boxcar Fourier transform
broadens. When the sinc function finally becomes an impulse, its Fourier spectrum
is an infinitely wide boxcar, which is simply a constant, just as the Fourier transform
of the delta function. Applying a band-pass filter to a delta function yields a sinc
function, and conversely, the sinc-function is a band-limited estimation of the Dirac
delta function. Therefore, the sinc-function interpolant, before truncation or tapering,
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respects the Fourier basis assumed by the Fourier transform, and is equivalent to
processing by discrete nonstationary filtering.
The inverse to any processing step is exactly formulated here for the continuous
case using the nonstationary version of the Fourier shift theorem. This is not surprising, as even the conventional procedure of mapping data directly between input
and output times is exactly reversible assuming continuous data. Casting the integral
kernel as a discrete matrix defined on the sampling intervals allows a precise method
of approximating the exact continuous form assuming a Fourier basis.

CONCLUSIONS
Using the theory of nonstationary filtering, we have developed a general transform
that applies and removes many common seismic data processing and imaging operations. Any data processing or imaging step that can be viewed as a nonstationary
shift in any domain is a special case of this transform. We have provided a derivation of the general data processing transform and we have used NMO as a familiar
example.
Like the Fourier transform, the data processing transform is a mixed-domain transform. In the general case, the input data should be viewed as an image, and then
a distorted version of that image is the desired output. The data processing transform moves data directly between the Fourier spectrum of the input image and the
corrected image. Regardless of the physical meaning of input and the Fourier coordinates, viewing the input and output data each as an image makes the general
application of the transform to any processing step clear. The physical meaning of
the transform coordinates and distortions can be defined only when discussing specific
processing steps.
Common nonstationary shifts in seismic data processing are often nonphysical, as
they do not conserve the energy of a given input signal. The general data processing
transform predicts and quantifies the change in energy caused by such processing
steps. Processing artifacts such as NMO stretch associated with the NMO correction and Stolt stretch associated with Stolt and frequency-wavenumber migration are
examples of this type of nonphysical energy change. Under the framework of the
general data processing transform, these effects are both special cases of, and are
easily quantified by, the nonstationary scaling function α(q). We have shown that
the data processing transform is reversible by accounting for these energy changes
while simultaneously reversing the kinematic shift applied by the forward transform.
Rather than explicitly interpolating discrete data, the data processing transform
assumes that the input signal behaves according to the Fourier basis between samples.
The Fourier transform itself predicts a continuous form of given discrete data, and the
transform here performs a nonstationary shift on this continuous function. Just as in
the stationary case, nonstationary shifts can be viewed as convolution with a Dirac
delta function. We have demonstrated how common interpolants such as boxcar,
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triangle, and sinc functions approximate the delta function, but add assumptions
about how the input signal behaves in between samples which may contradict the
Fourier basis. By analysis in both input and Fourier domains, we have shown that
the use of an untruncated sinc function as an interpolant is equivalent to the discrete
form of this transform.
Having a reversible transform for seismic data processing allows the various stages
of a processing flow to be viewed as valid processing domains. For example, one may
use this transform to apply a correction to the input data which organizes it into
a format better suited for multiple attenuation, then perform multiple attenuation,
and last transform back to the input domain with no residual effects of the correction
itself. Further, the discrete form of this general transform provides a straightforward
framework for constructing and understanding the matrix operators associated with
seismic imaging steps. Future studies may be able to exploit symmetries of these
operators to improve computational efficiency while mitigating interpolation artifacts.
We anticipate a variety of future applications of the reversible transform using these
concepts.

Figure 7: Nearest-neighbour interpolant approaching δ (t). As
 approaches zero, the rectangle
function defined by equation 28
approaches the Dirac delta function. Thin magenta line:  =
1.0.
Green line:  = 0.5.
Thick cyan line:  = 0.1.
reversible/delta nearest

Figure 8: Linear interpolant approaching δ (t). As  approaches
zero, the triangle function defined
by equation 30 approaches the
Dirac delta function. Thin magenta line:  = 1.0. Green line:
 = 0.5. Thick cyan line:  = 0.1.
reversible/delta linear
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Figure 9: Sinc interpolant approaching δ (t). As  approaches
infinity, the sinc-function defined
by equation 32 approaches the
Dirac delta function. Magenta *
line:  = 5.0, Dotted green line:
 = 2.5. Solid cyan line:  = 0.5.
reversible/delta sinc
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Seismic wave extrapolation using lowrank symbol
approximation
Sergey Fomel∗ , Lexing Ying† , and Xiaolei Song∗

ABSTRACT
We consider the problem of constructing a wave extrapolation operator in a
variable and possibly anisotropic medium. Our construction involves Fourier
transforms in space combined with the help of a lowrank approximation of the
space-wavenumber wave-propagator matrix. A lowrank approximation implies
selecting a small set of representative spatial locations and a small set of representative wavenumbers. We present a mathematical derivation of this method,
a description of the lowrank approximation algorithm, and numerical examples
which confirm the validity of the proposed approach. Wave extrapolation using lowrank approximation can be applied to seismic imaging by reverse-time
migration in 3D heterogeneous isotropic or anisotropic media.

INTRODUCTION
Wave extrapolation in time plays an important role in seismic imaging (reverse-time
migration), modeling, and full waveform inversion. Conventionally, extrapolation
in time is performed by finite-difference methods (10). Spectral methods (26; 22)
have started to gain attention recently and to become feasible in large-scale 3-D
applications thanks to the increase in computing power. The attraction of spectral
methods is in their superb accuracy and, in particular, in their ability to suppress
dispersion artifacts (7; 11).
Theoretically, the problem of wave extrapolation in time can be reduced to analyzing numerical approximations to the mixed-domain space-wavenumber operator
(27). In this paper, we propose a systematic approach to designing wave extrapolation operators by approximating the space-wavenumber matrix symbol with a
lowrank decomposition. A lowrank approximation implies selecting a small set of
representative spatial locations and a small set of representative wavenumbers. The
optimized separable approximation or OSA (23) was previously employed for wave
extrapolation (28; 8) and can be considered as another form of lowrank decomposition. However, the decomposition algorithm in OSA is significantly more expensive,
especially for anisotropic wave propagation, because it involves eigenfunctions rather
than rows and columns of the original extrapolation matrix. Our algorithm can also
be regarded as an extension of the wavefield interpolation algorithm of (11), with
optimally selected reference velocities and weights. Another related method is the
55
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Fourier finite-difference (FFD) method proposed recently by (24). FFD may have
an advantage in efficiency, because it uses only one pair of multidimensional forward
and inverse FFTs (fast Fourier transforms) per time step. However, it does not offer
flexible controls on the approximation accuracy.
Our approach to wave extrapolation is general and can apply to different types of
waves, including both acoustic and elastic seismic waves, as well as velocity continuation (13), offset continuation (12), prestack exploding reflector extrapolation (3),
etc.
The paper is organized as follows. We first present the theory behind the proposed
algorithm, then describe the algorithm and test its accuracy on a number of synthetic
benchmark examples of increasing complexity.

WAVE EXTRAPOLATION
Let P (x, t) be the seismic wavefield at location x and time t. The wavefield at the
next time step t + ∆t can be approximated by the following mixed-domain operator
(27)
Z
(1)
P (x, t + ∆t) = Pb(k, t) ei φ(x,k,∆t) dk ,
where Pb(k, t) is the spatial Fourier transform of P (x, t)
Z
1
b
P (x, t)e−i k·x dx ,
P (k, t) =
(2 π)3

(2)

where k is the spatial wavenumber. To define the phase function φ(x, k, t), which
appears in equation (1), one can substitute approximation (1) into the wave equation
and extract the geometrical (high-frequency) asymptotic of it. In case of seismic wave
propagation, this leads to the eikonal-like equation
∂φ
= ±V (x, k) |∇φ| ,
∂t

(3)

where V (x, k) is the phase velocity, and the choice of the sign corresponds, in the
case of a point source, to expanding or contracting waves. In the isotropic case, V
does not depend on k. The initial condition for equation (1) is
φ(x, k, 0) = k · x ,

(4)

which turns equation (1) into the simple inverse Fourier transform operation.
Assuming small steps ∆t in equation (1), one can build successive approximations
for the phase function φ by expanding it into a Taylor series. In particular, let us
represent the phase function as
φ(x, k, t) ≈ k · x + φ1 (x, k) t + φ2 (x, k)

t2
+ ···
2

(5)

Lowrank wave extrapolation

Correspondingly,
|∇φ| ≈ |k| +

∇φ1 · k
t + O(t2 ) .
|k|
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(6)

Substituting expansions (6) and (6) into equation (1) and separating terms with
different powers of t, we find that
φ1 (x, k) = V (x, k) |k| ,
φ2 (x, k) = V (x, k) ∇V · k .

(7)
(8)

When either the velocity gradient ∇V or the time step ∆t are small, the Taylor
expansion (6) can be reduced to only two terms, which in turn reduces equation (1)
to the familiar expression (11)
Z
(9)
P (x, t + ∆t) ≈ Pb(k, t) ei [k·x+V (x,k) |k| ∆t] dk ,
or
P (x, t + ∆t) + P (x, t − ∆t) ≈ 2

Z

Pb(k, t) ei k·x cos [V (x, k) |k| ∆t] dk .

(10)

In rough velocity models, where the gradient ∇V does not exist, one can attempt
to solve the eikonal equation 1 numerically or to apply approximations other than
the Taylor expansion (6). In the examples of this paper, we used only the φ1 term.
Note that the approximations that we use, starting from equation (1), are focused
primarily on the phase of wave propagation. As such, they are appropriate for seismic
migration but not necessarily for accurate seismic modeling, which may require taking
account of amplitude effects caused by variable density and other elastic phenomena.
The computational cost for a straightforward application of equation (1) is O(Nx2 ),
where Nx is the total size of the three-dimensional x grid. Even for modest-size
problems, this cost is prohibitively expensive. In the next section, we describe an
algorithm that reduces the cost to O(M Nx log Nx ), where M is a small number.

LOWRANK APPROXIMATION
The key idea of the lowrank decomposition is decomposing the wave extrapolation
matrix
W (x, k) = ei [φ(x,k,∆t)−k·x]
(11)
for a fixed ∆t into a separated representation
W (x, k) ≈

M X
N
X
m=1 n=1

W (x, km )amn W (xn , k).

(12)
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Representation (15) speeds up the computation of P (x, t + ∆t) since
Z
P (x, t + ∆t) =
eixk W (x, k)Pb(k, t)dk
≈

M
X
m=1

W (x, km )

N
X

Z
amn

!
eixk W (xn , k)Pb(k, t)dk
. (13)

n=1

The evaluation of the last formula is effectively equivalent to applying N inverse Fast
Fourier Transforms. Physically, a separable lowrank approximation amounts to selecting a set of N representative spatial locations and M representative wavenumbers.
In order to discuss the construction of approximation (15), let us view it as a
matrix decomposition problem
W ≈ W1 A W2

(14)

where W is the Nx × Nx matrix with entries W (x, k), W1 is the submatrix of W that
consists of the columns associated with {km }, W2 is the submatrix that consists of the
rows associated with {xn }, and A = {amn }. In practice, we find that the matrix W
has a low rank separated representation provided that ∆t is sufficiently small, which,
in the case of smooth models, can be partially explained by the separation of terms in
the Taylor series 6. Let ε be a prescribed accuracy of this separated representation,
and rε be the numerical rank of W. The construction of the separated representation
in equation (9) follows the method of Engquist and Ying (2007, 2009) and is detailed
in the appendix. The main observation is that the columns of W1 and the rows of W2
should span the column space and row space of W, respectively, as well as possible.
The algorithm for computing (9) takes the following steps:
1. Pick a uniformly random set S of β · rε columns of W where β is chosen to be 3
or 4 in practice. Perform the pivoted QR factorization to (W(:, S))∗ (16). The
first rε pivoted columns correspond to rε rows of the matrix W(:, S). Define
W1 to be the submatrix of W that consists of these rows and set x1 , . . . , xN
with n = rε to be the corresponding x values of these rows.
2. Pick a uniformly random set T of β · rε rows of W and perform the pivoted QR
factorization to W(T, :). Define W2 to be the submatrix of W that consists of
these columns and set k1 , . . . , kM with m = rε to be the corresponding k values
of these columns.
3. Set the middle matrix A = W† (xn , km )1≤n≤N,1≤m≤M where † stands for the
pseudoinverse.
4. Combining the result of the previous three steps gives the required separated
representation W ≈ W1 A W2 .
The algorithm does not require, at any step, access to the full matrix W, only to its
selected rows and columns. Once the decomposition is complete, it can be used at
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every time step during the wave extrapolation process. In multiple-core implementations, the matrix operations in equation (15) are easy to parallelize. The algorithm
details are outlined in the appendix.
The cost of the algorithm is O(M Nx log Nx ) operations per time step, where
Nx log Nx refers to the cost of the Fourier transform. In comparison, the cost of
finite-difference wave extrapolation is O(L Nx ), where L is the size of the finitedifference stencil. (25) present an application of the proposed lowrank approximation
algorithm for devising accurate finite-different schemes. There is a natural trade-off
in the selection of M : larger values lead to a more accurate wave representation but
require a longer computational time. In the examples of the next section, we select
these parameters based on an estimate of the approximation accuracy and generally
aiming for the relative accuracy of 10−4 . The resulting M is typically smaller than
the number of Fourier transforms required for pseudo-spectral algorithms such as
pseudo-spectral implementations of the rapid expansion method (21).

EXAMPLES
We start with a simple 1-D example. The 1-D velocity model contains a linear increase
in velocity, from 1 km/s to 2.275 km/s. The extrapolation matrix, 2 (cos [V (x) |k| ∆t]−
1), or pseudo-Laplacian in the terminology of (11), for the time step ∆t = 0.001 s
is plotted in Figure 1(a). Its lowrank approximation is shown in Figure 1(b) and
corresponds to N = M = 2. The x locations selected by the algorithm correspond to
velocities of 1.59 and 2.275 km/s. The wavenumbers selected by the algorithm correspond to the Nyquist frequency and 0.7 of the Nyquist frequency. The approximation
error is shown in Figure 1(c). The relative error does not exceed 0.34%. Such a small
approximation error results in accurate wave extrapolation, which is illustrated in
Figure 2. The extrapolated wavefield shows a negligible error in wave amplitudes, as
demonstrated in Figure 2(c).
Our next example (Figures 3 and 4) corresponds to wave extrapolation in a 2D smoothly variable isotropic velocity field. As shown by (24), the classic finitedifference method (second-order in time, fourth-order in space) tends to exhibit dispersion artifacts with the chosen model size and extrapolation step, while spectral
methods exhibit high accuracy. As yet another spectral method, the lowrank approximation is highly accurate. The wavefield snapshot, shown in Figures 3(b) and 10(a),
is free from dispersion artifacts and demonstrates high accuracy. The approximation rank decomposition in this case is N = M = 2, with the expected error of less
than 10−4 . In our implementation, the CPU time for finding the lowrank approximation was 2.45 s, the single-processor CPU time for extrapolation for 2500 time steps
was 101.88 s or 2.2 times slower than the corresponding time for the finite-difference
extrapolation (46.11 s).
To show that the same effect takes place in case of rough velocity model, we use
first a simple two-layer velocity model, similar to the one used by (15). The difference
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Figure 1: Wave extrapolation matrix for 1-D wave propagation with linearly increasing velocity (a), its lowrank approximation (b), and Approximation error (c).
lowrank/fio prop,prod,proderr
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Figure 2: (a) 1-D wave extrapolation using the exact extrapolation symbol.
(b) 1-D wave extrapolation using lowrank approximation. (c) Difference between (a) and (b), with the scale amplified 10 times compared to (a) and (b).
lowrank/fio wave2,awave2,waverr
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Figure 3: Wavefield snapshot in a smooth velocity model computed using (a) fourthorder finite-difference method and (b) lowrank approximation. The velocity model is
v(x, z) = 550 + 0.00015 (x − 800)2 + 0.001 (z − 500)2 . The wave source is a pointsource Ricker wavelet, located in the middle of the model. The finite-difference result
exhibits dispersion artifacts while the result of the lowrank approximation, similarly
to that of the FFD method, is dispersion-free. lowrank/impres wavefd,wave

Figure 4:
Horizontal slices
lowrank/impres slicefd,slice

through

wavefield

snapshots

in

Figure
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Figure 5: Wavefield snapshot in a simple two-layer velocity model using (a) fourthorder finite-difference method and (b) lowrank approximation. The upper-layer velocity is 1500 m/s, and the bottom-layer velocity is 4500 m/s. The finite-difference
result exhibits clearly visible dispersion artifacts while the result of the lowrank approximation is dispersion-free. lowrank/fowler fwavefd,fwave

between a dispersion-infested result of the classic finite-difference method (secondorder in time, fourth-order in space) and a dispersion-free result of the lowrank approximation is clearly visible in Figure 5. The time step was 2 ms, which corresponded
to the approximation rank of 3. In our implementation, the CPU time for finding the
lowrank approximation was 2.69 s, the single-processor CPU time for extrapolation
for 601 time steps was 19.76 s or 2.48 times slower than the corresponding time for
the finite-difference extrapolation (7.97 s). At larger time steps, the finite-difference
method in this model becomes unstable, while the lowrank method remains stable
but requires a higher rank.
Next, we move to isotropic wave extrapolation in a complex 2-D velocity field.
Figure 6 shows a portion of the BP velocity model (6), containing a salt body. The
wavefield snapshot (shown in Figure 7) confirms the ability of our method to handle
complex models and sharp velocity variations. The lowrank decomposition in this case
corresponds to N = M = 3, with the expected error of less than 10−7 . Increasing
the time step size ∆t does not break the algorithm but increases the rank of the
approximation and correspondingly the number of the required Fourier transforms.
For example, increasing ∆t from 1 ms to 5 ms leads to N = M = 5.
Our next example is isotropic wave extrapolation in a 3-D complex velocity field:
the SEG/EAGE salt model (5) shown in Figure 8. A dispersion-free wavefield snapshot is shown in Figure 9. The lowrank decomposition used N = M = 2, with the
expected error of 10−5 .
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Figure 6: Portion of BP-2004 synthetic isotropic velocity model. lowrank/bp sub
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Figure 7: Wavefield snapshot for the velocity model shown in Figure 6.
lowrank/bp snap
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Figure 8: SEG/EAGE 3-D salt model. lowrank/threed salt

Lowrank wave extrapolation

67

Figure 9: Snapshot of a point-source wavefield propagating in the SEG/EAGE 3-D
salt model. lowrank/threed wave3
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Figure 10: Portion of BP-2007 anisotropic benchmark model.
(a) Velocity along the axis of symmetry.
(b) Velocity perpendicular to the axis of
symmetry.
(c) Anellipticity parameter η.
(d) Tilt of the symmetry axis.
lowrank/bptti vpend2,vxend2,etaend2,thetaend2

Figure 11: Wavefield snapshot for the velocity model shown in Figure 10.
lowrank/bptti snap4299
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Finally, we illustrate wave propagation in a complex anisotropic model. The model
is a 2007 anisotropic benchmark dataset from BP∗ . It exhibits a strong TTI (tilted
transverse isotropy) with a variable tilt of the symmetry axis (Figure 10). A wavefield
snapshot is shown in Figure 9. Because of the complexity of the wave propagation
patterns, the lowrank decomposition took N = M = 10 in this case and required 10
FFTs per time step. In a TTI medium, the phase velocity V (x, k) from equation (10)
can be expressed with the help of the acoustic approximation (1; 2; 14)
s
r
1
1 2 2
8η 2 2 2 ˆ2
(vx k̂x + vz2 k̂z2 ) +
v v k̂ k ,
(15)
(vx2 k̂x2 + vz2 k̂z2 )2 −
V (x, k) =
2
2
1 + 2η x z x z
where vx is the P-wave phase velocity in the symmetry plane, vz is the P-wave phase
velocity in the direction normal to the symmetry plane, η is the anellipticity parameter
(4), and k̂x and k̂z stand for the wavenumbers evaluated in a rotated coordinate system
aligned with the symmetry axis:
k̂x = kx cos θ + kz sin θ
k̂z = kz cos θ − kx sin θ ,

(16)

where θ is the tilt angle measured with respect to horizontal.

CONCLUSIONS
We have presented a novel algorithm for wave extrapolation in heterogeneous and
anisotropic media. The algorithm is based on a lowrank approximation of the extrapolation symbol. It reduces the cost of extrapolation to that of a small number
of FFT operations per time step, which correspond to the approximation rank. The
algorithm has a high, spectral accuracy. In that sense, it is comparable with a number
of other recently proposed FFT-based methods. Its advantage is a direct control on
the accuracy-efficiency trade-off by controlling the rank of the approximation and the
corresponding approximation error. We propose to incorporate the lowrank extrapolation algorithm in seismic imaging by reverse-time migration.

ACKNOWLEDGMENTS
We thank KAUST for partial financial support; Tariq Alkhalifah, Björn Engquist,
Laurent Demanet, and Paul Fowler for useful discussions; and BP for releasing benchmark synthetic models.
The reproducible computational examples in this paper use the Madagascar opensource software package http://www.ahay.org/.
This publication is authorized by the Director, Bureau of Economic Geology, The
University of Texas at Austin.
The dataset was created by Hemang Shah and is provided at http://software.seg.org/ courtesy of BP Exploration Operation Company Limited.
∗

70

Fomel, Ying, & Song

LINEAR-TIME ALGORITHM FOR A LOWRANK
MATRIX APPROXIMATION
In this appendix, we outline the lowrank matrix approximation algorithm in more
details.
Let Nx be the number of samples both in space and wavenumber. Let us denote the samples in the spatial domain by x = {x1 , . . . , xNx } and the ones in the
Fourier domain by k = {k1 , . . . , kNx }. The elements of the interaction matrix W
from equation (6) are then defined as
Wij = eı[φ(xi ,kj ,∆t]−xi ·kj ] ,

1 ≤ i, j ≤ Nx .

(A-1)

Here we describe an algorithm by (9) that generates, in a time linear with respect to
Nx , an approximate factorization of W of rank r in the following form
W ≈ UMV∗ ,

(A-2)

where U consists of r selected columns from W, M is a matrix of size r × r and V∗
consists of r selected rows from W.
The first question is: which columns of W shall one pick for the matrix U? It
has been shown by (17) and (18) that the r-dimensional volume spanned by these
columns should be the maximum or close to the maximum among all possible choices
of r columns from W. More precisely, suppose W = [w1 , . . . , wNx ] is a column
partitioning of W. Then one aims to find {j1 , . . . , jr } such that
{j1 , . . . , jr } = argmin{j1 ,...,jr } volr (wj1 , . . . , wjr ).

(A-3)

However, finding a set of r columns with almost the maximum r-dimensional volume
is a computationally difficult problem due to the following two reasons. First, the
length of the vectors N is typically very large for three dimensional problems, hence
manipulating these vectors can be costly. Second, the number of the vectors Nx is also
large. A exhaustive search over all possible choices of r vectors to find the one with
the maximum volume is prohibitive expensive, so one needs to find a more practical
approach.
In order to overcome the problem associated with long vectors, the first idea is to
project to a lower dimensional space and search for the set of vectors with maximum
volume among the projected vectors. However, one needs to ensure that the volume
is roughly preserved after the projection so that the set of vectors with the maximum
projected volume also has a near-maximum volume in the original space. One of
the most celebrated theorems in high dimensional geometry and probability is the
following Johnson-Lindenstrauss lemma (19).
Theorem 1 Let v1 , . . . , vN be a set of N vectors in Rd . Let T be a randomly generated
subspace of dimension t = O(log N/ε2 ) and use PT to denote the orthogonal projection
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r
(1 − ε)kvi − vj k ≤
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d
kPT vi − PT vj k ≤ (1 + ε)kvi − vj k
t

for 1 ≤ i, j ≤ N .
This theorem essentially says that projecting to a subspace of dimension O(log N )
preserves the pairwise distance between N arbitrary vectors. There is an immediate
generalization of this theorem due to (20), formulated slightly differently for our
purpose.
Theorem 2 Let v1 , . . . , vN be a set of N vectors in Rd . Let T be a randomly generated subspace of dimension t = O(r3 log N/ε2 ) and use PT to denote the orthogonal
projection onto T . Then with high probability,
 r/2
d
volr (PT vi1 , . . . , PT vir ) ≤ (1 + ε) · volr (vi1 , . . . , vir )
(1 − ε) · volr (vi1 , . . . , vir ) ≤
t
for any {i1 , . . . , ir } ⊂ {1, . . . , N }.
The main step of the proof is to bound the singular values of a random matrix
between (1 − ε)1/r and (1 + ε)1/r (after a uniform scaling) and this ensures that the
r-dimensional volume is preserved within a factor of (1 − ε) and (1 + ε). In order
to obtain this bound on the singular values, we need t to be O(r3 log N ). However,
bounding the singular values is only one way to bound the volume, hence it is possible
to improve the dependence of t on r. In fact, in practice, we observe that t only needs
to scale like O(r log N ).
Given a generic subspace T of dimension t, computing the projections PT w1 , . . . , PT wN
takes O(tN 2 ) steps. Recall that our goal is to find an algorithm with linear complexity, hence this is still too costly. In order to reduce the cost of the random projection,
the second idea of our approach is to randomly choose t coordinates and then project
(or restrict) each vector only to these coordinates. This is a projection with much less
randomness but one that is much more efficient to apply. Computationally, this is
equivalent to restricting W to t randomly selected rows. We do not yet have a theorem regarding the volume for this projection. However, it preserves the r-dimensional
volume very well for the matrix W and this is in fact due to the oscillatory nature of
e 1, . . . , w
e Nx }.
the columns of W. We denote the resulting vectors by {w
e j1 , . . . , w
e jr )
The next task is to find a set of columns {j1 , . . . , jr } so that the volume volr (w
is nearly maximum. As we mentioned earlier, exhaustive search is too costly. To overcome this, the third idea is to use the following pivoted QR algorithm (or pivoted
Gram-Schmidt process) to find the r columns.
1: for s = 1, . . . , r do
e js has the largest norm
2:
Find js among {1, . . . , N } \ j1 , . . . , js−1 such that w
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e j for j ∈ {1, . . . , N }\j1 , . . . , js with w
e js and update
Orthogonalize the vectors w
them
4: end for
5: {j1 , . . . , jr } is the column set required
3:

Once the column set is found, we set U = [wj1 , . . . , wjr ].
In order to identify V∗ , one needs to find a set of r rows of W that has an almost
maximum volume. To do that, we repeat the same steps now to W∗ . More precisely,
let


m1


W =  ... 
(A-4)
mNx
be the row partitioning of the matrix W. The algorithm takes the following steps:
Select uniform randomly a set of t columns and obtain an Nx × t tall matrix
Perform pivoted QR algorithm on the rows of this tall matrix and denote the first
r rows selected by {i1 , . . . , ir }
3: The matrix V∗ is


mi1


V∗ =  ...  .
(A-5)
mir

1:
2:

Once both U and V∗ are identified, the last task is to compute the r × r matrix
M for W ≈ UMV∗ . Minimizing
minkW − UMV∗ kF
M

(A-6)

†

yeilds M = (U)† W(V∗ ) where † stands for the pseudo-inverse. However, this formula
requires taking matrix product with W, which takes O(t Nx2 ) steps. In order to achieve
linear scaling, the fourth idea of our approach is to select randomly a set of t rows A
and a set of t columns B and minimize
minkW(A, B) − U(A, :) M V(B, :)∗ kF .
M

(A-7)

The solution for this problem is
M = (U(A, :))† W(A, B) (V(B, :)∗ )† .

(A-8)

Let us now discuss the overall cost of this algorithm. Random sampling of t rows
and t columns of the matrix W clearly takes O(t Nx ) steps. Pivoted QR factorization
e 1, . . . , w
e Nx } takes O(t2 Nx ) steps and the cost for for the
on the projected columns {w
pivoted QR factorization on the projected rows. Finally, performing pseudo-inverses
takes O(t3 ) steps. Therefore, the overall cost of the algorithm is O(t Nx ) + O(t2 Nx ) +
O(t3 ) = O(t2 Nx ). As we mentioned earlier, in practice t = O(r log Nx ). Hence, the
overall cost is linear in Nx .
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OC-seislet: seislet transform construction with
differential offset continuation
Yang Liu∗† and Sergey Fomel†

ABSTRACT
Many of the geophysical data analysis problems, such as signal-noise separation and data regularization, are conveniently formulated in a transform domain,
where the signal appears sparse. Classic transforms such as the Fourier transform
or the digital wavelet transform, fail occasionally in processing complex seismic
wavefields, because of the nonstationarity of seismic data in both time and space
dimensions. We present a sparse multiscale transform domain specifically tailored to seismic reflection data. The new wavelet-like transform – the OC-seislet
transform – uses a differential offset-continuation (OC) operator that predicts
prestack reflection data in offset, midpoint, and time coordinates. It provides
high compression of reflection events. In the transform domain, reflection events
get concentrated at small scales. Its compression properties indicate the potential
of OC-seislets for applications such as seismic data regularization or noise attenuation. Results of applying the method to both synthetic and field data examples
demonstrate that the OC-seislet transform can reconstruct missing seismic data
and eliminate random noise even in structurally complex areas.

INTRODUCTION
Digital wavelet transforms are excellent tools for multiscale data analysis. The wavelet
transform is more powerful when compared with the classic Fourier transform, because it is better fitted for representing non-stationary signals. Wavelets provide a
sparse representation of piecewise regular signals, which may include transients and
singularities (28). In recent years, many wavelet-like transforms that explore directional characteristics of images (33; 12; 29; 36) were proposed. The curvelet transform
in particular has found important applications in seismic imaging and data analysis
(13; 7; 23). (19) and (20) investigated the possibility of designing a wavelet-like
transform tailored specifically to seismic data and introduced it under the name of
the seislet transform. Based on the digital wavelet transform (DWT), the seislet
transform follows patterns of seismic events (such as local slopes in 2-D and frequencies in 1-D) when analyzing those events at different scales. The seislet transform’s
compression ability finds applications in common data processing tasks such as data
regularization and noise attenuation. However, the problem of pattern detection limits its further applications. In 2-D, conflicting slopes at a single data point are difficult
75
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to detect reliably even using advanced methods (15). It is also difficult to estimate
local slopes in the presence of strong noise. A similar situation occurs in the 1-D case,
in which it is difficult to exactly represent a known seismic signal using a limited set
of frequencies.
Offset continuation is a process of seismic data transformation between different
offsets (11; 6; 31; 18). Different types of dip moveout (DMO) operators (22) can be
regarded as continuation to zero offset and derived as solutions to initial-value problems with the offset-continuation differential equation. In the shot-record domain,
offset continuation transforms to shot continuation, which describes the process of
transforming reflection seismic data along shot location (2; 32; 17). The 3-D analog
is known as azimuth moveout or AMO (3; 16). (5) developed a general platform for
Kirchhoff data mapping, which includes offset continuation as a special case.
In this paper, we propose to incorporate offset continuation as the prediction operator into the seislet transform. We design the transform in the log-stretch-frequency
domain, where each frequency slice can be processed independently and in parallel.
We expect the new seislet transform to perform better than the previously proposed
seislet transform by plane-wave destruction, PWD-seislet transform (20), in cases of
moderate velocity variations and complex structures that generate conflicting dips in
the data.

THEORETICAL BASIS
OC-seislet transform follows the same construction strategy, the lifting scheme, as the
PWD-seislet transform but employs the offset-continuation operator for prediction at
each transform scale.

The lifting scheme for the seislet transform
The lifting scheme (34) provides a convenient approach for designing digital wavelet
transforms. The general recipe is as follows:
1. Organize the input data as a sequence of records. For OC-seislet transform of 2D seismic reflection data, the input is in the ‘frequency’-‘midpoint wavenumber’‘offset’ domain after the log-stretched NMO correction (6), and the transform
direction is offset.
2. Divide the data records (along the offset axis in the case of the OC-seislet
transform) into even and odd components e and o. This step works at one
scale level.
3. Find the residual difference r between the odd component and its prediction
from the even component:
r = o − P[e] ,
(1)
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where P is a prediction operator. For example, one can obtain Cohen-DaubechiesFeauveau (CDF) 5/3 biorthogonal wavelets (9) by defining the prediction operator as a linear interpolation between two neighboring samples,
P[e]k = (ek−1 + ek ) /2 ,

(2)

where k is an index number at the current scale level.
4. Find an approximation c of the data by updating the even component:
c = e + U[r] ,

(3)

where U is an update operator. Constructing the update operator for CDF 5/3
biorthogonal wavelets aims at preserving the running average of the signal (35):
U[r]k = (rk−1 + rk ) /4 .

(4)

5. The coarse approximation c becomes the new data, and the sequence of steps
is repeated on the new data to calculate the transform coefficients at a coarser
scale level.
Next, we define new prediction and update operators using offset-continuation
operators.

OC-seislet structure
We define the OC-seislet transform by specifying prediction and update operators
with the help of the offset-continuation operator. Prediction and update operators
for the OC-seislet transform are specified by modifying the biorthogonal wavelet construction in equations 2 and 5 as follows (19; 20):


(+)
(−)
P[e]k = Sk [ek−1 ] + Sk [ek ] /2
(5)


(+)
(−)
U[r]k = Sk [rk−1 ] + Sk [rk ] /4 ,
(6)
(+)

(−)

where Sk and Sk are operators that predict the data record (a common-offset
section) by differential offset continuation from its left and right neighboring commonoffset sections with different offsets. Offset continuation operators provide the physical
connection between data records. The theory of offset continuation is reviewed in
Appendix A.
One can also employ a higher-order transform, for example, by using the template
of the CDF 9/7 biorthogonal wavelet transform, which is used in JPEG-2000 compression (25). There is only one stage (one prediction and one update) for the CDF
5/3 wavelet transform, but there are two cascaded stages and one scaling operation
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for CDF 9/7 wavelet transform. Prediction and update operators for a high-order
OC-seislet transform are defined as follows:
(+)

(−)

(7)

(+)

(−)

(8)

(+)

(−)

(9)

(+)

(−)

(10)

P1 [e]k = (Sk [ek−1 ] + Sk [ek ]) · α ,
U1 [r]k = (Sk [rk−1 ] + Sk [rk ]) · β ,
P2 [e]k = (Sk [ek−1 ] + Sk [ek ]) · γ ,
U2 [r]k = (Sk [rk−1 ] + Sk [rk ]) · δ ,

where the subscripts 1 and 2 represent the first and the second stage. α, β, γ, and δ
are defined numerically as follows:
α
β
γ
δ

=
=
=
=

−1.586134342,
−0.052980118,
0.882911076,
0.443506852.

One can combine equations 10, 2, 7, and 8 to finish the first stage, and repeatedly
process the result by using equations 10, 2, 9, and 10. The scale normalization
factors correspond to the CDF 9/7 biorthogonal wavelet transform (10). Scaling and
coefficients are as follows:
e=e·K ,
(11)
o = o · (1/K) ,

(12)

where K= 1.230174105.
We used the high-order version of OC-seislet transform to process the synthetic
and field data examples used in this paper.

Simple example
Figure 10(a) shows a 2-D slice out of the benchmark French model (21). We created a
2-D prestack dataset (Figure 2a) by Kirchhoff modeling. Three sections in Figure 2a
show the time slice at time position 0.6 s (top section), common-offset section at offset
position of 0.2 km (bottom-left section), and common-midpoint gather at midpoint
position of 1.0 km (bottom-right section). The reflector with a round dome and
corners creates complicated reflection events along both midpoint and offset axes.
The inflection points of the reflector leads to traveltime triplications at some offsets.
Figure 2b shows a preprocessed data cube in the F -K-offset domain after the logstretched NMO correction and a double Fourier transform along the stretched time
and midpoint axes. We apply the OC-seislet transform described above along the
offset axis in Figure 2b. Thus, the offset axis becomes the scale axis. The cube
of the transform coefficients is shown in Figure 3b and should be compared with
the corresponding Fourier transform along the offset direction in Figure 3a. The
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OC-seislet transform coefficients get concentrated at small scales, which enables an
effective compression. In contrast, the Fourier transform develops large coefficients
at coarser scales but has small residual coefficients at fine scales. Figure 2 shows a
comparison between the decay of coefficients (sorted from large to small) between the
Fourier transform and the OC-seislet transform. A significantly faster decay of the
OC-seislet coefficients is evident.

Figure 1: 2-D slice out of the benchmark French model (21). oc3/french slice

Iterative soft-thresholding
The proposed OC-seislet transform uses physical offset continuation to compress the
reflection data after NMO and log-stretch transform of the time coordinate, followed
by double Fourier transforms of the stretched time axis and midpoint axis. If seismic
traces in the midpoint direction are missing, the Fourier transform may produce
artifacts (spatial leakage) along the midpoint-wavenumber axis (39). Additionally,
the missing seismic traces in the offset direction affect the continuity of predicted
data. Once the OC-seislet transform is applied for predicting and compressing, the
artifacts, discontinuity information, and random noise spread over different scales
while the predictable reflection information gets compressed to large coefficients at
small scales. A simple thresholding method can easily remove the small coefficients of
artifacts. Finally, applying inverse OC-seislet transform, inverse FFTs both in time
and midpoint axes, inverse log-stretch, and inverse NMO reconstructs the data while
attenuating random noise, reducing artifacts along the midpoint axis, reconstructing
continuity in the offset axis, and recovering main structural features without using
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Figure 2: 2-D synthetic prestack data in t-x-offset domain (a) and in F -K-offset
domain (b). oc3/french data,dinput
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Figure 3: Fourier transform (a) and OC-seislet transform (b) of the input data from
Figure 2b along the offset axis. oc3/french dfourier,dtran
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Figure 4: Transform coefficients sorted from large to small, normalized, and plotted
on a decibel scale. Solid line: OC-seislet transform. Dashed line: Fourier transform.
oc3/french compare

any assumptions about structural continuity in the midpoint-offset-time domain. The
key steps are shown in Figure 5a.
The idea of sparse transforms has been thoroughly explored in the literature,
with application to Fourier and curvelet transforms. (27) proposed a Fourier-based
minimum weighted norm interpolation (MWNI) algorithm with iterative inversion
to perform multidimensional reconstruction of seismic wavefields. (37) suggested an
iterative Fourier-based matching pursuit (antileakage Fourier transform) for seismic
data regularization. (1) used a Fourier-based method with iterative thresholding to
solve seismic data interpolation problems. (24) presented a recovery method that
exploits the curvelet frame. Missing data interpolation is a particular case of data
regularization, where the input data are already given on a regular grid, and one
needs to reconstruct only the missing values in empty bins (14). For input data with
nonuniform spatial sampling, one can bin the data to a regular grid first and then
use the proposed method for filling empty bins. It is also possible to generalize the
method for combining irregular data interpolation with a sparse transform (39). The
thresholding iteration helps a sparse transform to recover the missing information. We
adopt a similar thresholding strategy (fixed thresholding value for each iteration) with
the OC-seislet transform. The key steps of the algorithm are illustrated schematically
in Figure 5b.
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Figure 5: Schematic illustration of the thresholding workflow. Denoising with a simple
soft-thresholding (a) and missing data interpolation with iterative soft-thresholding
(b). oc3/XFig denoise,jpocs

SYNTHETIC DATA TESTS
We continue to use the synthetic model from Figure 10(a) to test the proposed
method. Figure 6 is the data with normally-distributed random noise added. Figure 7a shows the datacube in the F -K-offset domain after the log-stretched NMO
correction and a double Fourier transform along the stretched time axis and midpoint axis. We run the OC-seislet transform in parallel on individual frequency slices.
Figure 7b shows the OC-seislet coefficients. All reflection information is concentrated
in a small scale range. However, since random noise cannot be predicted well by
the offset-continuation operator, it spreads throughout the whole transform domain.
The inverse Fourier transform both in time and midpoint directions and the inverse
log-stretch return the OC-seislet coefficients to the time-midpoint-scale domain. The
coefficients at the zero scale represent stacking along the offset direction, which is
equivalent to the DMO stack (Figure 8b).
We use a soft-thresholding method to separate reflection and random noise in the
OC-seislet domain. Figure 8a displays the result after the inverse OC-seislet transform. Compared with Figure 7a, data in the F -K-offset domain contain only useful
information. Figure 9b shows the denoising result in the t-x-offset domain after the
double inverse Fourier transform, the inverse log-stretch and the inverse NMO. All
characteristics of reflection and diffraction events are preserved well. For comparison,
we used PWD-seislet transform and soft-thresholding method with the same threshold values to process the noisy data (Figure 6). The result is shown in Figure 9a.
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Because PWD-seislet transform is based on the local dip information, a mixture of
different dips from the triplications makes it difficult to process the data in individual
common-midpoint gathers. The PWD-seislet transform compresses all information
along the local events slopes in each common-midpoint gather. It separates reflection signal and noise but smears the crossing events, especially at the far offset. The
corresponding signal-to-noise ratios for denoised results with PWD-seislet transform
and OC-seislet transform are 24.95 dB and 41.45 dB, respectively. The differences
(Figure 10) between noisy data (Figure 6) and denoised results with PWD-seislet
transform (Figure 9a) and OC-seislet transform (Figure 9b) further illustrate the
effectiveness of the OC-seislet transform.

Figure 6: 2-D noisy data in t-x-offset domain. oc3/french noise
For a data regularization test, we remove 80% of randomly selected traces (Figure 11a) from the ideal data (Figures 2a). The complex dip information makes it
extremely difficult to interpolate the data in individual common-offset gathers. The
dataset is also non-stationary in the offset direction. Therefore, a simple offset interpolation scheme would also fail. Figure 11b shows the data after NMO correction,
log-stretch transform, and double Fourier transforms. The missing traces introduce
spatial artifacts in midpoint-wavenumber axis and discontinuities along the offset direction. After the OC-seislet transform, the reflection information can be predicted
and compressed. Meanwhile, the artifacts spread over the whole transform domain
(Figure 12a). The simple soft-thresholding algorithm (i.e., the iterative strategy with
only one iteration) removes most of the artifacts, and the inverse OC-seislet transform
reconstructs the major reflection information according to the offset-continuation prediction (Figure 12b).
One can also employ an iterative soft-thresholding strategy to implement miss-
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Figure 7: Noisy data in F -K-offset domain (a) and OC-seislet coefficients in F -Kscale domain (b). oc3/french input,tran

86

Liu and Fomel

GEO-2009-0420

Figure 8: Thresholded data in F -K-offset domain (a) and OC-seislet coefficients in
t-x-scale domain (b). oc3/french ithr,inv-tran
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Figure 9: Denoised result by different methods. PWD-seislet transform (a) and OCseislet transform (b). (Compare with Figure 2.) oc3/french nidwt,inver
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Figure 10: Difference between noisy data (Figure 6) and denoised results with different methods (Figure 9). PWD-seislet transform (a) and OC-seislet transform (b).
oc3/french diff1,diff2
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Figure 11: Synthetic data with 80% traces removed (a) and missing data in F -K-offset
domain (b). oc3/frenchint czero,cinput
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Figure 12: OC-seislet coefficients in F -K-scale domain (a) and data of iteration 1
after soft-thresholding in F -K-offset domain (b). oc3/frenchint ctran,cithr
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Figure 13: Interpolated results using iterative thresholding with different sparse
transforms. 3-D Fourier transform (a) and OC-seislet transform (b). (Compare with
Figure 2) oc3/frenchint four3pocs,cpocs
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ing data interpolation. This method recovers missing traces as long as seismic data
are sparse enough in the transform domain. To demonstrate the superior sparseness of the OC-seislet coefficients, we compare the proposed method with the 3-D
Fourier transform. Figure 13a displays the interpolated result after a 3-D Fourier
interpolation using iterative thresholding (1). The Fourier transform cannot provide
enough sparseness of coefficients for complex reflections and, therefore, fails in recovering all missing traces. The OC-seislet transform is based on a physical prediction,
and provides a much sparser domain for both reflections and diffractions. Iterative
thresholding succeeds in interpolating the missing traces (Figure 13b).

FIELD DATA TESTS
We use a historic marine dataset from the Gulf of Mexico (8) to evaluate the proposed
method for both noise attenuation and missing data interpolation problems. The input data are shown in Figure 14a. Near- and far- offset information is completely missing. After log-stretched NMO and Fourier transforms along time and midpoint axes
convert the original data from time-midpoint-offset domain to frequency-wavenumberoffset domain, the OC-seislet transform compresses the predictable information according to the physical connection between different offsets. Unpredictable artifacts
and reflections display different tendencies: artifacts disperse throughout the whole
transform domain while reflections are compressed to a small scale range (Figure 14b).
If we choose the significant coefficients using soft-thresholding, the inverse processing
steps (including the inverse OC-seislet transform, the inverse FFTs both in time and
midpoint axes, and the inverse log-stretch NMO) effectively remove incoherent artifacts from the data (Figure 15a). The difference between input data (Figure 14a) and
denoised result (Figure 15a) is shown in Figure 15b. Most coherent events including
reflections and diffractions are well protected by the proposed method thanks to the
ability of the offset-continuation operator to predict structurally complex wavefields.
However, some energy of the events is partly missing. To achieve a better result,
one may need to use a more accurate NMO velocity. Thus, denoising is a naturally
defined operation in the OC-seislet domain. The soft-thresholding techniques eliminate only part of spatial aliasing because of sparse offset sampling. Additional offset
interpolation can further remove spatial aliasing.
For a data regularization test, we removed 70% of randomly selected traces from
the input data (Figure 16). After applying the OC-seislet transform and iterative softthresholding, spatial artifacts and offset discontinuity in the transform domain coming
from missing traces get attenuated. The interpolated result is shown in Figure 17b.
Missing traces have been interpolated well even where diffractions are present. For
comparison, we applied 3-D Fourier transform with iterative soft-thresholding, as
proposed by (1). The same parameters of soft-thresholding for those in the OCseislet transform were used. The final result is shown in Figure 17a. The Fourier
transform fails to recover the missing information as accurately as the OC-seislet
transform. Fundamentally, the Fourier coefficients are simply not sparse enough for
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Figure 14: Marine data in t-x-offset domain (a) and OC-seislet coefficients in F -Kscale domain (b). oc3/bei bei,bei-tran
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Figure 15: Denoised result in t-x-offset domain (a) and difference between input data
(Figure 14a) and denoised result (Figure 15a) (b). oc3/bei bei-denoise,bei-diff
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this dataset. Figure 18 shows the comparison after DMO stacking. The result from 3D Fourier transform displays obvious gaps which are caused by inperfect interpolation
(Figure 18a), while the OC-seislet transform and iterative soft-thresholding strategy
provide a reasonably accurate result (Figure 18b).

Figure 16: Marine data with 70% traces removed. oc3/fault bei-zero

CONCLUSIONS
We have introduced the OC-seislet transform, a new domain for analyzing prestack
reflection data in offset, midpoint, and time coordinates. Thanks to its physical basis,
the new transform is able to characterize and compress structurally complex seismic
data better than either the 3-D Fourier transform or the PWD-seislet transform.
The offset-continuation operator serves as a transformational bridge between different
offsets, which allows the OC-seislet transform to compress all predictable reflections
and diffractions into small scales. In the new transform domain, random noise spreads
over different scales while the predictable reflection seismic events get compressed to
large coefficients at small scales. Therefore, a thresholding approach is successful in
separating seismic signal and noise. Reconstructing missing seismic data is a more
difficult task, where iterative thresholding is required to help the proposed OC-seislet
transform recover the missing seismic traces. Tests using both synthetic and field
data demonstrate that the proposed transform can succeed in handling structurally
complex data even in the presence of strong random noise.

96

Liu and Fomel

GEO-2009-0420

Figure 17:
Interpolated results using iterative thresholding with different transforms.
3-D Fourier transform (a) and OC-seislet transform (b).
oc3/fault bfour3pocs,bei-pocs
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Figure 18: Stacking of interpolated results corresponding to Figure 17. 3-D Fourier
transform (a) and OC-seislet transform (b). oc3/fault fdmos,dmos
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APPENDIX A
REVIEW OF DIFFERENTIAL OFFSET CONTINUATION
In this appendix, we review the theory of differential offset continuation from (16; 18).
The partial differential equation for offset continuation (differential azimuth moveout)
takes the form


2
∂ 2P
T
2 ∂ P
,
(A-1)
=
h
t
h Pxx h − h
n
∂h2
∂tn ∂h
where P (x, h, tn ) is the seismic data in the midpoint-offset-time domain, tn is the time
coordinate after the normal moveout (NMO) correction, hT denotes the transpose of
h, and Pxx is the tensor of the second-order midpoint derivatives.
A particularly efficient implementation of offset continuation results from a logstretch transform of the time coordinate (6), followed by a Fourier transform of the
stretched time axis. After these transforms, the offset-continuation equation takes
the form
!
2
∂ P̃
∂ P̃
= iΩh
,
(A-2)
hT P̃xx h − h2
2
∂h
∂h
where Ω is the dimensionless frequency corresponding to the stretched time coordinate and P̃ (x, h, Ω) is the transformed data. As in other frequency-space methods,
equation A-2 can be applied independently and in parallel on different frequency
slices.
In the frequency-wavenumber domain, the extrapolation operator is defined by
solving an initial-value problem for equation A-2. The analytical solution takes the
form
Zλ (k · h2 )
,
(A-3)
P̃˜ (k, h2 , Ω) = P̃˜ (k, h1 , Ω)
Zλ (k · h1 )
where P̃˜ (k, h, Ω) is the double-Fourier-transformed data, λ = (1 + iΩ)/2, Zλ is the
special function defined as


 x λ
x2
Zλ (x) = Γ(1 − λ)
J−λ (x) = 0 F1 ; 1 − λ; −
,
(A-4)
2
4
Γ is the gamma function, J−λ is the Bessel function, and 0 F1 is the confluent hypergeometric limit function (30). The wavenumber k in equation A-3 corresponds
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to the midpoint x in the original data domain. In high-frequency asymptotics, the
offset-continuation operator takes the form


2
2
) exp iΩ ψ 2k·h
F ( 2k·h
˜
˜
Ω
Ω

 ,
(A-5)
P̃ (k, h2 , Ω) ≈ P̃ (k, h1 , Ω)
2k·h1
1
)
exp
iΩ
ψ
F ( 2k·h
Ω
Ω
where
F () =

√
1 + 1 + 2
√
exp
2 1 + 2

1−

!
√
1 + 2
,
2

1
ψ() =
2

√
1 − 1 + 2 + ln

1+

!!
√
1 + 2
.
2

s

and

(A-6)

(A-7)

The phase function ψ defined in equation A-7 corresponds to the analogous term in
the exact-log DMO and AMO (26; 38; 4).
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[35] Sweldens, W., and P. Schröder, 1996, Building your own wavelets at home, in

GEO-2009-0420

OC-seislet transform

101

Wavelets in Computer Graphics: ACM SIGGRAPH Course Notes, 15–87.
[36] Velisavljevic, V., 2005, Directionlets: anisotropic multi-directional representation
with separable filtering: PhD thesis, Ecole Polytechnique Fédérale de Lausanne.
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Stratigraphic coordinates, a coordinate system
tailored to seismic interpretation
Parvaneh Karimi and Sergey Fomel

ABSTRACT
In certain seismic data processing and interpretation tasks, such as spiking deconvolution, tuning analysis, impedance inversion, spectral decomposition, etc.,
it is commonly assumed that the vertical direction is normal to reflectors. This
assumption is false in the case of dipping layers and may therefore lead to inaccurate results. To overcome this limitation, we propose a coordinate system
in which geometry follows the shape of each reflector and the vertical direction
corresponds to normal reflectivity. We call this coordinate system stratigraphic
coordinates. We develop a constructive algorithm that transfers seismic images
into the stratigraphic coordinate system. The algorithm consists of two steps.
First, local slopes of seismic events are estimated by plane-wave destruction; then
structural information is spread along the estimated local slopes, and horizons
are picked everywhere in the seismic volume by the predictive-painting algorithm.
These picked horizons represent level sets of the first axis of the stratigraphic coordinate system. Next, an upwind finite-difference scheme is used to find the two
other axes, which are perpendicular to the first axis, by solving the appropriate
gradient equations. After seismic data are transformed into stratigraphic coordinates, seismic horizons should appear flat, and seismic traces should represent the
direction normal to the reflectors. Immediate applications of the stratigraphic
coordinate system are in seismic image flattening and spectral decomposition.
Synthetic and real data examples demonstrate the effectiveness of stratigraphic
coordinates.

INTRODUCTION
In certain seismic data processing and interpretation tasks, such as spiking deconvolution, tuning analysis, impedance inversion, spectral decomposition, etc., it is commonly assumed that the vertical direction is normal to reflectors. This assumption
does not hold true in the case of dipping layers and may therefore lead to inaccurate
results (7). (13) defined a mathematical framework, called GeoChron, for transforming the geologic space into a new space in which all horizons appear flat, and faults,
if any, disappear. In this paper, we propose the stratigraphic coordinate system, in
which geometry follows the shape of each reflector and the vertical direction corresponds to normal reflectivity .
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Flattening post-stack seismic data is an immediate use of the proposed coordinate
system. Flattened seismic images facilitate the interpreter’s ability to extract detailed
stratigraphic information from the seismic data. In interpretational applications, several different algorithms for image flattening have been developed by different authors.
The idea of seismic image flattening by extracting stratal slices was introduced by
(18). Automatic picking of horizons using local shifts was studied by (1) and (16).
(11) and (14) presented inversion methods in which horizons are calculated on the
basis of local slopes and are then used to flatten seismic events. (5) proposed the
method of predictive painting that uses the prediction operators extracted by planewave destruction to spread information inside the seismic volume recursively.
Conventionally, seismic image flattening is performed by shifting samples in the
original image up or down - in other words, differentially stretching and squeezing the
original image in order to flatten the reflection events. (12) proposed a method for
image flattening that uses the vector shift field instead of the scalar field of vertical
shifts to define deformations in the image. Flattening by vector shift uses either
vertical shear or rotation or a combination of the two, depending on the type of
geologic deformation.
The stratigraphic coordinate system, introduced in this paper, represents a new
framework for seismic interpretation and processing. To construct stratigraphic coordinates, we combine predictive painting with an upwind finite-difference scheme
(6) for solving relevant gradient equations. The stratigraphic coordinate system is
semi-orthogonal; i.e., picked horizons that are level sets of the first axis are orthogonal to the other two axes. In other words, stratigraphic coordinates are aligned with
horizons, and the vertical direction in stratigraphic coordinates corresponds to the
direction normal to the major reflection boundaries. Application of the stratigraphic
coordinate system is not limited to seismic image flattening and may be extended
to many data processing and interpretation tasks in which the vertical direction is
commonly assumed to be normal to reflection boundaries: a crude assumption in
all structures but flat geology. In the following sections, we start by describing a
constructive algorithm for generating stratigraphic coordinates. We then illustrate
applications of the stratigraphic coordinate system to seismic image flattening and
spectral decomposition using synthetic and field data examples.

THEORY
In order to define the first step for transformation to stratigraphic coordinates, we
follow the predictive-painting algorithm (5), which is reviewed in appendix A. Predictive painting spreads the time values along a reference trace into the seismic volume
to output the relative geologic age attribute (Z0 (x, y, z)). The painted horizons output by predictive painting are used as the first axis of our stratigraphic coordinate
system. Several alternative methods exist to track horizons automatically in a seismic
volume and produce horizon cubes (8; 17). We choose predictive painting because of
its simplicity and efficiency.
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In the next step, we find the two other axes, X0 (x, y, z) and Y0 (x, y, z), orthogonal
to the first axis, Z0 (x, y, z), by numerically solving the following gradient equations:
∇Z0 · ∇X0 = 0

(1)

∇Z0 · ∇Y0 = 0.

(2)

and

Equations 1 and 2 simply state that the X0 and Y0 axes should be perpendicular to
Z0 . We can define the boundary condition for the first gradient equation (equation
1) as
X0 (x, y, 0) = x
(3)
and the boundary condition for equation 2 as
Y0 (x, y, 0) = y.

(4)

These two boundary conditions mean that the stratigraphic coordinate system and
the regular coordinate system (x, y, z) become equivalent at the surface (z = 0).
The stratigraphic coordinates are originally designed for depth images. When
applied to time-domain images, the definition of the gradient operator becomes
∇=



∂ ∂ ∂ ∂z
, ,
∂x ∂y ∂z ∂t


,

(5)

so a scaling factor with dimensions of velocity-squared is needed in equations 1 and
2.

Algorithm
In summary, our algorithm for transferring seismic images from the regular Cartesian
coordinate system into the stratigraphic coordinate system consists of the following
steps:
1. Extract the first axis of the stratigraphic coordinate system Z0 (x, y, z) from
seismic image P (x, y, z) by predictive painting;
2. Start with X0 at (z = 0) as an initial value and solve equation 1 with boundary
condition 3 numerically for X0 ;
3. Start with Y0 at (z = 0) as an initial value and solve equation 2 with boundary
condition 4 numerically for Y0 .
We solve equations 1 and 2 numerically with an explicit upwind finite-difference
scheme (6; 9).
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EXAMPLES OF STRATIGRAPHIC COORDINATES
For a simple illustration of stratigraphic coordinates, we use a 2D synthetic seismic image from (3), which contains layers with sinusoidal dip variations, faulted and
truncated by an unconformity, and dipping beds with constant slope above the unconformity (Figure 2(a)). Figure 1(b) shows local slopes measured by plane-wave
destruction and delineates the slope field variation. Figure 2(a) shows automatically
picked horizons obtained by the predictive-painting algorithm. After solving the gradient equation 1, we acquire the other axis of the stratigraphic coordinate system
(Figure 2(b)). Figure 3(a) shows the stratigraphic coordinates grid overlain on the
regular Cartesian coordinates of the seismic image. Complex tectonic deformations
expressed in faults and folds cannot in general be undone by a simple vertical stretch
and squeeze operator. In contrast, the transformation to stratigraphic coordinates
allows for complex displacements, which can better capture and thus undo non-trivial
tectonic deformations. Arrows in Figure 3(b) show the amount and direction of shift
that it takes for different samples to be transformed from their original position in
the seismic image to their corresponding positions in the flattened image through the
stratigraphic coordinates algorithm. For comparison, arrows in Figure 3(c) represent
how different samples shift under conventional flattening methods. The seismic image
gets flattened when the data from the regular coordinate system are transferred to
stratigraphic coordinates. The result is shown in Figure 4(a). Apart from the structural (fault) and stratigraphic (erosional truncation) discontinuities, the input image
is successfully flattened. Figure 1(a) shows that by returning from stratigraphic coordinates to regular coordinates, one can recostruct the features of the original image
effectively.
Figure 5(a) shows the input image for a field-data test reproduced from (11) and
(5). The input is a depth-migrated 3-D image with structural folding and angular
unconformities. The three axes of the stratigraphic coordinates are shown in Figure
6. Figure 7(a) displays the image in the regular Cartesian coordinates overlain by
its stratigraphic coordinates grid. The flattened image in the stratigraphic coordinate system, shown in Figure 7(b), can be transferred back to the regular Cartesian
coordinates to reconstruct the original image (Figure 7(b)).

APPLICATION OF STRATIGRAPHIC COORDINATES
TO SPECTRAL DECOMPOSITION
Improving the accuracy of spectral decomposition is one of the possible applications
of the stratigraphic coordinate system. Spectral decomposition is a window-based
analysis to characterize the reflecting wavelet of an interpretation target and refers
to any method that produces a continuous time-frequency analysis of a seismic trace
(15). According to the convolutional model, seismic traces are considered as normalincidence 1D seismograms, which is true in the case of horizontal layers and allows for
capturing the signal wavelet while performing spectral decomposition along the seis-
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Figure 1: (a) Synthetic seismic image from (3). (b) Local slopes measured by planewave destruction. strat/sigmoid1 sigmoid,sdip

Figure 2: (a) First axis (Z0 ) of stratigraphic coordinates in the regular coordinates obtained by predictive painting. (b) Second axis (X0 ) of the stratigraphic coordinate system acquired by solving the gradient equation (equation 1).
strat/sigmoid1 t0sig,x0sig
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Figure 3: (a) Two axes of the stratigraphic coordinate system relative to the regular
coordinate system. The synthetic image with corresponding shift represented by
red arrows through using stratigraphic coordinates (b) and conventional flattening
methods (c). strat/sigmoid1 sigmoid-t0sigx0sig,shift,shift0

Figure 4: (a) Synthetic image from Figure 2(a) flattened by transferring the image to the stratigraphic coordinate system. (b) Unflattened synthetic image reconstruction by returning from stratigraphic coordinates to regular coordinates.
strat/sigmoid1 sigmoid2,sigmoid1
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Figure 5: (a) North Sea image from (11) and its inline (b) and cross-line (c) slopes
estimated by plane-wave destruction. strat/three-d win,wdip1,wdip2
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Figure 6: (a) First axis (Z0 ), (b) second axis (X0 ), and (c) third axis (Y0 ) of stratigraphic coordinates in the North Sea image. strat/three-d t0real1,x0real1,y0real2
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Figure 7: (a) Three axes of stratigraphic coordinates of Figure 5(a) plotted as a grid in
their Cartesian coordinates. (b) North Sea image after flattening (transferring image
to stratigraphic coordinates). (c) North Sea image reconstruction by returning from
stratigraphic coordinates to regular coordinates. strat/three-d coord,win1,win2
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mic trace. However, when the subsurface exhibits dipping layers, the convolutional
model no longer holds true, and sampling the seismic waveform vertically instead of
perpendicularly to reflectors introduces a dip-dependent stretch that will carry over to
any frequency estimation or spectral decomposition. (7) proposed to solve this problem by sampling the signal wavelet along the ray-path on which the wavelet travels.
Because this path is normal to reflectors, we implement the same idea by employing
the stratigraphic coordinate system, which honors the convolutional model and can
capture and analyze seismic waveforms perpendicularly to seismic reflectors. Figure
7 shows Gulf of Mexico data reproduced from (11) and (10) that contain a salt dome
and horizons that dip steeply on the flank of the dome because of the salt piercement. Following (10) we calculated the spectral decomposition of the data in the
Cartesian coordinate system. Figure 9 shows horizon slices from spectral decomposition calculated in the Cartesian coordinate system at different frequencies because
depositional elements of different thicknesses tune it at different frequencies. Figure
10 also shows the same horizon slices as Figure 9, but this time from spectral decomposition calculated in the stratigraphic coordinate system. Compared with horizon
slices in Figure 9, those from spectral decomposition calculated in the stratigraphic
coordinate system better highlight detailed geologic features such as sand channels.
That is because in the stratigraphic coordinates seismic horizons get flattened and
the vertical direction corresponds to the normal direction to reflectors. We can therefore analyze the unbiased seismic wavefrom and achieve a more accurate spectral
decomposition result. Indeed, since seismic reflectors appear flat in the stratigraphic
coordinate system, (vertical) trace analysis methods such as spectral decomposition
probe the unbiased seismic waveform and thus yield more accurate measurements
and attributes. Conversely, methods such as post-stack seismic inversion, spiking
deconvolution, tuning analysis, etc., usually assume that layers are flat and might
therefore lead interpreters to incur errors in the presence of dips. The same methods,
just like spectral decomposition, may benefit from being applied in the stratigraphic
coordinate system and thereby produce results unbiased by structural dip.

DISCUSSION AND CONCLUSIONS
We have introduced the stratigraphic coordinate system, a novel framework for seismic
interpretation. Our algorithm for constructing the stratigraphic coordinate system
consists of two steps. In the first step, we use predictive painting to produce an
implicit horizon volume that defines the first axis of the stratigraphic coordinates,
aligned with reflection boundaries (seismic horizons). We obtain the remaining two
axes of the stratigraphic coordinate system by solving the relevant gradient equations
using an upwind finite-difference scheme. Seismic image flattening is an immediate application of stratigraphic coordinates. Other possible applications include post-stack
impedance inversion, tuning analysis, spiking deconvolution, or any other process
that implicitly assumes that reflectors are flat or that the seismic waveforms should
be sampled vertically. In all structures but layercake geology, trace-based attributes
can be biased in the presence of dipping layers. In contrast, the stratigraphic coordi-
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Figure 8: Seismic image from Gulf of Mexico. (a) Time slice. (b) Inline section. (c)
Cross-line section. strat/spec-decom chev
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Figure 9: Horizon slices from spectral decomposition at (a) 10 Hz, (b)
20 Hz, (c) 30 Hz, and (d) 40 Hz in Cartesian coordinate system.
strat/spec-decom slice-310,slice-320,slice-330,slice-340
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Figure 10: Horizon slices from spectral decomposition at (a) 10 Hz, (b)
20 Hz, (c) 30 Hz, and (d) 40 Hz in stratigraphic coordinate system.
The 30 Hz slice most clearly displays visible channel features (red arrows).
strat/spec-decom slice-110,slice-120,slice-130,slice-140
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nate system offers a local reference frame naturally oriented to sample the unbiased
seismic waveform and, hence, promises to yield more accurate waveform analysis and
trace attributes.
Our implementation of stratigraphic coordinates is based on the predictive-painting
algorithm, which produces the best results when traces can be predicted by their
neighbors. Note that the predictive-painting algorithm may fail to capture some of
the events across structural or stratigraphic discontinuities. Also, in the presence
of crossing dips or incoherent events, predictive painting is susceptible to errors and
warrants further improvement.

ACKNOWLEDGMENTS
We thank Stephane Gesbert and other reviewers for their valuable comments and
suggestions.

APPENDIX A: PREDICTIVE PAINTING
In the most general case, the predictive-painting method (5) can be described as
follows:
Local spatially-variable inline and cross-line slopes of seismic events are estimated
by the plane-wave destruction method (4). Plane-wave destruction originates from a
local plane-wave model for characterizing seismic data, which is based on the planewave differential equation (2):
∂P
∂P
+σ
= 0.
∂x
∂t

(A-1)

Here P (t, x) is the seismic wave-field at time t and location x, and σ is the local
slope, which can be either constant or variable in both time and space. The local
plane differential equation can easily be solved where the slope is constant, and it has
a simple general solution
P (t, x) = f (t − σx) ,

(A-2)

where f (t) is an arbitrary waveform. Equation A-2 is just a mathematical description of a plane wave. In the case of variable slopes, a local operator is designed
to propagate each trace to its neighbors by shifting seismic events along their local
slopes.
By writing the plane-wave destruction operation in the linear operator notation,
we have
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r = Ds,

(A-3)



where s is a seismic section as a collection of traces s = [s1 s2 . . . sN ]T , r is the
destruction residual, and D is the destruction operator, defined as



D=



I
0
0
...
0
P1,2
I
0
...
0
0 −P2,3 I
...
0
...
...
...
...
...
0
0
. . . −PN −1,N I




.



(A-4)

I is the identity operator, and Pi,j is an operator that predicts trace j from
trace i. By minimizing the prediction residual r using least-squares optimization
and smooth regularization, the dominant slopes will be obtained. For 3D structure
characterization, a pair of inline and crossline slopes, σx (t, x, y) and σy (t, x, y), and
a pair of destruction operators, Dx and Dy , are required. The prediction of trace sk
from reference trace sr can be defined as Pr,k sr , where
Pr,k = Pk−1,k . . . Pr+1,r+2 Pr,r+1 .

(A-5)

This is a simple recursion, and Pr,k is called the predictive-painting operator. After
obtaining elementary prediction operators in equation A-4 by plane-wave destruction,
predictive painting spreads the information contained in a seed trace to its neighbors
by following the local slope of seismic events. In order to be able to paint all events
in the seismic volume, one can use multiple references and average painting values
extrapolated from different reference traces.
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Lowrank finite-differences and lowrank Fourier
finite-differences for seismic wave extrapolation in
the acoustic approximation
Xiaolei Song∗ , Sergey Fomel∗ , and Lexing Ying†

ABSTRACT
We introduce a novel finite-difference (FD) approach for seismic wave extrapolation in time. We derive the coefficients of the finite-difference operator from a
lowrank approximation of the space-wavenumber, wave-propagator matrix. Applying the technique of lowrank finite-differences, we also improve the finite difference scheme of the two-way Fourier finite differences (FFD). We call the new
operator lowrank Fourier finite differences (LFFD). Both the lowrank FD and
lowrank FFD methods can be applied to enhance accuracy in seismic imaging by
reverse-time migration. Numerical examples confirm the validity of the proposed
technique.

INTRODUCTION
Wave extrapolation in time is crucial in seismic modeling, imaging (reverse-time
migration), and full-waveform inversion. The most popular and straightforward
way to implement wave extrapolation in time is the method of explicit finite differences (FDs), which is only conditionally stable and suffers from numerical dispersion
(39; 13). In practice, a second-order FD for temporal derivatives and a high-order FD
for spatial derivatives are often employed to reduce dispersion and improve accuracy.
FD coefficients are conventionally determined using a Taylor-series expansion around
zero wavenumber (7; 26). Therefore, traditional FD methods are accurate primarily
for long-wavelength components.
More advanced methods have been applied previously to FD schemes in the case of
one-way wave extrapolation (downward continuation). (24; 25) designed the derivative operator by matching the spectral response in the wavenumber domain. (34)
adopted the Remez exchange algorithm to obtain the L∞ -norm-optimized coefficients
for second-derivative filters. (29) designed stable explicit depth extrapolators using
projections onto convex sets (POCS). These approaches have advantages over conventional FD methods in their ability to propagate shorter-wavelength seismic waves
correctly. To satisfy the general criterion for optimal accuracy (21), (22) derived
an optimally accurate time-domain finite difference method for computing synthetic
seismograms for 1-D problems extended later to 2-D and 3-D (37). (27) proposed
119
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FD schemes for two-way scalar waves on the basis of time-space dispersion relations
and plane-wave theory. Later on, they suggested adaptive variable-length spatial operators in order to decrease computing costs significantly without reducing accuracy
(28). The Liu-Sen scheme satifies the exact dispersion relation and has greater accuracy and better stability than a conventional one. However, it still uses an expansion
around the zero wavenumber.
In sedimentary rocks, anisotropic phenomena are often observed as a result of
layering lithification, which is described as transversely isotropic (TI). Tectonic movement of the crust may rotate the rocks and tilt the natural vertical orientation of the
symmetry axis (VTI), causing a tilted TI (TTI) anisotropy. Wavefields in anisotropic
media are well described by the anisotropic elastic-wave equation. However, in practice, seismologists often have little information about shear waves and prefer to deal
with scalar wavefields. Conventional P-wave modeling may contain shear-wave numerical artifacts in the simulated wavefield (23; 42; 8). Those artifacts as well as
sharp changes in symmetry-axis tilting may introduce severe numerical dispersion
and instability in modeling. (40) proposed to reduce the instability by introducing
elliptical anisotropy in regions with rapid tilt changes. (14) suggested to include a
finite S-wave velocity in order to enhance stability when solving coupled equations.
These methods can alleviate the instability problem; however, they may alter the
wave propagation kinematics or leave residual S-wave components in the P-wave simulation. A number of spectral methods are proposed to provide solutions which can
completely avoid the shear-wave artifacts (11; 6; 32; 17; 19; 41; 5) at the cost of
several Fourier transforms per time step. These methods differ from conventional
pseudo-spectral methods (20; 18), because they approximate the space-wavenumber
mixed-domain propagation matrix instead of a Laplacian operator.
Our goal is to design an FD scheme that matches the spectral response in the
mixed space-wavenumber domain for a wide range of spatial wavenumbers. The
scheme is derived from the lowrank approximation of the mixed-domain operator
(16; 17) and its representation by FD with adapted coefficients. We derive this kind
of FD schemes which we call lowrank FD or LFD for both isotropic and TTI media.
Using this approach, we only need to compute the FD coefficients once and save them
for the whole process of wave extrapolation or reverse-time migration. The method
is flexible enough to control accuracy by the rank of approximation and by FD order
selection.
The paper is organized as follows. We first give a brief review of the lowrank
approximation method. As a spectral method, it provides an accurate wave extrapolation, but it is not optimally efficient. Next, we present the derivation of LFD.
LFD as an FD method can reduce the cost and is also more adaptable for parallel
computing on distributed computer systems. We also propose lowrank Fourier FD
(LFFD), by replacing the original FD operator in the two-way Fourier FD (FFD) (32)
with the corresponding LFD. LFFD improves the accuracy of FFD, in particular in
tilted transversely isotropic (TTI) media. A number of synthetic examples of increasing complexity validate the proposed methods. In this paper, we solve the acoustic
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wave equation in constant-density media, aiming at incorporating wave extrapolation
with LFD and LFFD into seismic imaging by reverse-time migration. It is possible
to extend LFD and LFFD to variable-density media by factoring the second-order
k-space operator into first-order parts (36; 33).

THEORY
Lowrank Approximation
The following acoustic-wave equation is widely used in seismic modeling and reversetime migration (12):
∂ 2p
= v(x)2 ∇2 p ,
(1)
∂t2
where x = (x1 , x2 , x3 ), p(x, t) is the seismic pressure wavefield and v(x) is the propagation velocity. Assuming a constant velocity, v, after Fourier transform in space,
we could obtain the following explicit expression,
d2 p̂
= −v 2 |k|2 p̂ ,
dt2
where
Z

(2)

+∞

p(x, t)eik·x dx ,

(3)

p̂(k, t + ∆t) = e±i|k|v∆t p̂(k, t) .

(4)

p̂(k, t) =
−∞

and k = (k1 , k2 , k3 ).
Equation 2 has an explicit solution:

A second-order time-marching scheme and the inverse Fourier transform lead to the
well-known expression (10; 35):
p(x, t + ∆t) + p(x, t − ∆t) = 2

Z

+∞

p̂(k, t) cos(|k|v∆t)e−ik·x dk .

(5)

−∞

Equation 5 provides an efficient solution in the case of a constant-velocity medium
with the aid of the fast Fourier transform (FFT). When velocity varies in space,
equation 5 can provide an approximation by replacing v with v(x). In such a case,
a mixed-domain term, cos(|k|v(x)∆t), appears in the expression. As a result, the
computational cost of a straightforward application of equation 5 is O(Nx2 ), where Nx
is the total size of the three-dimensional space grid.
(16; 17) showed that the mixed-domain matrix,
W (x, k) = cos(|k|v∆t),

(6)
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can be efficiently decomposed into a separate representation of the following form:
W (x, k) ≈

M X
N
X

W (x, km )amn W (xn , k),

(7)

m=1 n=1

where W (x, km ) is a submatrix of W (x, k) that consists of selected columns associated
with km , W (xn , k) is another submatrix that contains selected rows associated with
xn , and amn stands for the middle matrix coefficients. The construction of the separated form 15 follows the method of (9). The main observation is that the columns
of W (x, km ) need to span the column space of the original matrix and that the rows
of W (xn , k) need to span the row space as well as possible.
Representation (15) speeds up the computation of p(x, t + ∆t) because
Z
p(x, t + ∆t) + p(x, t − ∆t) = 2 e−ixk W (x, k)p̂(k, t)dk
!
Z
M
N
X
X
.
e−ixk W (xn , k)p̂(k, t)dk
W (x, km )
amn
≈2
m=1

(8)

n=1

Evaluation of equation 8 requires N inverse FFTs. Correspondingly, the lowrank
approximation reduces the cost to O(N Nx log Nx ), where N is a small integer, which
is related to the rank of the above decomposition and can be automatically calculated
at some given error level with a pre-determined ∆t. Increasing the time step size ∆t
may increase the rank of the approximation (M and N ) and correspondingly the
number of the required Fourier transforms.
As a spectral method, the lowrank approxmation is highly accurate. However, its
cost is several FFTs per time step. Our goal is to reduce the cost further by deriving
an FD scheme that matches the spectral response of the output from the lowrank
decomposition.

Lowrank Finite Differences
In a matrix notation, the lowrank decomposition problem takes the following form:
W ≈ W1 · A · W2 ,

(9)

where W is the Nx × Nx matrix with entries W (x, k), W1 is the submatrix of W
that consists of the columns associated with {km }, W2 is the submatrix that consists
of the rows associated with {xn }, and A = {amn }.
Note that W2 is a matrix related only to wavenumber k. We propose to further
decompose it as follows:
W2 ≈ C · B,
(10)
where we determine B to be an L × Nx matrix, and the entry, B(ξ, k), has the form
3
P
of cos( ξ j kj ∆xj ), in which ξ is a 3-D integer vector, ξ = (ξ 1 , ξ 2 , ξ 3 ), kj is the jth
j=1

TCCS-9

LFD and LFFD

123

component of wavenumber k, ∆xj is the space grid size in the jth direction, j = 1, 2, 3,
and C is the matrix product of W2 and the pseudo-inverse of B. In practice, we apply
a weighted-inversion to achieve the pseudo-inverse: putting a larger weight on the lowwavenumber part and a smaller weight on the high-wavenumber part to enhance the
stability. Now we have a new decompostion for the mixed-domain matrix:
W ≈ G · B,

(11)

G = W1 · A · C,

(12)

where G is an Nx × L matrix,

and

Z
2

p(x, t + ∆t) + p(x, t − ∆t) =

Z
L
X
−ixk
−ixk
e
B(ξm , k)p̂(k, t)dk
G(x, m)
e
W (x, k)p̂(k, t)dk ≈ 2
m=1

≈

L
X

Z
G(x, m)

3
X
j
e−ixk 2 cos(
ξm
kj ∆xj )p̂(k, t)dk

m=1

!

j=1



3
3
P
P
Z
L
j
j
X
i
ξm
kj ∆xj
−i
ξm
kj ∆xj
≈
G(x, m)  e−ix·k (e j=1
+ e j=1
)p̂(k, t)dk .

(13)

m=1

According to the shift property of FFTs, we finally obtain an expression in the spacedomain
p(x, t + ∆t) + p(x, t − ∆t) =

L
X

G(x, m)[p(xL , t) + p(xR , t)],

(14)

m=1
2
3
1
1
∆x2 , x3 − ξm
∆x3 ), and xR = (x1 + ξm
∆x1 , x2 +
∆x1 , x2 − ξm
where xL = (x1 − ξm
2
3
ξm ∆x2 , x3 + ξm ∆x3 ).

Equation 14 indicates a procedure of finite differences for wave extrapolation: the
1
2
3
integer vector, ξm = (ξm
, ξm
, ξm
) provides the stencil information, and G(x, m) stores
the corresponding coefficients. We call this method lowrank finite differences (LFD)
because the finite-difference coefficients are derived from a lowrank approximation
of the mixed-domain propagator matrix. We expect the derived LFD scheme to
accurately propagate seismic-wave components within a wide range of wavenumbers,
which has advantages over conventional finite differences that focus mainly on small
wavenumbers. In comparison with the Fourier-domain approach, the cost is reduced
to O(L Nx ), where L, as the row size of matrix B, is related to the order of the
scheme. L can be used to characterize the number of FD coefficients in the LFD
scheme, shown in equation 14. Take the 1-D 10th order LFD as an example, there
1
are 1 center point, 5 left points (xL ) and 5 right ones (xR ). So ξm
= 0, 1, 2, 3, 4, 5,
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Figure 1:
(a) Wavefield extrapolation matrix for 1-D linearly increasing
velocity model.
Error of wavefield extrapolation matrix by:(b) lowrank
approximation, (c) the 10th-order lowrank FD (d) the 10th-order FD.
lfd/oned Mexact,Mlrerr,Mapperr,Mfd10err

TCCS-9

LFD and LFFD

125

1
, 0, 0). Thanks to the symmetry of the scheme, coefficients of xL and xR
and ξm = (ξm
are the same, as indicated by equation 14. As a result, one only needs 6 coefficients:
L = 6.

We use a one-dimentional example shown in Figure 1 to demonstrate the accuracy
of the proposed LFD method. The velocity linearly increases from 1000 to 2275 m/s.
The rank is 3 (M = N = 3) for lowrank decomposition for this model with 1 ms time
step. The propagator matrix is shown in Figure 4(a). Figure 4(b)-Figure 4(d) display
the errors corresponding to different approximations. The error by the 10th-order
lowrank finite differences (Figure 4(c)) appears significantly smaller than that of the
10th-order finite difference (Figure 4(d)). Figure 5 displays the middle column of the
error matrix. Note that the error of the LFD is significantly closer to zero than that
of the FD method.

Figure 2: Middle column of the
error matrix. Solid line: the 10thorder LFD. Dash line: the 10thorder FD. lfd/oned slicel

To analyze the accuracy, we let
p(x, t) = ei(k·x−ωt) ,

(15)

by using the plane wave theory. Inserting 1 into equation 14 and also adopting the
dispersion relation ω = |k| v, defines the phase velocity of LFD (vLF D ) as follows:
L
X
1
1
2
3
arccos(
G(x, m)(cos(ξm
k1 ∆x1 ) + cos(ξm
k2 ∆x2 ) + cos(ξm
k3 ∆x3 ))),
vLF D =
|k|∆t
m=1
(16)
1
1
For 1-D 10th order LFD, L = 6, ξm = (ξm , 0, 0) and ξm = 0, 1, 2, 3, 4, 5. With
equation 16, we can calculate phase-velocities (vLF D ) by 1-D 10th order LFD with
different velocities (v = 2500, 3000, 3500, 4000), and we use the ratio δ = vLF D /v to
describe the dispersion of FD methods. Figure 3(a) displays 1D dispersion curves by
1-D 10th order LFD, and Figure 3(b) shows those by conventional FD method. Note
that compared with the conventional FD method, LFD is accurate in a wider range
of wavenumbers (up to 70% of the Nyquist frequency).
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Figure 3: Plot of 1-D dispersion curves for different velocities, v = 2500 (red), 3000
(pink), 3500 (green), 4000 (blue) m/s, ∆t = 1 ms, ∆x = 10 m by: (a) the 10th-order
LFD (b) the 10th-order conventional FD. lfd/dispersion1 app,fd10

TTI Lowrank Finite Differences
The LFD approach is not limited to the isotropic case. In the case of transversely
isotropic (TTI) media, the term v(x) |k| on the right-hand side of equation 6, can be
replaced with the acoustic approximation (1; 2; 15),
s
r
1
8η 2 2 2 ˆ2
1 2 2
(17)
f (v, k̂, η) =
(v1 k̂1 + v22 k̂22 ) +
v v k̂ k ,
(v12 k̂12 + v22 k̂22 )2 −
2
2
1 + 2η 1 2 1 2
where v1 is the P-wave phase velocity in the symmetry plane, v2 is the P-wave phase
velocity in the direction normal to the symmetry plane, η is the anisotropic elastic
parameter (3) related to Thomsen’s elastic parameters  and δ (38) by
1 + 2δ
1
=
;
1 + 2
1 + 2η

(18)

and k̂1 and k̂2 stand for the wavenumbers evaluated in a rotated coordinate system
aligned with the symmetry axis:
k̂1 = k1 cos θ + k2 sin θ
k̂2 = −k1 sin θ + k2 cos θ

(19)

where θ is the tilt angle measured with respect to vertical. Using these definitions,
we develop a version of the lowrank finite-difference scheme for 2D TTI media.

Lowrank Fourier Finite Differences
(32) proposed FFD approach to solve the two-way wave equation. The FFD operator
is a chain operator that combines FFT and FD, analogous to the concept introduced
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previously for one-way wave extrapolation by (30). The FFD method adopts the
pseudo-analytical solution of the acoustic wave equation, shown in equation 5. It
first extrapolates the current wavefield with some constant reference velocity and then
applies FD to correct the wavefield according to local model parameter variations. In
the TTI case, the FD scheme in FFD is typically a 4th-order operator, derived from
Taylor’s expansion around k = 0. However, it may exhibit some dispersion caused by
the inaccuracy of the FD part. We propose to replace the original FD operator with
lowrank FD in order to increase the accuracy of FFD in isotropic and anisotropic
media. We call the new operator lowrank Fourier Finite Differences (LFFD).

NUMERICAL EXAMPLES
Our first example is wave extrapolation in a 2-D, smoothly variable velocity model.
The velocity ranges between 500 and 1300 m/s, and is formulated as
v(x, z) = 500 + 1.2 × 10−4 (x − 800)2 + 10−4 (z − 500)2 ;

(20)

0 ≤ x ≤ 2560, 0 ≤ z ≤ 2560. A Ricker-wavelet source with a 20 Hz dominant
frequency (fd ) is located at the center of the model. The maximum frequency (fmax )
is around 60 Hz. The amplitude corresponding to fmax is about 10−5 of that of fd .
For numerical simulations based on this model, we use the same grid size: ∆x = 5
m and ∆t = 2 ms. We use α = vmax ∆t/∆x to specify the stability condition and
β = vmin /(fmax ∆x) as the dispersion factor, where vmax and vmin are the maximum
and minimum velocities of the model. The dispersion factor β indicates the number
of sampling points for the minimum wavelength. For simulations with the above
parameters, α ≈ 0.52 and β ≈ 1.67.

Figure 4: Wavefield snapshot in a varable velocity field by: (a) conventional 4th-order
FD method (b) Lowrank method. lfd/twod wavfd7sn,wavel
It is easy to observe obvious numerical dispersions on the snapshot computed by
the 4th-order FD method (Figure 4(a)). The lowrank FD method with the same
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order exhibits higher accuracy and fewer dispersion artifacts (Figure 5(a)). The approximation rank decomposition in this case is N = 3 M = 4, with the expected
error of less than 10−4 . Figure 5(b) displays the snapshot by the 10th-order LFD
method with a larger time step: ∆t = 2.5 ms, α ≈ 0.65. Note that the result is
still accurate. However, the regular FD method becomes unstable in this case. For
comparison, Figure 4(b) displays the snapshot by the lowrank method with the same
time step. The approximation rank decomposition in this case is N = M = 3, with
the expected error of less than 10−4 . Thanks to the spectral nature of the algorithm,
the result appears accurate and free of dispersion artifacts.

Figure 5: Wavefield snapshot in a varable velocity field by: (a) the 4th-order lowrank
FD method (b) the 10th-order lowrank FD method. Note that the time step is 2.5
ms and the LFD result is still accurate. However, the FD method is unstable in this
case. lfd/twod wavapp7sn,wavapp10sn
Next, we test the lowrank FD method in a complex velocity model. Figure 6
shows a part of the BP velocity model (4), which is a complicated model containing
a salt body and sharp velocity contrasts on the flanks of the salt body. We use a
Ricker-wavelet at a point source. The dominant frequency is 17 Hz (fmax ≈ 54). The
horizontal grid size ∆x is 12.5 m, the vertical grid size ∆z is 12.5 m, and the time
step is 1.5 ms. Thus α ≈ 0.57 and β ≈ 2.2. The approximation rank decomposition
in this case is N = 4 M = 5, with the expected error of less than 10−4 . In this case,
we adopt a disk-shaped compact scheme (8th-order) for LFD with a 4-point radius
(|ξ| ≤ 4, L = 25). Figure 7 displays a wavefield snapshot in the above velocity
model. The snapshot is almost free of dispersions. This experiment confirms that the
lowrank FD method is able to handle sharp velocity variations.
Our next example is wave propagation in a TTI model with a tilt of 45 ◦ and
smooth velocity variation (vx : 800-1225.41 m/s, vz : 700-883.6 m/s). Figure 8(a)
shows wavefield snapshots at different time steps by a 16th-order LFD operator in
the TTI model. The space grid size is 5 m and the time step size is 2 ms. So α ≈ 0.49
and β ≈ 2.3. The approximation rank decomposition in this case is N = 6 M = 6,
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Figure 6: Portion of BP 2004 synthetic velocity model. lfd/bp sub1

Figure 7: Wavefield snapshot by the 8th-order lowrank FD (compact scheme) in the
BP Model shown in Figure 6. lfd/bp wavsnapabc
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with the expected error of less than 10−4 . For TTI model, we adopt a high-order
(16th order) LFD operator in order to reduce dispersions. The scheme is compact
and shaped as a disk with a radius of 8 points (L = 99).

Figure 8: Wavefield snapshots in a TTI medium with a tilt of 45 ◦ by: (a) Lowrank FD
method; (b) Lowrank FFD method.vx (x, z) = 800+10−4 (x−1000)2 +10−4 (z −1200)2 ;
vz (x, z) = 700+10−4 (z−1200)2 ; η = 0.3; θ = 45 ◦ . lfd/aniso snapshotlfd,snapshotlffd
(32) showed an application of FFD method for TTI media. However, the example
wavefield snapshot by FFD method still had some dispersion caused by the fact that
the FD scheme in the FFD operator is derived from Taylor’s expansion around zero
wavenumber. It was apparent that 4th-order FD scheme is not accurate enough for
TTI case and requires denser sampling per wavelength (β ≈ 4.6). We first apply
lowrank approximation to the mixed-domain velocity correction term in FFD. The
rank is N = 9 M = 9, with the expected error of less than 10−6 . Then we propose
to replace that 4th-order FD operator with an 8th-order LFD compact scheme. The
scheme has the shape of a disk with a radius of 4 points (L = 25), the same as
the one for LFD in the above BP model. Figure 8(b) shows wavefield snapshots by
the proposed LFFD operator. The time step size is 1.5 ms (α ≈ 0.37). Note that
the wavefront is clean and almost free of dispersion with β ≈ 2.3. Because we use
the exact dispersion relation, Equation 10 for TTI computation, there is no coupling
of q-SV wave and q-P wave (23; 42; 8) in our snapshots by either LFD or LFFD
methods.
Next we test the LFD and LFFD methods in a complex TTI model. Figure 9(a)9(d) shows parameters for part of the BP 2D TTI model (31). The dominant frequency is 15 Hz (fmax ≈ 50). The space grid size is 12.5 m and the time step is 1
ms. Thus α ≈ 0.42 and β ≈ 2.4. The approximation rank decomposition for LFD
method is N = 22 M = 22, with the expected error of less than 10−6 . For FFD,
N = 24 M = 30, with the expected error of less than 10−6 . Both methods are able to
simulate an accurate qP-wave field in this model as shown in Figure 10(a) and 10(b).
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Figure 9: Partial region of the 2D BP TTI model. a: vz . b: vx . c: η. d:θ.
lfd/bptti vp0,vx0,yita0,theta0

Figure 10: Scalar wavefield snapshots by LFD and LFFD methods in the 2D BP TTI
model. lfd/bptti snapshotslfd,snapshotslffd
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It is difficult to provide analytical stability analysis for LFD and LFFD operators.
In our experience, the values of α are around 0.5 for 2D LFD and LFD methods appear
to allow for a larger time step size than that of the LFFD method. In TTI case, the
conventional FD method for acoustic TTI has known issues of instability caused by
shear-wave numerical artifacts or sharp changes in the symmetry-axis tilting (23;
42; 8). Conventional methods may place limits on anisotropic parameters, smooth
parameter models or include a finite shear-wave velocity to alleviate the instability
problem(40; 43; 14). Both LFD and LFFD methods are free of shear-wave artifacts.
They require no particular bounds for anisotropic parameters and can also handle
sharp tilt changes.

CONCLUSIONS
Explicit finite difference (FD) methods are the most popular and straightforward
methods for seismic modeling and seismic imaging, particularly for reverse-time migration. Traditionally the coefficients of FD schemes are derived from a Taylor series
expansion around the zero wavenumber. We present a novel FD scheme: Lowrank
Finite Differences (LFD), which is based on the lowrank approximation of the mixeddomain space-wavenumber propagator. LFD uses compact FD schemes, which are
more suitable for parallelization on multi-core computers than spectral methods that
require FFT operations. This technique promises higher accuracy and better stability than those of the conventional, explicit FD method. We also propose to replace
the 4th-order FD operator based on Taylor’s expansion in Fourier Finite Differences
(FFD) with an 8th-order LFD operator to reduce dispersion, particularly in the TTI
case. Results from synthetic experiments illustrate the stability of the proposed methods in complicated velocity models. In TTI media, there is no coupling of qP-waves
and qSv-waves by either method. Both methods can be incorporated in seismic imaging by reverse-time migration to enhance its accuracy and stability.
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Accelerated plane-wave destruction
Zhonghuan Chen∗ , Sergey Fomel† , and Wenkai Lu∗

ABSTRACT
When plane-wave destruction (PWD) is implemented by implicit finite differences, the local slope is estimated by an iterative algorithm. We propose an
analytical estimator of the local slope that is based on convergence analysis of
the iterative algorithm. Using the analytical estimator, we design a noniterative
method to estimate slopes by a three-point PWD filter. Compared with the iterative estimation, the proposed method needs only one regularization step, which
reduces computation time significantly. With directional decoupling of the planewave filter, the proposed algorithm is also applicable to 3D slope estimation. We
present both synthetic and field experiments to demonstrate that the proposed
algorithm can yield a correct estimation result with shorter computational time.

INTRODUCTION
Local slope fields have been widely used in geophysical applications, such as wavefield separation and denoising (14; 11), antialiased seismic interpolation (1), seislet
transform (12), velocity-independent NMO correction and imaging (9; 5), predictive
painting (10), seismic attribute analysis (16), etc.
Several tools exist for local slope estimation: local slant stack (17; 14), complex
trace analysis (2), multiwindow dip search (15), local structure tensor (6; 13), and
plane-wave destruction (3; 7). Plane-wave destruction (PWD) approximates the local
wave-field by a local plane wave, and models it using a linear differential equation
(3).
When plane-wave destruction is applied on discrete sampled seismic signals, the
corresponding differential equation needs to be discretized by finite differences. (3)
used explicit finite differences. In this method, plane-wave approximation of the
wavefield can be seen as applying a linear finite impulse reponse (FIR) filter to the
wavefield. Slope estimation is equivalent to estimating a parameter of the FIR filter.
A least-squares estimator of the local slope can be obtained by minimizing the prediction error of the filter. To improve estimation performance of the explicit finite
difference scheme, (18) proposed total least-squares estimation.
The implicit finite difference scheme was applied to the differential equation by
(7). Using an infinite impulse response (IIR) filter, known as the Thiran allpass filter
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(19), to approximate the phase-shift operator, the plane-wave destruction equation
becomes a nonlinear equation of the slope. An iterative algorithm was designed to
estimate the slope. In order to improve stability in the iterative algorithm, a smoothing regularization (8) of the increment can be applied at each iteration. Iterations of
regularization can be time consuming, however, particularly in the 3D case.
In this paper, we prove the fact that the plane-wave destruction equation is a
polynomial equation of an unkown slope. In the case of a three-point approximation
of Thiran’s filter, the convergence results of the iterative algorithm can be analytically
analyzed. In this case, we obtain an analytical estimator of the local slope and show
that the smoothing regularization can be applied on the final estimator only once.
This approach reduces the computational time significantly. We present both 2D and
3D examples, which demonstrate that the proposed algorithm can obtain a slopeestimation result faster than the iterative algorithm, with a similar or even better
accuracy.

THEORY
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Figure 1: The iterative results of Newton’s algorithm. The initial point is p0 = 0
(solid circle), and the convergence result is marked by a blank circle: (a) when
D ≤ 0, (b) when D > 0 and a1 a2 > 0, (c) when D > 0 and a1 a2 < 0.
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Review of PWD
The local plane wave can be represented by the following differential equation (3):
∂u
∂u
+σ
=0,
∂x
∂t

(1)
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where σ is the local slope in continuous space, with dimension time/length. The
wavefields observed at the two positions x1 , x2 have a time delay which is proportional
to their distance, σ|x1 − x2 |. In the sampled system with space and time intervals ∆x
and ∆t, we define the discrete space slope in the unit of ∆t/∆x, as p = σ∆x/∆t. As
p is independent of the sampling interval, it can be directly used in irregular dataset
(in this case, the unit of the slopes becomes space variant). The time delay between
two adjacent positions is then the slope p∆t:
u(x, t) = u(x + ∆x, t + p∆t) .

(2)

With the Z transform applied along both time and space directions, the above
equation becomes
(1 − Zx Ztp )U (Zx , Zt ) = 0 ,
(3)
where Zt is the unit time-shift operator, Zx denotes the unit space-shift operator
and U (Zx , Zt ) is the Z transform of u(x, t). The operator 1 − Zx Ztp is the planeB(1/Zt )
(19) to
wave destructor. Using Thiran’s fractional delay filter H(Zt ) =
B(Zt )
approximate the time-shift operator Ztp = ejωp , where ω is the circular frequency, the
plane-wave destructor can be expressed as (7),
C(p) = B(Zt ) − Zx B(

1
),
Zt

(4)

where
B(Zt ) =

N
X

bk (p)Zt−k ,

(5)

k=−N

N is the order of the noncausal temporal filter and bk (p) are functions of the local
slope p.
Equation 3 is a 2D filter. Applying the filter at an arbitrary point in the wavefield,
the plane-wave destruction equation 3 becomes a nonlinear equation for the local slope
p:
C(p, Zx , Zt )U (Zx , Zt ) ≈ 0 .
(6)
An iterative method, such as Newton’s method, can be applied to find the slope.
In practice, wavefields are polluted by noise and the plane wave assumption may
not hold true where faults and conflicting boundaries exist. To obtain a stable slope
estimation, an additional smoothing regularization process (8) is needed at each step.
The total computational cost of slope estimation by plane-wave destruction becomes
O(Nd Nf Nl Nn ), where Nd is the size of the data, Nf = 2N + 1 is the size of the
filter, Nl is the number of linear iterations for regularization, and Nn is the number of
nonlinear iterations for solving equation 6. Typical values are Nf = 3, 5, Nl = 10-50,
and Nn = 5-10.
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Gauss-Newton’s iteration searches the solutions for nonlinear equation 6 as follows:
Let pk be the estimated slope at step k, with estimating error (or destructive error)
ek = C(pk )U (Zx , Zt ). In order to find the correct solution pk+1 that minimizes ek+1 ,
we need to find the increment ∆pk from the local linearization:
ek+1 = C(pk )U (Zx , Zt ) + C 0 (pk )U (Zx , Zt )∆pk ≈ 0 ,

(7)

where C 0 (pk ) is the derivative of C(p) at pk with respect to p.
The iterative algorithm stops when a stationary point or a root of C(p)U is
reached. They are:
1. Points where C 0 (pk )U = 0: When pk satisfies C 0 (p)U = 0, then ek+1 = ek , and
the ∆pk dependency in equation 7 is removed, stopping further iterations on
pk .
2. Points where C(pk )U = 0 and C 0 (p)U 6= 0: In this case, ∆pk = 0, thus pk+1 =
pk , eliminating the need for further improvements on pk .
The iterative algorithm for equation 6 may converge at different points, depending
on the initial point that we chose; p0 = 0 is a common practical choice for the initial
solution. In this case, the iterative algorithm may converge to the least absolute root,
which denotes the event with smallest dip angle.
In order to analyze the convergence results, the maximally flat fractional delay
filter (19; 20) is designed with polynomial coefficients:
NY
−1−k
NY
−1+k
(2N )!(2N )!
(m − 2N + p)
(m − 2N − p).
bk (p) =
(4N )!(N + k)!(N − k)! m=0
m=0

(8)

Details on how to design the filter can be found in the Appendix.
Since bk (p) is a polynomial of p, expanding it, we get bk (p) =

2N
X

cki pi and

i=0

B(Zt , p) =

N X
2N
X

cki Zt−k pi .

(9)

k=−N i=0

From equation 5, it is obvious that bk (p) = b−k (−p), therefore cki = (−1)i c−k,i and
B(Zt , p) = B(

1
, −p).
Zt

(10)

Substituting the above two equations, the nonlinear equation 6 becomes a 2N -th
degree polynomial equation for p:
2N
X
i=0

ai pi = 0,

(11)
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and the coefficients of the polynomial plane-wave destruction can be expressed as
ai = [1 − (−1)i Zx ]

N
X

cki Zt−k U,

(12)

k=−N

which says that the coefficients of the polynomial PWD can be obtained by applying
a 2D filter on the wavefield u. Moreover, the 2D filter can be decoupled into the
N
X
cascade of two 1D directional filters: the temporal filter
cki Zt−k and the spatial
k=−N

filter 1 − (−1)i Zx .

In the special case of N = 1, we get a three-point approximation of B(Zt ). It
takes the following form (7):
B(Zt ) =

(1 + p)(2 + p) −1 (2 + p)(2 − p) (1 − p)(2 − p)
Zt +
+
Zt .
12
6
12

(13)

The plane-wave destruction equation 11 is a quadratic equation. The coefficients
ai (i = 0, 1, 2) can be solved for and expressed as
ai =

1
[1 − (−1)i Zx ]vi ,
12

(14)

where vi are outputs of the following three-point temporal filters:
v0 = 2(Zt−1 + 4 + Zt )U ,
v1 = 3(Zt − Zt−1 )U ,
v2 = (Zt−1 − 2 + Zt )U .

(15)
(16)
(17)

In this case, the quadratic plane-wave destruction equation
o
n 11 has one√ stationary
−a1 ± D
−a1
point and two roots, which can be analytically expressed as: 2a2 ,
, where
2a2
D = a21 − 4a0 a2 .
The plots in Figure 1 show the convergence process of the iterative algorithm when
we choose p0 = 0 as the starting value. Geometrically when D ≤ 0, the iteration
−a1
converges to the stationary point
, as shown in Figure 1a. When D > 0, it
2a2
converges to the least absolute solution of equation 11. Figure 1b and 1c shows
the convergence process to the least absolute solution in different cases. We can
summarize the convergence result of the iterative algorithm as follows:

−a1


D≤0


2

 2a−2a
√0
D > 0, a1 < 0 .
p=
(18)
 a1 − D


−2a0


√
D > 0, a1 > 0

a1 + D
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√
−2a0
−2a0
−a1 ± D
√ =
√ instead of
in the above equation, we use
As
2a2
a1 ± D
a1 ± D
√
−a1 ± D
to obtain better numerical stability.
2a2
When the data is polluted by noise, in order to obtain a robust slope estimation,
we can combine the equations in a local window into the following equation set:
Fp ≈ g,

(19)

where F is a normalized diagonal matrix and g is a vector. Their elements are
denuminators and numerators of equation 18 respectively. When we are solving the
above equation set by least squares, we can use Tikhonov’s regularization (7) or the
shaping regularization (8, equation 13) to obtain a smooth solution as follows
p = H[I + HT (FT F − I)H]−1 HT FT g ,

(20)

where H is an appropriate smoothing operator. In this case, the regularization runs
only once, therefore the computational cost is reduced to O(Nd Nf Nl ).
In 3D applications, there are two polynomial PWD equations for inline and
crossline slopes separately. Note that, using the decoupling, inline and crossline
slope estimations can share the temporal filtering results in equations 15−17. We can
obtain the coefficients of the crossline plane-wave destruction equation as
ai =

1
[1 − (−1)i Zy ]vi
12

(21)

The five-point or longer approximations of B(Zt ) can achieve higher accuracy.
Equation 6 in this case becomes a higher-order polynomial equation (see details in the
Appendix), which can be solved numerically. However, there are multiple stationary
points, and it is difficult to determine the right one analytically. For applications that
need five-point or higher accuracy, we suggest obtaining an initial slope estimation
by the proposed three-point method and using it to make the iterative algorithm
converge faster (to decrease Nn ).

EXAMPLES
Synthetic examples
To test the performance of the proposed slope-estimation method, we generated a
harmonic wave field with constant slope p0 = 0.3 shown in Figure 5. We added different scales of additive white Gaussian noise (AWGN) to the wave field and estimate
the slope by the proposed method. To compare with the iterative algorithm by (7),
the mean square error (MSE) is used as the criterion:
MSE(p) = E{(p − p0 )2 }.

(22)
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Figure 2: Harmonic waves with constant slope p0 = 0.3. fpwd/const modl
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Figure 3: Mean square errors of of the slope estimations by the proposed method (a)
and the three-point (N = 1) iterative method (b). fpwd/const mse-fdip,mse-dip
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Figure 4: Run time of the proposed method (solid line) and the three-point (N = 1)
iterative method (dash line). fpwd/const runtime

We use five iterations in the iterative method, Nn = 5. For constant slope model,
using a large smoothing window, the smoothing regularization can converge faster
(with less Nl ) and we can obtain a better estimation accuracy. For each methods, we
try the smoothing windows from 2 to 200 and show the mean square errors in Figure
3. Compared with the iterative method, the proposed method has better accuracy at
the left upper (low SNR and small smoothing window) and worse accuracy at right
bottom corner (high SNR and large smoothing window).
We show the total runtime of all the noise scale data in Figure 4. For all smoothing
windows in the regularization, the proposed method (solid line) only uses about one
fifth run time of the three-point (N = 1) iterative method (dash line).
A more complicated model from (4) and (7) is shown in Figure 5a. It has variable slopes in synclines, anticlines, and faults. The slope estimated by the proposed
method is shown in Figure 5b. The estimation takes about 20 ms. The three-point
(N = 1) iterative method can obtain a similar estimation (shown in Figure 5c) by
five iterations, which takes about 130ms. Both methods use a 4-point smoothing
window in the regularization, but the proposed method obtains a slightly smoother
estimation. In Figure 5d we show the faults detected by the residuals of the proposed
plane-wave destruction.

Application
The 2D seislet transform (12) uses local slopes to predict and update even and odd
traces in the wavelet lifting scheme. The seislet transform itself is fast, but the slope
estimation step is comparatively slow. The 3D seislet transform can be constructed in
the same way by using 3D slopes and cascading 2D transforms in inline and crossline
directions. So that an efficient transform can be built, the proposed accelerated
plane-wave destruction is applied to slope estimation.
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Figure 5: 2D slope estimation example: (a) synthetic data, (b) slope field estimated
by the proposed algorithm, (c) slope field estimated by the iterative algorithm after
five iterations, (d) faults detection by plane-wave destruction with the estimated
slope. fpwd/sigmoid sigmoid,fdip,dip,pwd-fdip
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Figure 6 shows a part of the Teapot Dome image from Wyoming. The 3D slope
estimation yields two slope fields along two space directions. Figure 7 shows the local
inline and crossline slope fields estimated by the proposed algorithm.
The two slopes are used by the lifting scheme in the seislet transform to obtain
the seislet transform coefficients. The coefficients of the 2D seislet transform are
concentrated at the planes near the zero inline plane, as shown in Figure 8a, whereas
in Figure 8b, the 3D transform coefficients are concentrated in the corner region near
the origin.

Figure 6: A portion of the 3D data from the Teapot dataset. fpwd/teapot cuber
To illustrate the compressive performance of the 3D seislet transform, Figure 9
shows the reconstruction results at different percentages of the compression. Most of
the data can be reconstructed using only 1% of the seislet coefficients (1:100 compression ratio). In order to compare with the iterative methods quantitatively, we define
the following normalized cross-correlation (NCC)
N CC(x, y) =

xT y
.
kxk2 kyk2

(23)

In the seislet transform, the more accurate dip we use, the better compression we
can obtain. The NCC between the reconstructed data and the original data can be
used to quantify the compressive performance. In Table 1, the proposed method is
compared with both three-point (N = 1) and five-point (N = 2) iterative methods.
In all the three methods, we use ten-point smoothing windows in both inline and
crossline dimensions, and use five-point smoothing window in time direction. In order to obtain a similar slope estimation as the proposed method, the three-point
(N = 1) and five-point (N = 2) iterative mathods need about six and five iterations
respectively. The five-point method can obtain a better compression ratio than the
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Figure 7: 3D slopes estimated by the proposed algorithm: (a) inline slope, (b)
crossline slope. fpwd/teapot fdip1,fdip2

Figure 8: Coefficients of: (a) the 2D seislet transform along inline direction only, (b)
the 3D seislet transform. fpwd/teapot fseis1,fseis2

Figure 9: Reconstruction of 3D-seislet-compressed data using: (a) 5% of the seislet
coefficients, (b) 1% of the seislet coefficients. fpwd/teapot fapprox2,fapprox1
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three-point method, because of its better accuracy in slope estimation. However, although the iterative methods have smaller PWD residuals, neighter of them achieves
a better NCC than the proposed method. In this case, using the noniterative estimation as the initial in five-point estimation can save at least 250s. That is to say, the
computational time cost is reduced by a factor of about 6.
Method
N
noniterative 1
iterative
1
2
iterative

Iterations Runtime (s)
0
54.63
6
334.5
5
301.6

RES-inline RES-xline NCC-1 NCC-5
0.2314
0.2242
0.8858 0.9618
0.2267
0.2172
0.8814 0.961
0.2194
0.2075
0.8838 0.9615

Table 1: Performance of different dip estimation methods in 3D seislet transform:
Runtime is the run time of the slope estimation process; RES-inline is the inline
residual; RES-xline is the crossline residual; NCC-1 is the normalized cross-correlation
between the original data and the reconstruction using one percent of the seislet
coefficients; NCC-5 uses five percents of the coefficients. The run time for 2D and 3D
seislet transform are about 22.45 s and 45.0 s respectively.

CONCLUSIONS
In this paper, we derived an analytical estimator of the local slope in three-point
implicit plane-wave destruction. On the basis of this result, we built an accelerated
slope estimation algorithm. Examples show that the proposed method can produce
a result that is similar to that of the iterative algorithm, at a reduced computation
time.
Two or more conflicting slopes can be estimated simultaneously by the iterative
algorithm. In this case, the PWD equation is a multi-variable polynomial, and the
convergence analysis becomes complicated. The proposed noniterative method is not
yet suitable for multi-slope estimation. However, we believe that it can find many
applications in situations where one dominant slope is sufficient.
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APPENDIX A: POLYNOMIAL FORM OF PWD
If all the coefficients of B(Zt ) are polynomials of p, equation 3 is also a polynomial of
p, and the plane-wave destruction equation becomes in turn a polynomial equation of
p. The problem is to design a 2N + 1 points filter B(Zt ) with polynomial coefficients
t)
can approximate the phase-shift operator
such that the allpass system H(Zt ) = B(1/Z
B(Zt )
p
jωp
Zt = e . Denoting the phase response of the system as θ(ω), that is H(ejω ) = ejθ(ω) ,
the group delay of the system is
∂θ(ω)
.
(A-1)
∂ω
The maximally flat criteria designs a filter with a smoothest phase response. There
are 2N unknown coefficients in H(Zt ), so we can add 2N flat constraints for the first
2N −th order deviratives of the phase response. It becomes (20, equation 7)
(
τ (ω) = p
,
(A-2)
∂ n τ (ω)
=0
n = 1, 2, . . . , 2N
n
∂ω
which is equivalent to the following linear maximally flat conditions (19):
τ (ω) =

N
X

(d − k)2n+1 bk = 0,

(A-3)

k=−N

where n = 0, 1, . . . , 2N − 1 and d = p/2 is the fractional delay of B(1/Zt ) or 1/B(Zt ).
In order to solve bk from the above equations, (19) used an additional condition
b0 = 1, which leads bk (k 6= 0) to be a fractional function of p. Differently from that,
we use the following condition,
N
X
bk = 1,
(A-4)
k=−N

where bk can be proved to be polynomials of p.
Let vector b = [b0 , bN , . . . , b1 , b−1 , . . . , b−N ]T . Combining equations A-3 and A-4,
we rewrite them into the following matrix form:



1
1
...
1
1
...
1
1
 d


d−N
...
d−1
d+1
...
d+N


 0
3
3
3
3
 d3


(d − N )
...
(d − 1)
(d + 1)
...
(d + N )

b =  0


 ..
..
..
..


 .
.
.
...
...
...
...
.
4N −1
4N −1
4N −1
4N −1
4N −1
0
d
(d − N )
. . . (d − 1)
(d + 1)
. . . (d + N )

The matrix on the left side, denoted as V, can be split into four blocks

A B
C D

as shown above. Following the lemma of matrix inversion,


(A − BD−1 C)−1
−(A − BD−1 C)−1 BD−1
−1
V =
,
−D−1 C(A − BD−1 C)−1 D−1 + D−1 (A − BD−1 C)−1 BD−1



(A-5)





.
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therefore the coefficients
−1

T



b = V [1, 0, . . . , 0] =

(A − BD−1 C)−1
−1
−D C(A − BD−1 C)−1


.

(A-6)

Let subindex i = −N, −N + 1, . . . , −1, 1, 2, . . . , N and xi = d + i. Submatrix D
can be expressed as
D = EX




= 



1
(d − N )2
(d − N )4
..
.

(d − N )

4N −2

...
...
...
...
...

1
(d − 1)2
(d − 1)4
..
.
(d − 1)

1
(d + 1)2
(d + 1)4
..
.

4N −2

(d + 1)

4N −2

...
...
...
...
...

1
(d + N )2
(d + N )4
..
.
(d + N )4N −2


x−N
 .. 

 . 




 x−1 
 diag 
,

 x1 
 . 

 .. 
xN




so D−1 = X−1 E−1 . Denoting U = E−1 with elements uij , j = 1, 2, . . . , 2N , as E is a
Vandermonde matrix, uij and Lagrange intepolating polynomials have the following
relationship:
2N
X
uij x2j−2 = `i (x),
(A-7)
j=1

where i = −N, . . . , −1, 1, . . . , N , and `i (x) is the Lagrange polynomial related to the
basis d + i,
m6=i,m6=0
Y
x2 − (d + m)2
.
(A-8)
`i (x) =
2 − (d + m)2
(d
+
i)
−N ≤m≤N
Substituting the above equation, uij and x into equation A-7, we can prove equation A-7. It follows that
[E−1 C]i = d`i (d),
(A-9)
[D−1 C]i = [X−1 E−1 C]i =
with
`i (d) =

d
`i (d),
d+i

N
(−1)i+1 N !N ! d + i Y
2d + m
.
(N + i)!(N − i)! d m=−N 2d + m + i

(A-10)

(A-11)

Thus hence
A − BD−1 C =

N
X
i=−N

=

(−1)i

N
Y
N !N !
p+m
(N + i)!(N − i)! m=−N p + m + i

(4N )!N !N !
2N
(2N )!(2N )! Y

1
(m2 − p2 )

m=N +1

(A-12)
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and
[A − BD C]
−1

−1

2N
(2N )!(2N )! Y
=
(m2 − p2 ).
(4N )!N !N ! m=N +1

(A-13)

It is the coefficient b0 , a 2N -th degree polynomial of p. Substituting it into equation A-6, the coefficients at k = ±1, ±2, · · · ± N are expressed as
bk = −[D−1 C]k [A − BD−1 C]−1
NY
−1−k
NY
−1+k
(2N )!(2N )!
=
(m − 2N + p)
(m − 2N − p).(A-14)
(4N )!(N + k)!(N − k)! m=0
m=0
With the additional condition A-4 in 2N + 1 points approximation, all the coefficients are polynomials of p of 2N -th degree. Thus the plane-wave destruction
equation 6 therefore is proved to be a polynomial equation of 2N -th degree.
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On anelliptic approximations for qP velocities in
transversally isotropic media
Sergey Fomel ∗

ABSTRACT
I develop a unified approach for approximating phase and group velocities of qP
seismic waves in a transversally isotropic medium with the vertical axis of symmetry (VTI). While the exact phase velocity expressions involve four independent
parameters to characterize the elastic medium, the proposed approximate expressions use only three parameters. This makes them more convenient for use in
surface seismic experiments, where estimation of all the four parameters is problematic. The three-parameter phase-velocity approximation coincides with the
previously published “acoustic” approximation of Alkhalifah. The group velocity
approximation is ‘new and noticeably more accurate than some of the previously
published approximations. I demonstrate an application of the group velocity
approximation for finite-difference computation of traveltimes.

INTRODUCTION
Anellipticity (deviation from ellipse) is an important characteristic of elastic wave
propagation. One of the simplest and yet practically important cases of anellipticity
occurs in transversally isotropic media with the vertical axis of symmetry (VTI).
In this type of media, the phase velocities of qSH waves and the corresponding
wavefronts are elliptic, while the phase and group velocities of qP and qSV waves
may exhibit strong anellipticity (53).
The exact expressions for the phase velocities of qP and qSV waves in VTI media
involve four independent parameters. However, it has been observed that only three
parameters influence wave propagation and are of interest to surface seismic methods
(10). Moreover, the exact expressions for the group velocities in terms of the group
angle are difficult to obtain and too cumbersome for practical use. This explains
the need for developing practical three-parameter approximations for both group and
phase velocities in VTI media.
Numerous different successful approximations have been previously developed (16;
21; 10; 4; 7; 40; 47; 57). In this paper, I attempt to construct a unified approach for
deriving anelliptic approximations.
∗
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The starting point is the anelliptic approximation of Muir (31; 21). Although not
the most accurate for immediate practical use, this approximation possesses remarkable theoretical properties. The Muir approximation correctly captures the linear
part of anelliptic behavior. It can be applied to find more accurate approximations
with nonlinear dependence on the anelliptic parameter. A particular way of “unlinearizing” the linear approximation is the shifted hyperbola approach, familiar from
the isotropic approximations in vertically inhomogeneous media (30; 49; 20; 18) and
from the theory of Stolt stretch (46; 24). I show that applying this idea to approximate the phase velocity of qP waves leads to the known “acoustic” approximation
of (4; 6), derived in a different way. Applying the same approach to approximate
the group velocity of qP waves leads to a new remarkably accurate three-parameter
approximation.
One practical use for the group velocity approximation is traveltime computations,
required for Kirchhoff imaging and tomography. In the last part of the paper, I show
examples of finite-difference traveltime computations utilizing the new approximation.

EXACT EXPRESSIONS
Wavefront propagation in the general anisotropic media can be described with the
anisotropic eikonal equation


∇T
2
, x |∇T |2 = 1 ,
(1)
v
|∇T |
where x is a point in space, T (x) is the traveltime at that point for a given source,
∇T
and v(n, x) is the phase velocity in the phase direction n = |∇T
.
|
In the case of VTI media, the three modes of elastic wave propagation (qSH, qSV ,
and qP ) have the following well-known explicit expressions for the phase velocities
(25):
2
vSH
(n, x) = m sin2 θ + l cos2 θ ;
(2)


1
2
vSV
(n, x) =
(a + l) sin2 θ + (c + l) cos2 θ −
2q
2
1 
(a − l) sin2 θ − (c − l) cos2 θ + 4 (f + l)2 sin2 θ cos2 θ ; (3)
2

1 
vP2 (n, x) =
(a + l) sin2 θ + (c + l) cos2 θ +
2q
2
1 
(a − l) sin2 θ − (c − l) cos2 θ + 4 (f + l)2 sin2 θ cos2 θ , (4)
2

where, in the notation of (11) and (12), a = c11 , c = c33 , f = c13 , l = c55 , m = c66 ,
cij (x) are the density-normalized components of the elastic tensor, and θ is the phase
angle between the phase direction n and the axis of symmetry.
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The group velocity describes the propagation of individual ray trajectories x(τ ).
It can be determined from the phase velocity using the general expression
V=


dx
= vn + I − n nT ∇n v ,
dτ

(5)

where I denotes the identity matrix, nT stands for the transpose of n, and ∇n v is the
gradient of v with respect to n. The two terms in equation (11) are clearly orthogonal
to each other. Therefore, the group velocity magnitude is (35; 12; 15)
q
V = |V| = v 2 + vθ2 ,
(6)
where
vθ2 =


I − n nT ∇n v

2

= |∇n v|2 − |n · ∇n v|2 .

(7)

The group velocity has a particularly simple form in the case of elliptic anisotropy.
Specifically, the phase velocity squared has the quadratic form
2
vell
(n, x) = nT A(x) n

(8)

with a symmetric positive-definite matrix A, and the group velocity is
Vell = A p ,

(9)

where p = ∇T = n/v(n, x). The corresponding group slowness squared has the
explicit expression
1
= NT A−1 (x) N ,
(10)
2
V (N, x)
ell
where N is the group direction, and A−1 is the matrix inverse of A. For example, the
elliptic expression (2) for the phase velocity of qSH waves in VTI media transforms
into a completely analogous expression for the group slowness
1
= M sin2 Θ + L cos2 Θ
2
VSH (N, x)

(11)

where M = 1/m, L = 1/l, and Θ is the angle between the group direction N and the
axis of symmetry.
The situation is more complicated in the anelliptic case. Figure 1 shows the qP
and qSV phase velocity profiles in a transversely isotropic material – Greenhorn shale
(27), which has the parameters a = 14.47 km2 /s2 , l = 2.28 km2 /s2 , c = 9.57 km2 /s2 ,
and f = 4.51 km2 /s2 . Figure 2 shows the corresponding group velocity profiles. The
non-convexity of the qSV phase velocity causes a multi-valued (triplicated) group
velocity profile. The shapes of all the surfaces are clearly anelliptic.
A simple model of anellipticity is suggested by the Muir approximation (31; 21),
reviewed in the next section.
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Figure 1: Phase velocity profiles for qP (outer curve) and qSV (inner curve) waves
in a transversely isotropic material (Greenhorn shale). group/Sage exph
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Figure 2: Group velocity profiles for qP (outer curve) and qSV (inner curve) waves
in a transversely isotropic material (Greenhorn shale). group/Sage exgr
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MUIR APPROXIMATION
(31) suggested representing anelliptic qP phase velocities with the following approximation:
(q − 1) a c sin2 θ cos2 θ
,
(12)
vP2 (θ) ≈ e(θ) +
e(θ)
where e(θ) is the elliptical part of the velocity, defined by
e(θ) = a sin2 θ + c cos2 θ ,

(13)

and q is the anellipticity coefficient (q = 1 in case of elliptic velocities). Approximation (12) uses only three parameters to characterize the medium (a, c, and q) as
opposed to the four parameters (a, c, l, and f ) in the exact expression.
There is some freedom in choosing an appropriate value for the coefficient q.
Assuming near-vertical wave propagation and the vertical axis of symmetry (a VTI
medium) and fitting the curvature (d2 vP /dθ2 ) of the exact phase velocity (4) near the
vertical phase angle (θ = 0), leads to the definition (21)
q=

l (c − l) + (l + f )2
.
a (c − l)

(14)

In terms of Thomsen’s elastic parameters  and δ (51) and the elastic parameter η of
(10),
1
1 + 2δ
=
.
(15)
q=
1 + 2
1 + 2η
This confirms the direct relationship between η and anellipticity. If we were to fit the
phase velocity curvature near the horizontal axis θ = π/2 (perpendicular to the axis
of symmetry), the appropriate value for q would be
q̂ =

l (a − l) + (l + f )2
.
c (a − l)

(16)

(31) also suggested approximating the VTI group velocity with an analogous expression
1
(Q − 1) A C sin2 Θ cos2 Θ
≈
E(Θ)
+
(17)
VP2 (Θ)
E(Θ)
where A = 1/a, C = 1/c, Q = 1/q, Θ is the group angle, and E(Θ) is the elliptical
part:
E(Θ) = A sin2 Θ + C cos2 Θ .
(18)
Equations (12) and (17) are consistent in the sense that both of them are exact for
elliptic anisotropy (q = Q = 1) and accurate to the first order in (q − 1) or (Q − 1)
in the general case of transversally isotropic media.
To the same approximation order, the connection between the phase and group
directions is


a
a sin2 θ − c cos2 θ
tan Θ = tan θ
1 − (q − 1)
.
(19)
c
a sin2 θ + c cos2 θ
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SHIFTED HYPERBOLA APPROXIMATION FOR THE
PHASE VELOCITY
Despite the beautiful symmetry of Muir’s approximations (12) and (17), they are
less accurate in practice than some other approximations, most notably the weak
anisotropy approximation of (51), which can be written as (52)

(20)
vP2 (θ) ≈ c 1 + 2  sin4 θ + 2 δ sin2 θ cos2 θ ,
where
=

a−c
2c

and δ =

(l + f )2 − (c − l)2
.
2 c (c − l)

(21)

Note that both approximations involve the anellipticity factor (q − 1 or  − δ)
in a linear fashion. If the anellipticity effect is significant, the accuracy of Muir’s
equations can be improved by replacing the linear approximation with a nonlinear
one. There are, of course, infinitely many nonlinear expressions that share the same
linearization. In this study, I focus on the shifted hyperbola approximation, which
follows from the fact that an expression of the form
x+

α
x

is the linearization (Taylor series expansion) of the form
r
2α
x (1 − s) + s x2 +
s

(22)

(23)

for small α. Linearization does not depend on the parameter s, which affects only
higher-order terms in the Taylor expansion. Expression (23) is reminiscent of the
shifted hyperbola approximation for normal moveout in vertically heterogeneous media (30; 49; 20; 18) and the Stolt stretch correction in the frequency-wavenumber
migration (46; 24). It is evident that Muir’s approximation (12) has exactly the right
form (22) to be converted to the shifted hyperbola approximation (23).
Thus, we seek an approximation of the form
r
2 (q − 1) a c sin2 θ cos2 θ
vP2 (θ) ≈ e(θ) (1 − s) + s e2 (θ) +
s

(24)

with e(θ) defined by equation (13). The plan is to select a value of the additional
parameter s to fit the exact phase velocity expression (4) and then to constrain
s so that it depends only on the three parameters already present in the original
approximation (12).
One can verify that the velocity curvature d2 vP /dθ2 around the vertical axis θ =
0 for approximation (24) depends on the chosen value of q but does not depend
on the value of the shift parameter s. This means that the velocity profile vP (θ)
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becomes sensitive to s only further away from the vertical direction. This separation
of influence between the approximation parameters is an important and attractive
property of the shifted hyperbola approximation. I find an appropriate value for s by
fitting additionally the fourth-order derivative d4 vP /dθ4 at θ = 0 to the corresponding
derivative of the exact expression. The fit is achieved when s has the value
s=

c − l (a − l) (c − l) − (l + f )2
.
2
a (c − l)2 − c (l + f )2

(25)

It is more instructive to express it in the form
s=

(a − c) (q − 1) (q̂ − 1)
1
,
2 a (1 − q̂ − q (1 − q)) − c ((q̂ − 1)2 + q̂ (q − q̂))

(26)

where q and q̂ are defined by equations (14) and (16). In this form of the expression,
q̂ appears as the extra parameter that we need to eliminate. This parameter was
defined by fitting the velocity profile curvature around the horizontal axis, which
would correspond to infinitely large offsets in a surface seismic experiment. One
possible way to constrain it is to set q̂ equal to q, which implies that the velocity
profile has similar behavior near the vertical and the horizontal axes. Setting q̂ ≈ q
in equation (26) yields
1
s ≈ lim s = .
(27)
q̂→q
2
Substituting (27) in equation (24) produces the final approximation
q
1
1
2
e2 (θ) + 4 (q − 1) a c sin2 θ cos2 θ .
(28)
vP (θ) ≈ e(θ) +
2
2
Approximation (28) is exactly equivalent to the acoustic approximation of (4; 6),
derived with a different set of parameters by formally setting the S-wave velocity
(l = vS2 ) in equation (4) to zero. A similar approximation is analyzed by (47). Approximation (28) was proved to possess a remarkable accuracy even for large phase
angles and significant amounts of anisotropy. Figure 3 compares the accuracy of different approximations using the parameters of the Greenhorn shale. The acoustic
approximation appears especially accurate for phase angles up to about 25 degrees
and does not exceed the relative error of 0.3% even for larger angles.

SHIFTED HYPERBOLA APPROXIMATION FOR THE
GROUP VELOCITY
Similar strategy is applicable for approximating the group velocity. Applying the
shifted hyperbola approach to “unlinearize” Muir’s approximation (17), we seek an
approximation of the form
r
2 (Q − 1) A C sin2 Θ cos2 Θ
1
2 (Θ) +
≈
E(Θ)
(1
−
S)
+
S
E
(29)
VP2 (Θ)
S
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Figure 3: Relative error of different phase velocity approximations for the Greenhorn
shale anisotropy. Short dash: Thomsen’s weak anisotropy approximation. Long dash:
Muir’s approximation. Solid line: suggested approximation (similar to Alkhalifah’s
acoustic approximation.) group/Sage errphp

An approximation of this form with S set to 1/2 was proposed earlier by (57). Similarly to the case of the phase velocity approximation, I constrain the value of S by
Taylor fitting of the velocity profiles near the vertical angle.
Although there is no simple explicit expression for the transversally isotropic group
velocity, we can differentiate the parametric representations of VP and Θ in terms of
the phase angle θ that follow from equation (11). The group velocity is an even
function of the angle Θ because of the VTI symmetry. Therefore, the odd-order
derivatives are zero at the axis of symmetry (Θ = θ = 0). Fitting the second-order
derivative d2 VP /dΘ2 at θ = 0 produces Q = 1/q = 1 + 2 η, consistent with Muir’s
approximation (17). Fitting additionally the fourth-order derivative d4 VP /dΘ4 at
θ = 0 produces
2

1 [(l + f )2 + l (c − l)] [(c − l) (a − l) − (l + f )2 ]
S=
2 a2 c (c − l) (l + f )2 − [l (c − l) + (l + f )2 ]3

(30)

or, equivalently,
S=

1
(C − A) (Q − 1) (Q̂ − 1)



,
2 C Q̂ (Q2 − Q − 1) + 1 + A Q̂ − Q3 + Q2 − 1

(31)

where Q̂ = 1/q̂. As in the previous section, I approximate the optimal value of S by
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setting Q̂ equal to Q, as follows:
S ≈ lim S =
Q̂→Q

1
1
=
.
2 (1 + Q)
4 (1 + η)

(32)

Selected in this way, the value of S depends on the anelliptic parameter Q (or η) and,
for small anellipticity, is close to 1/4, which is different from the value of 1/2 in the
approximation of (57).
The final group velocity approximation takes the form
q
1 + 2Q
1
1
≈
E(Θ)+
E 2 (Θ) + 4 (Q2 − 1) A C sin2 Θ cos2 Θ . (33)
VP2 (Θ)
2 (1 + Q)
2 (1 + Q)
In Figure 4, the accuracy of approximation (33) is compared with the accuracy of
Muir’s approximation (17) and the accuracy of the weak anisotropy approximation
(51) for the elastic parameters of the Greenhorn shale. The weak anisotropy approximation, used in this comparison, is

VP2 (Θ) ≈ c 1 + 2  sin4 Θ + 2 δ sin2 Θ cos2 Θ ,
(34)
where  and δ are Thomsen’s parameters, defined in equations (21). A similar form
(in a different parameterization) was introduced by (16).
Approximation (33) turns out to be remarkably accurate for this example. It
appears nearly exact for group angles up to 45 degrees from vertical and does not
exceed 0.3% relative error even at larger angles. It is compared with two other
approximations in Figure 5. These are the Zhang-Uren approximation (57) and the
Alkhalifah-Tsvankin approximation, which follows directly from the normal moveout
equation suggested by (10):
t2 (x) ≈ t20 +

2 η x4
x2
,
−
Vn2 Vn2 [t20 Vn2 + (1 + 2 η) x2 ]

(35)

p
where t(x) is the moveout curve, t0 is the vertical traveltime, and Vn = a/(1 + 2 η)
is the NMO velocity. In a homogeneous medium, equation (35) corresponds to the
group velocity approximation
1
cos2 Θ sin2 Θ
2 η sin4 Θ
,

(36)
≈
+
−
VP2 (Θ)
Vz2
Vn2
Vn2 cos2 Θ Vn2 /Vz2 + (1 + 2 η) sin2 Θ
√
where Vz = c. In the notation of this paper, the Alkhalifah-Tsvankin equation (36)
takes the form
1
(Q − 1) A C sin2 Θ cos2 Θ
≈
E(Θ)
+
(37)
VP2 (Θ)
E(Θ) + (Q2 − 1) A sin2 Θ
and differs from approximation (17) by the correction term in the denominator. Approximation (33) is noticeably more accurate for this example than any of the other
approximations considered here.
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Figure 4: Relative error of different group velocity approximations for the Greenhorn
shale anisotropy. Short dash: Thomsen’s weak anisotropy approximation. Long dash:
Muir’s approximation. Solid line: suggested approximation. group/Sage errgrp
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Figure 5: Relative error of different group velocity approximations for the
Greenhorn shale anisotropy. Short dash: Alkhalifah-Tsvankin approximation.
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Figure 6: Relative error of different group velocity approximations for the Greenhorn shale anisotropy. Dashed line: Alkhalifah approximation. Solid line: suggested
approximation. group/Sage errgrp4

Another accurate group velocity approximation was suggested by (7). However,
the analytical expression is complicated and inconvenient for practical use. The accuracy of Alkhalifah’s approximation for the Greenhorn shale example is depicted in
Figure 6.
It is similarly possible to convert a group velocity approximation into the corresponding moveout equation. In a homogeneous anisotropic medium, the reflection
traveltime t as a function of offset x is
p
2 (x/2)2 + z 2
 ,
(38)
t(x) =
VP arctan 2xz
where z = t0 VP (0)/2 is the depth of the reflector. The moveout equation corresponding to approximation (33) is
s
1 + 2Q
1
t20 x2
2
2
2
t (x) ≈
H(x) +
H (x) + 4 (Q − 1)
2 (1 + Q)
2 (1 + Q)
Q Vn2
s
t20 x2
3 + 4η
1
=
H(x) +
H 2 (x) + 16 η (1 + η)
, (39)
4 (1 + η)
4 (1 + η)
(1 + 2 η) Vn2
where H(x) represents the hyperbolic part:
H(x) = t20 +

x2
x2
2
=
t
+
.
0
Q Vn2
(1 + 2 η) Vn2

(40)
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For small offsets, the Taylor series expansion of equation (39) is
x2
x6
x4
2
+
(Q
−
1)
(2
Q
−
1)
+ O(x8 )
−
(Q
−
1)
Vn2
t20 Vn4
Q t40 Vn6
x2
x6
x4
= t20 + 2 − 2 η 2 4 + 2 η (1 + 8 η + 8η 2 )
+ O(x8 ) . (41)
Vn
t0 Vn
(1 + 2 η) t40 Vn6

t2 (x) ≈ t20 +

Figure 7 compares the accuracy of different moveout approximations assuming
reflection from the bottom of a homogeneous anisotropic layer of 1 km thickness with
the elastic parameters of Greenhorn shale. Approximation (39) appears extremely
accurate for half-offsets up to 1 km and does not develop errors greater than 5 ms
even at much larger offsets.
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Figure 7: Traveltime moveout error of different group velocity approximations for
Greenhorn shale anisotropy. The reflector depth is 1 km. Short dash: AlkhalifahTsvankin approximation. Long dash: Zhang-Uren approximation. Solid line: suggested approximation. group/Sage timepp
It remains to be seen if the suggested approximation proves to be useful for describing normal moveout in layered media. The next section discusses its application
for traveltime computation in heterogenous velocity models.

APPLICATION: FINITE-DIFFERENCE TRAVELTIME
COMPUTATION
As an essential part of seismic imaging with the Kirchhoff method, traveltime computation has received a lot of attention in the geophysical literature. Finite-difference
eikonal solvers (56; 54; 34) provide an efficient and convenient way of computing first
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arrival traveltimes on regular grids. Although they have a limited capacity for imaging complex structures (26), eikonal solvers can be extended in several different ways
to accommodate multiple arrivals (13; 50; 2). A particularly attractive approach to
finite-difference traveltime computation is the fast marching method, developed by
(42) in the general context of level set methods for propagating interfaces (32; 41).
(43) adopt the fast marching method for computing seismic isotropic traveltimes.
Alternative implementations are discussed by (48), (9), and (29). The fast marching method possesses a remarkable numerical stability, which results from a cleverly
chosen order of finite-difference evaluation. The order selection scheme resembles
expanding wavefronts of (36) and wavefront tracking of (17).
While the anisotropic eikonal equation (4) operates with phase velocities, the
kernel of the fast marching eikonal solver can be interpreted in terms of local ray
tracing in a constant-velocity background (23) and is more conveniently formulated
with the help of the group velocity. (44) present a thorough extention of the fast
marching method to anisotropic wavefront propagation in the form of ordered upwind
methods. In this paper, I adopt a simplified approach. Anisotropic traveltimes are
computed in relation to an isotropic background. At each step of the isotropic fast
marching method, the local propagation direction is identified, and the anisotropic
traveltimes are computed by local ray tracing with the group velocity corresponding
to the same direction. This is analogous to the tomographic linearization approach
in ray tracing, where anisotropic traveltimes are computed along ray trajectories,
traced in the isotropic background (19). (8) and (39) present different approaches for
linearizing the anisotropic eikonal equation.
Many alternative forms of finite-difference traveltime computation in anisotropic
media are presented in the literature (37; 22; 28; 14; 33; 38; 58). Although the method
of this paper has limited accuracy because of the linearization assumption, it is simple
and efficient in practice and serves as an illustration for the advantages of the explicit
group velocity approximation (33). For a more accurate and robust extension of the
fast marching method for anisotropic traveltime calculation, I recommend the ordered
upwind methods of (44; 45).
Figure 8 shows finite-difference wavefronts for an isotropic and an anisotropic
homogeneous media, compared with the exact solutions. The anisotropic media has
the parameters of the Greenhorn shale. The finite-difference error decreases with finer
sampling.
Figure 12 shows the first arrival wavefronts (traveltime contours) computed in the
anisotropic Marmousi model created by (3) in comparison with wavefronts for the
isotropic Marmousi model (55; 1). The model parameters are shown in Figure 10.
The observed significant difference in the wavefront position suggests a difference in
the positioning of seismic images when anisotropy is not properly taken into account.
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Figure 8: Finite-difference wavefronts in an isotropic (left) and an anisotropic (right)
homogeneous media. The anisotropic media has the parameters of the Greenhorn
shale. The finite-difference sampling is 100 m. The contour sampling is 0.1 s. Dashed
curves indicate the exact solution. The finite-difference error will be reduced at finer
sampling. group/ell const

CONCLUSIONS
I have developed a general approach for approximating both phase and group velocities in a VTI medium. Suggested approximations use three elastic parameters as
opposed to the four parameters in the exact phase velocity expression. The phase
velocity approximation coincides with the acoustic approximation of (4; 6) but is
derived differently. The group velocity approximation has an analogous form and
similar superior approximation properties. It is important to stress that the two
approximations do not correspond exactly to each other. The exact group velocity corresponding to the acoustic approximation is different from the approximation
derived in this paper and can be too complicated for practical use (5). The suggested phase and group approximations match each other in the sense that they have
analogous approximation accuracy in the dual domains.
The group velocity approximation is useful for approximating normal moveout
and diffraction traveltimes in applications to non-hyperbolic velocity analysis and
prestack time migration. It is also useful for traveltime computations that require
ray tracing in locally homogeneous cells. I have shown examples of such computations
utilizing an anisotropic extension of the fast marching finite-difference eikonal solver.
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Figure 9: Finite-difference wavefronts in the isotropic (top) and anisotropic (bottom) Marmousi models. A significant shift in the wavefront position suggest possible positioning error when seismic imaging does not take anisotropy into account.
group/emarm marm
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Figure 10: Alkhalifah’s anisotropic Marmousi model. Top: vertical velocity. Bottom:
anelliptic η parameter. The vertical velocity is taken equal to the NMO velocity Vn .
group/emarm marmmod
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Iterative deblending of simultaneous-source seismic
data using seislet-domain shaping regularization
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ABSTRACT
We introduce a novel iterative estimation scheme for separation of blended seismic
data from simultaneous sources. The scheme is based on an augmented estimation problem, which can be solved by iteratively constraining the deblended data
using shaping regularization in the seislet domain. We formulate the forward
modeling operator in the common receiver domain, where two sources are assumed to be blended using a random time-shift dithering approach. The nonlinear
shaping-regularization framework offers some freedom in designing a shaping operator to constrain the model in an underdetermined inverse problem. We design
the backward operator and the shaping operator for the shaping regularization
framework. The backward operator can be optimally chosen as a half of the
identity operator in the two-source case, and the shaping operator can be chosen
as coherency-promoting operator. Three numerically blended synthetic datasets
and one numerically blended field dataset demonstrate the high-performance deblending effect of the proposed iterative framework. Compared with alternative
f − k domain thresholding and f − x predictive filtering, seislet-domain soft
thresholding exhibits the most robust behavior.

INTRODUCTION
The simultaneous-source technique aims at removing the limitation of no interference
between adjacent shots by allowing more than one source to be shot simultaneously.
Thus it can reduce the acquisition period and increase spatial sampling (4). Because of
its economic benefits and technical challenges, this technique has attracted significant
attention of researchers in both industry and academia (37; 33; 1; 27; 44). The biggest
issue involved in simultaneous-source processing is an intense crosstalk noise between
adjacent shots, which poses a challenge for conventional processing. One way to
deal with this issue is to use a first-separate and second-process strategy, which is
also known as deblending (16). The other way is by direct imaging and waveform
inversion (5; 9; 39; 24; 45). In this paper, we focus on the deblending approach.
Different filtering and inversion methods have been applied previously to deblend seismic data. Filtering methods utilize the property that the coherency of
∗
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the simultaneous-source data varies in different domains. Therefore, one can get unblended data by filtering out randomly distributed blending noise in some transform
domains, where one source record is coherent and the others are not (25; 34; 27). Inversion methods treat the separation problem as an estimation problem, which aims
at estimating the desired unknown unblended data. Because of the ill-posed nature
of such estimation problems, a regularization term is usually required (15). The regularization term can be chosen as a sparsity promotion in a sparsifying transformed
domain (2). (42) proposed to distribute all energy in the shot records by reconstructing individual shot records at their respective locations. (33) introduced an
iterative estimation and subtraction scheme that combines the properties of filtering
and inversion methods and exploits the fact that the characteristics of the blending
noise differ in different domains. One choice is to transform seismic data from the
common-shot domain to common-receiver, common-offset or common-midpoint domain. (3) proposed a separation technique called the alternating projection method,
and demonstrated it to be robust in the presence of aliasing.
In this paper, we propose a novel iterative estimation scheme for the separation
of blended seismic data. We construct an augmented estimation problem, then use
shaping regularization (19; 20) to constrain the characteristics of the model during the
iteration process for obtaining a suitable estimation result. We adopt seislet-domain
(21) soft thresholding as a robust shaping operator to remove crosstalk noise and at
the same time to preserve useful components of seismic data. Shaping regularization
maps each model into a more admissible model at each iteration and allows us to
solve the deblending problem with a small number of iterations.
This paper is organized as follows: we first present a formulation of numerical
blending using an augmented block-matrix equation. We then incorporate shaping
regularization to solve the forward equation iteratively and discuss the selection of
the backward operator and shaping operator involved in the shaping-regularization
iterative framework. Finally, we test the proposed iterative framework on three numerically blended synthetic datasets and one numerically blended field dataset and
compare three different choices of the shaping operator: f − k domain thresholding,
f − x predictive filtering, and seislet domain thresholding.

DEBLENDING USING SHAPING REGULARIZATION
Numerical blending
We assume that the seismic record is blended using two independent sources, which
correspond to two shooting vessels in the ocean bottom nodes (OBN) acquisition
(36). Here, one source means a collection of shots from one shooting vessel. The two
sources shoot pseudosynchronously, which means that each shot in one source has
a random time dithering compared with the corresponding shot in another source.
By precisely picking the shooting time of each shot of one source at the long seismic
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record on the node, we can get one common receiver gather. Using the second source,
we get another gather. Thus, the forward problem can be formulated as follows:
d = d1 + Td2 .

(1)

Here, d1 and d2 denote the seismic records to be separated out, d is the blended
data, and T denotes the dithering operator. Note that we perform the processing in
the common-receiver domain, because each blended record in this domain is coherent
for one source and incoherent for another (25). In this case, d is usually referred
to as the pseudodeblended data (33), which means picking traces from the original
blended field record according to the shooting time of one source to form a common
receiver gather with one source coherent and the other one incoherent. We propose
to augment equation 4 with another equation through applying the inverse dithering
operator T−1 :
T−1 d = T−1 d1 + d2 .
(2)
By combining equations 4 and 2, we formulate an augmented estimation problem:
Fm = d̃,

(3)

where

d̃ =



d


,

T−1 d

F=

I T
T−1 I




,

m=

d1
d2


,

(4)

and I is the identity operator.
We choose to solve equation 3 rather than equation 4 because equation 3 is a more
convenient form to use in the following derivations.

Shaping regularization
The unknown m in equation 3 can be recovered iteratively using shaping regularization:
mn+1 = S[mn + B(d̃ − Fmn )],
(5)
where operator S shapes the estimated model into the space of admissible models at
each iteration (19; 20) and B is the backward operator that provides an inverse mapping from data space to model space. (11) prove that, if S is a nonlinear thresholding
operator (14), B = FT where FT is the adjoint operator of F, iteration 5 converges
to the solution of equation 6 with L1 regularization term:
min k Fm − d̃ k22 +µ k A−1 m k1 ,
m

(6)

where µ is the threshold and A−1 denotes a sparsity-promoting transform. A better
choice for B is the pseudoinverse of F: B = (FT F)−1 FT (12).
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Performance evaluation and convergence rate
Combining equations 3, 4 and 5, we get:





 

 
d1
d1
d
I T
d1
=S
+B
−
,
d2 n+1
d2 n
T−1 d
T−1 I
d2 n

(7)

where S is a block operator that takes the form [S1 0; 0 S2 ], and S1 and S2 correspond to the shaping operators for d1 and d2 , respectively. Using equation 7 and
performing appropriate iterations, we aim to get an estimate of unblended seismic
data.
To test the convergence performance and accuracy of iteration 7, we use the
following measure (26):
SN Ri,n = 10 log10

kdi k22
,
kdi − di,n k22

(8)

where SN Ri,n stands for signal-to-noise ratio of ith source after nth iteration, di,n
denotes the estimated model of ith source after n iterations, di denotes the true model
for ith source and k · k22 denotes the squared L2 norm of a function.

BACKWARD OPERATOR
In equation 5, B is an approximate inverse of F. Recall that the dithering operator
applies a time-domain random time shift to the input seismic data. Taken in the
frequency domain, the dithering operator takes the following form:
T = F −1 PF,

(9)

where F and F −1 are forward and inverse Fourier transforms, respectively, and P is
a N × N diagonal block phase-shift operator given by
P = diag(P1 , P2 , P3 , · · · , PN ),

(10)

where Pn denotes the individual phase shift operator for nth trace and can be expressed as a M × M diagonal matrix:
M

}|
{
z
Pn = diag(1, 1, 1, · · · , 1) ∗ exp(−iωδtn ).

(11)

Here, w denotes the angular frequency, δtn denotes the random dithering time of nth
trace, and M and N in equations 10 and 11 denote the number of temporal samples
and number of traces, respectively. diag(·) denotes a diagonal matrix.
Considering that the Fourier operator (with symmetric normalization) and the
phase shift operator are both unitary, which means F −1 = F T and P−1 = PT , it is
easy to see that
TT = (F −1 PF)T = F T PT F = (F −1 PF)−1 = T−1 .

(12)
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Thus, we conclude that the dithering operator is also a unitary operator.
Furthermore we notice that

T 
 

I T
I T−T
I T
T
F =
=
=
= F,
T−1 I
TT
I
T−1 I
and:
T

F F=



I T
T−1 I



I T
T−1 I




=2

I T
T−1 I


= 2F.

(13)

The least-squares solution of equation 3 is therefore:
1
1
m̂ = (FT F)−1 FT d̃ = F−1 FT d̃ = d̃.
2
2

(14)

According to equation 14, an appropriate choice for B is simply B = 12 [I 0; 0 I].
This form of the derived backward operator is also referred to as scaled pseudodeblending (32).
The dithering operator is unitary only if the time-shift range is small and so the
constructive summation of the useful components (events) between different traces
can be ignored. Even if this condition isn’t fully met, we can use the concept of
interference to generalize the meaning of the dithering operator T. Although, in this
case, the backward operator might not be most appropriately chosen as half of the
identity operator, we can still use it as an approximation.

SHAPING OPERATOR
The shaping operator S in equation 5 can be chosen as a coherency-promoting operator, which serves as a flexible constraint on the estimated model. Any coherencypromoting tool such as f − x predictive filtering (6; 40; 22; 8) or median filter
(31; 27; 28) can be utilized to preserve the coherent useful subsurface reflection and
at the same time to remove incoherent blending noise.
Another approach to promote coherency is to promote sparseness in an appropriate
transform domain. To enforce sparsity, a transform domain thresholding operation
can also be chosen as the shaping operator as long as the data in the transformed
domain is sparse (35; 7). Instead of a thresholding operator, we can also use a mask
operator to compress the transformed domain (38; 29). A sparsity-promoting shaping
operator can be defined as:
Si = ATγi [A−1 ],

(15)

where i denotes the ith source, A−1 and A are forward and inverse sparsity-promoting
transforms and Tγi corresponds to a mask operator or thresholding operator with an
input parameter γi in the transformed domain.
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Mask operator can be chosen to preserve small-scale components and remove
large-scale components. It takes the following form:

v(x) for s(x) < γi
Mγi (v(x)) =
,
(16)
0
for s(x) ≥ γi
where x is a position vector in the transformed domain, v(x) denotes the amplitude
value of point x, s(x) denotes the scale of point x and Mγi corresponds to the
mask operator with a scale limitation γi . When the sparsity-promoting transform is
the Fourier transform, the scale defined in the mask operator shown in equation 16
corresponds to the frequency and wavenumber band.
Thresholding operators can be divided into two types: soft and hard. Soft thresholding or shrinkage aims to remove data whose value is smaller than a certain level and
subtract the other data values by this level (13). Hard thresholding simply removes
data with small values. A soft thresholding operator takes the following form:
(
v(x)
for |v(x)| > γi
v(x) − γi |v(x)|
,
(17)
Sγi (v(x)) =
0
for |v(x)| ≤ γi
where Sγi corresponds to the soft thresholding operator with a threshold value γi .
Similarly, a hard thresholding operator takes the form:

v(x) for |v(x)| > γi
Hγi (v(x)) =
,
0
for |v(x)| ≤ γi

(18)

where Hγi corresponds to the hard thresholding operator with a threshold value γi .
The mask operator can be more efficient because it is linear and requires only the
scale coefficient below which data values are preserved. The thresholding operator
needs to compare the amplitude value of each transformed domain point with a predefined coefficient. However, the mask operator is more difficult to design when the
signal and noise coefficients are both spread across the transformed domain. Therefore, in the case of deblending, we prefer to use the thresholding operator rather than
the mask operator. The selection criteria of γi in the above definitions of thresholding
operators (both soft and hard) leads to different kinds of thresholding strategies, which
may result in different thresholding performances (convergence rate and quality) (47).
Some of the common iterative thresholding strategies are constant-value thresholding,
linear-decreasing thresholding, exponential-decreasing thresholding, etc. (23). In our
paper, we use percentile thresholding (43; 46), which is convenient to implement and
helps accelerate the convergence (46).

Comparison of sparsity-promoting transforms
The best-known sparsity-promoting transforms are the Fourier and wavelet transform.
(21) proposed a sparsity-promoting transform called seislet transform. The specific
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adaptation for seismic data makes the seislet transform appealing to seismic data
processing. In the seislet domain, useful events and blending noise reside at different
scales and the useful signal tends to form a more compact regionẆe provide a brief
review of the seislet transform in Appendix A.
In order to illustrate the comparative sparseness of different transforms, we first
create a simple synthetic data (Figure 1). Figure 2 shows different transformed domains for the data. Figure 2(d) shows a comparison between the decay of sorted
coefficients in the 2-D Fourier transform, 2-D wavelet transform, and 2-D seislet
transform. The 2-D Fourier transform in this case means the f − k transform. The
2-D wavelet transform means implementing the 1-D wavelet transform along the temporal direction first and along the spatial direction second. The 2-D seislet transform
means implementing the seislet transform along the spatial direction first and 1-D
seislet transform along the temporal direction second. Our experiments show that
the seislet coefficients decay significantly faster than coefficients of the other two
transforms, which indicates a more compact structure of the seislet domain. The
shaping operation is thus preferably chosen as the thresholding or mask operation in
the seislet domain.

Figure 1: A synthetic seismic profile. deblend/hyper test1

EXAMPLES
In this section, in order to test the effectiveness of the proposed iterative framework
defined in equation 5, we create three numerically blended examples with different
kinds of shaping operations to demonstrate its applicability. The iterative framework
in equation 5 is fundamentally a noise attenuation algorithm. The better an operator’s
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Figure 2: Comparison among different sparsity-promoting transforms. (a) 2-D Fourier
transform domain. (b) 2-D Wavelet transform domain. (c) 2-D Seislet transform
domain. (d) Coefficients decreasing diagram. deblend/hyper ft,wlet,slet0,sigcoef
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ability to remove blending noise and preserve useful signal, the more appropriate it
is for shaping. From this point of view, we first created two synthetic sections in
different cases. One is a linear event case, with conflicting dip components, and the
other is a hyperbolic event case, without crossing events. In order to deal with a more
realistic and difficult situation, we created a more complex synthetic model (shown
in Figure 1 and used previously for comparing the sparseness of different transforms)
to test the proposed deblending algorithm. For the field data example, we use two
common receiver gathers acquired by the OBN technique to generate a numerically
blended data test.
The first three blended synthetic datasets (shown in Figures 3 to 11) show nearly
perfect deblending results, particularly when the shaping operator is chosen as soft
thresholding in the seislet domain. The third blended synthetic datasets shows an
acceptable experiments are based on an OBN acquisition, as noted in the beginning
of the paper. Thus, each seismic section in the examples corresponds to a common
receiver gather. The first example is used simply for testing the denoising ability
of each of the shaping operators in the case of crossing events. This example can
also demonstrate the deblending performance for common offset gathers, where most
seismic events are linear. For conciseness, we show the deblending performance for
only one source.

Numerically blended synthetic data - linear events
Our first synthetic example contains three plane-wave events, with one high-dip-angle
event crossing two other events. The original unblended and numerically blended
sections are shown in Figure 4 shows the deblended results using soft thresholding in
the f −k domain, soft thresholding in the seislet domain, and f −x predictive filtering.
All of these deblending results are generally acceptable despite some artifacts left in
Figure 4(a) and some weak-level noise left in Figure 4(c). By computing the difference
between the deblended section and the blended section, we can obtain the blending
noise section. Comparing the blending noise sections (see Figures 4(d)-4(f)), we find
that there is some leakage of useful energy for f − x predictive filtering. Computing
the differences between the deblended sections and the unblended sections, we get the
estimation error sections, shown in Figures 4(g)-4(i). Compared with the other two
shaping approaches, seislet-domain soft thresholding causes a nearly zero estimation
error, which indicates a nearly perfect deblending result. The estimation error for
f − x predictive filtering is comparatively large, because of the large predictive error
problem when several dipping components are taken into consideration (8). The
small estimation errors in Figure 4(g) are caused by spectrum mixture in the f − k
domain because some useful energy reside in the low amplitude part that is easy to be
removed during soft thresholding. The small estimation errors shown in Figure 4(h)
are caused by dip estimation error because of the conflicting dips when using plane
wave destruction (PWD) algorithm with a single slope (17), which is a limitation of
seislet-domain denoising approaches, unless a seislet frame is used instead of the seislet
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transform (21). The diagrams for convergence rates are shown in Figure 5, which
demonstrates a superior behavior of seislet-domain soft thresholding in comparison
with the other two approaches. In order to make the comparisons fair, we try to
find the best deblending performance through the parameter-selection process for
corresponding shaping operators. In this case, the percentages we use for f − k
domain and seislet domain thresholding are both 8 %, the filter length we use for
f − x predictive filtering is 4 samples.

Figure 3: Numerically blended synthetic data (linear case). (a) Unblended data. (b)
Blended data. deblend/linear data1,datas

Numerically blended synthetic data - hyperbolic events
Next, we create another synthetic example which contains hyperbolic events without
dip conflicts. The unblended and blended data are shown in Figures 6(a) and 6(b),
respectively. Figure 7 shows the deblending results for the hyperbolic case. Figure
8 shows the diagrams of changing SNR for one source. In this case, the estimation
error for the seislet-domain soft thresholding becomes negligible, mainly owing to the
successful dip estimation when constructing the seislet transform. The strength of the
f − x predictive filtering also increases and its SNR diagram shows a similar behavior
as the f − k domain thresholding. The seislet-based shaping still outperforms the
other two approaches. In this case, the percentages we use for f − k domain and
seislet domain thresholding are both 9 %, the filter length we use for f − x predictive
filtering is 4 samples.
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Figure 4: Deblending comparison for numerically blended synthetic data (linear case).
(a) Deblended result using f − k domain thresholding. (b) Deblended result using
seislet-domain thresholding. (c) Deblended result using f − x predictive filtering.
(d) Blending noise corresponding to (a). (e) Blending noise corresponding to (b).
(f) Blending noise corresponding to (c). (g) Estimation error corresponding to (a).
(h) Estimation error corresponding to (b). (i) Estimation error corresponding to (c).
deblend/linear deblendedfft1,deblendedslet1,deblendedfxdecon1,difffft1,diffslet1,difffxdecon1,errorfft1,e
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Figure 5: Diagrams of SNR for synthetic example (linear case). The ”+” line corresponds to seislet-domain thresholding. The ”o” line corresponds to f − k domain soft thresholding. The ”*” line corresponds to f − x predictive filtering.
deblend/linear snrsa
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Figure 6: Numerically blended synthetic data (hyperbolic case). (a) Unblended data.
(b) Blended data. deblend/synthhyper hyper1,hypers

Numerically blended synthetic data - complex gather
The third synthetic dataset consists of two complex gathers, which contain both
useful seismic reflections and additional components such as ground roll and coherent
dipping events. We simulate this example in order to best match the field data.
The unblended and blended data are shown in Figures 9(a) and 9(b), respectively.
Figure 10 shows the deblending results for this case. Figure 11 shows the diagrams of
changing SNR for both sources. The SNR for the converged deblended data becomes
noticeably smaller compared with the previous examples for three different shaping
operators respectively, which results from the fact that the seismic gather is no longer
ideally sparse as the previous examples. Notice that in the noise sections for f − k
domain thresholding (Figure 10(a)) and the noise sections for f −x predictive filtering
(Figure 10(c)), there exist a certain amount of coherent events. However, for the
seislet-domain soft thresholding, there are barely any coherent events. If we look
carefully at the error sections corresponding to these three shaping operators, we
can find that for the f − k domain thresholding, the estimation error comes from
the useful hyperbolic reflections, the coherent dipping events, and the ground roll,
for the f − x predictive filtering, the estimation error mainly comes from the useful
hyperbolic reflections and the coherent dipping events, but for the seislet-domain
soft thresholding, only a small amount of the ground roll and negligible amount
of coherent dipping events and deep-water horizontal reflections are left on the error
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Figure 7: Deblending comparison for numerically blended synthetic data (hyperbolic
case). (a) Deblended result using f − k domain thresholding. (b) Deblended result
using seislet-domain thresholding. (c) Deblended result using f − x predictive filtering. (d) Blending noise corresponding to (a). (e) Blending noise corresponding to (b).
(f) Blending noise corresponding to (c). (g) Estimation error corresponding to (a).
(h) Estimation error corresponding to (b). (i) Estimation error corresponding to (c).
deblend/synthhyper hyperdeblendedfft1,hyperdeblendedslet1,hyperdeblendedfxdecon1,hyperdifffft1,hy
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Figure 8: Diagrams of SNR for synthetic example (hyperbolic case). The ”+” line
corresponds to seislet-domain thresholding. The ”o” line corresponds to f − k
domain thresholding. The ”*” line corresponds to f − x predictive filtering.
deblend/synthhyper hypersnrsa
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sections, which is not important for the whole processing tasks. We can conclude that
for complex datasets like this synthetic example, seislet-domain soft thresholding is
the preferable approach for shaping regularization. In this case, the percentages we
use for f − k domain and seislet domain thresholding are both 20 %, the filter length
we use for f − x predictive filtering is 4 samples.

Figure 9: Numerically blended synthetic data (complex gather). (a) Unblended data.
(b) Blended data. deblend/synthcomplex complex1,complexs

Numerically blended field data
Finally, we use a field data example to further test the effectiveness for our proposed
algorithm. The field data is similar in appearance to the previous synthetic example.
Because of the previous test, we only used seislet-domain soft thresholding as the
shaping operator. The two blended data are shown in Figures 12(a) and 12(b) and
appear noisy. After 30 iterations of seislet-domain soft thresholding, the deblending
results are shown in Figures 12(d) and 12(c). The intense interference in the shallow
part has been removed to a large extent. The deep-water reflection becomes much
clearer because of a significant drop in the noise energy for the whole profile. From the
noise sections, we can observe only a small amount of ground roll, which is analogous
to the results of the previous synthetic test, and a even less amount of direct waves
and shallow part horizontal reflections, which is not significant. The SN R defined
in equation 11 obtained an increase from 1.00 dB to 5.50 dB for the first source
and from 0.83 dB to 5.50 dB for the second source. The error sections for this field
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Figure 10: Deblending comparison for numerically blended synthetic data (complex
gather). (a) Deblended result using f − k domain thresholding. (b) Deblended result
using seislet-domain thresholding. (c) Deblended result using f − x predictive filtering. (d) Blending noise corresponding to (a). (e) Blending noise corresponding to (b).
(f) Blending noise corresponding to (c). (g) Estimation error corresponding to (a).
(h) Estimation error corresponding to (b). (i) Estimation error corresponding to (c).
deblend/synthcomplex complexdeblendedfft1,complexdeblendedslet1,complexdeblendedfxdecon1,comp

188

Chen et al.

TCCS-7

Figure 11: Diagrams of SNR for synthetic example (complex gather). The ”+”
line corresponds to seislet-domain thresholding. The ”o” line corresponds to f − k
domain thresholding. The ”*” line corresponds to f − x predictive filtering.
deblend/synthcomplex complexsnrsa

TCCS-7

Deblending using shaping regularization

189

data test are not given since the unblended data for this test contain much random
noise, which can not be estimated. However, from the point of view of random noise
attenuation, which is concerned with the signal content of the denoised section and
the randomness of the noise section, the deblending result of the field data test is
acceptable. In this case, the percentage we use for seislet domain thresholding is
18%.
The main computational cost of the proposed approach lays on the forward and
inverse seislet transforms. As analyzed by (21), the seislet transform has linear O(N )
cost. It can be more expensive than fast Fourier transform and digital wavelet transform, but is still comfortably efficient in practice. Considering that for the 2D seislet
transform, the main cost may not be in the transform itself but in the iterative estimation of the slope fields, we update slope estimation every several iterations (e.g.,
every 5 iterations in this field data example) to reduce the computational cost.

CONCLUSIONS
We have proposed a novel iterative framework, which offers a flexible way to control
deblending using sparsity or coherency constraints. When the seismic data are relatively clean and do not contain much coherent noise, f −k domain sparsity-promoting
operator or f − x predictive filtering might be adequate to handle the blending noise.
However, when the blended data become more complicated, a more robust sparsity
or coherency-promoting tool should be utilized. The seislet transform has an inherent ability to compress coherent seismic data, because it is generated based on
predictability between neighboring traces using the local slope information. As long
as we can get an acceptable slope estimation, the seislet-transformed data appears
sparse. Our experiments indicate that it is possible to get accurate results within a
small number of iterations when an appropriate shaping operator is taken.
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Figure 12: Deblending comparison for the real data.
(a) Blended source
1. (b) Blended source 2. (c) Deblended source 1. (d) Deblended source
2.
(e) Blending noise for source 1.
(f) Blending noise for source 2.
deblend/fairfield-initmfnew blended763,blended754,shotdeblendedslet2,shotdeblendedslet1,shotdiffslet
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APPENDIX A
REVIEW OF SEISLET TRANSFORM
(18) and (21) proposed a digital wavelet-like transform, which is defined with the help
of the wavelet-lifting scheme (41) combined with local plane-wave destruction. The
wavelet-lifting utilizes predictability of even traces from odd traces of 2-D seismic
data and finds a difference r between them, which can be expressed as:
r = o − P [e],

(A-1)

where P is the prediction operator. A coarse approximation c of the data can be
achieved by updating the even component:
c = e + U [r],

(A-2)

where U is the updating operator.
The digital wavelet transform can be inverted by reversing the lifting-scheme operations as follows:
e = c − U [r],
(A-3)
o = r + P [e].

(A-4)

The foward transform starts with the finest scale (the original sampling) and goes
to the coarsest scale. The inverse transfrom starts with the coarsest scale and goes
back to the finest scale. At the start of forward transform, e and o corresponds to
the even and odd traces of the data domain. At the start of the inverse transform, c
and r will have just one trace of the coarsest scale of the seislet domain.
The above prediction and update operators can be defined, for example, as follows:


(+)
(−)
P [e]k = Pk [ek−1 ] + Pk [ek ] /2,
(A-5)
and



(+)
(−)
U [r]k = Pk [rk−1 ] + Pk [rk ] /4,
(+)

(−)

(A-6)

where Pk and Pk are operators that predict a trace from its left and right neighbors, correspondingly, by shifting seismic events according to their local slopes. This
scheme is analogous to CDF biorthogonal wavelets (10). The predictions need to operate at different scales, which means different separation distances between traces.
Taken through different scales, equations A-1-A-6 provide a simple definition for the
2D seislet transform. More accurate versions are based on other schemes for the
digital wavelet transform (30).
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Seismic data decomposition into spectral
components using regularized nonstationary
autoregression
Sergey Fomel ∗

ABSTRACT
Seismic data can be decomposed into nonstationary spectral components with
smoothly variable frequencies and smoothly variable amplitudes. To estimate local frequencies, I use a nonstationary version of Prony’s spectral analysis method
defined with the help of regularized nonstationary autoregression (RNAR). To
estimate local amplitudes of different components, I fit their sum to the data using regularized nonstationary regression (RNR). Shaping regularization ensures
stability of the estimation process and provides controls on smoothness of the
estimated parameters. Potential applications of the proposed technique include
noise attenuation, seismic data compression, and seismic data regularization.

INTRODUCTION
Decomposing data into components has an immediate application in noise-attenuation
problems in cases where signal and noise correspond to different components. The
classic Fourier transform, Radon transform (13), wavelet transform (27), curvelet
frame (17), and seislet transform and frame (12) are some examples of possible decompositions applicable to seismic data. A fundamental characteristic of seismic data
is non-stationarity. In 1D (time dimension), seismic data are nonstationary because of
wave-attenuation effects. In 2D and 3D (time and space dimensions), non-stationarity
is manifested by variable slopes of seismic events. The nonstationary character of
seismic data can be captured by EMD (empirical mode decomposition) proposed by
(20). EMD has found a number of important applications in seismic data analysis
(26; 2; 3; 15). However, it remains “empirical” because its properties are not fully
understood. (7) recently proposed an EMD-like decomposition using the continuous
wavelet transform and synchrosqueezing (8). Synchrosqueezing improves the analysis
but remains an indirect method when it comes to extracting spectral attributes (16).
In this paper, I develop an efficient decomposition algorithm, which explicitly fits
seismic data to a sum of oscillatory signals with smoothly varying frequencies and
smoothly varying amplitudes. Such a decomposition is close in properties to the one
generated by EMD but with explicit controls on the frequencies and amplitudes of
∗
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different components and on their smoothness. Recently, (18; 19) developed an explicit data-adaptive decomposition based on matching-pursuit sparse optimization, an
accurate but computationally expensive method. To implement a faster approach, I
adopt regularized nonstationary regression, or RNR (11), a general method for fitting
data to a set of basis functions with nonstationary coefficients. RNR was previously
applied to time-frequency decomposition over a set of regularly sampled frequencies (25). When the input signal is fitted to shifted versions of itself, RNR turns
into regularized nonstationary autoregression, or RNAR, and is related to adaptive
prediction-error filtering. RNAR was previously applied to data regularization (24)
and noise removal (22; 21). In this paper, I use it for spectral analysis and estimating
different frequencies present in the data using a nonstationary extension of Prony’s
method of autoregressive spectral analysis (28; 1). After the frequencies have been
identified, I use RNR to determine local, smoothly-varying amplitudes of different
components.
The paper opens with a brief review of RNR and RNAR and explains an extension
of Prony’s method to the nonstationary case. Next, I use simple synthetic and fielddata examples to illustrate performance of the proposed technique.

REGULARIZED NONSTATIONARY REGRESSION
Regularized nonstationary regression (11) is based on the following simple model.
Let d(x) represent the data as a function of data coordinates x, and bn (x), n =
1, 2, . . . , N , represent a collection of basis functions. The goal of stationary regression
is to estimate coefficients an , n = 1, 2, . . . , N such that the prediction error
e(x) = d(x) −

N
X

an bn (x)

(1)

n=1

is minimized in the least-squares sense. In the case of regularized nonstationary
regression (RNR), the coefficients become variable,
ê(x) = d(x) −

N
X

ân (x) bn (x) .

(2)

n=1

The problem in this case is underdetermined but can be constrained by regularization (9). I use shaping regularization (10) to implement an explicit control on the
resolution and variability of regression coefficients. Shaping regularization applied to
RNR amounts to linear inversion,
a = M−1 c ,

(3)

where a is a vector composed of ân (x), the elements of vector c are
ci (x) = S [b∗i (x) d(x)] ,

(4)
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the elements of matrix M are


Mij (x) = λ2 δij + S b∗i (x) bj (x) − λ2 δij ,

(5)

λ is a scaling coefficient, and S represents a shaping (typically smoothing) operator.
When inversion in equation 6 is implemented by an iterative method, such as conjugate gradients, strong smoothing makes M close to identity and easier (taking less
iterations) to invert, whereas weaker smoothing slows down the inversion but allows
for more details in the solution. This intuitively logical behavior distinguishes shaping
regularization from alternative methods (11).
Regularized nonstationary autoregression (RNAR) corresponds to the case of basis
functions being causal translations of the input data itself. In 1D, with x = t, this
condition implies bn (t) = d(t − n ∆t).

AUTOREGRESSIVE SPECTRAL ANALYSIS
Prony’s method of data analysis was developed originally for representing a noiseless
signal as a sum of exponential components (32). It was extended later to noisy
signals, complex exponentials, and spectral analysis (31; 28; 1; 4). The basic idea
follows from the fundamental property of exponential functions: eα (t+∆t) = eα t eα ∆t .
In signal-processing terms, it implies that a time sequence d(t) = A eα t (with
real or

α ∆t
complex α) is predictable by a two-point prediction-error filter 1, −e
, or, in the
Z-transform notation,
F0 (Z) = 1 − Z/Z0 ,
(6)
where Z0 = e−α ∆t . If the signal is composed of multiple exponentials,
d(t) ≈

N
X

An eαn t ,

(7)

n=1

they can be predicted simultaneously by using a convolution of several two-point
prediction-error filters:
F (Z) = (1 − Z/Z1 ) (1 − Z/Z2 ) · · · (1 − Z/ZN )
= 1 + a1 Z + a2 Z 2 + · · · + an Z N ,

(8)

where Zn = e−αn ∆t . This observation suggests the following three-step algorithm:
1. Estimate a prediction-error filter from the data by determining filter coefficients
a1 , a2 , . . . , aN from the least-squares minimization of
e(t) = d(t) −

N
X
n=1

an d(t − n ∆t) .

(9)
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2. Writing the filter as a Z polynomial (equation 8), find its complex roots Z1 , Z2 , . . . , ZN .
The exponential factors α1 , α2 , . . . , αN are determined then as
αn = − ln(Zn )/∆t .

(10)

3. Estimate amplitudes A1 , A2 , . . . , AN of different components in equation 7 by
linear least-squares fitting.
Prony’s method can be applied in sliding windows, which was a technique developed by Russian geophysicists (14; 30) for identifying low-frequency seismic anomalies
(29). I propose to extend it to smoothly nonstationary analysis by applying the following modifications:
1. Using RNAR, the filter coefficients an become smoothly-varying functions of
time ân (t), which allows the filter to adapt to nonstationary changes in the
input data.
2. At each instance of time, roots of the corresponding Z polynomial also become functions of time Ẑn (t). I apply a robust, eigenvalue-based algorithm for
root finding (36). The instantaneous frequency of different components fn (t) is
determined directly from the phase of different roots:
"
fn (t) = −Re arg

Ẑn (t)
2π ∆t

!#
.

(11)

3. Finally, using RNR, I estimate smoothly-varying amplitudes of different components Ân (t).
The nonstationary decomposition model for a complex signal d(t) is thus
d(t) ≈

N
X

dn (t) ,

where dn (t) = Ân (t) ei φn (t)

(12)

n=1

and the local phase φn (t) corresponds to time integration of the instantaneous frequency determined in Step 2:
Zt
φn (t) = 2π

fn (τ )dτ .

(13)

0

For ease of analysis, real signals can be transformed to the complex domain by using
analytical traces (35).
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Figure 1: (a) Test signal from (23) composed of two variable-frequency components. (b) Time-frequency decomposition. (c) Instantaneous frequencies estimated
by RNAR. nar/chirp sig,tf,group
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Figure 2: Decomposition of the signal from Figure 15(b) into two spectral components
using RNR. nar/chirp sign1,sign2

Benchmark tests
Figure 1a shows a benchmark signal from (23), which consists of two nonstationary
components with smoothly varying (parabolic) frequencies. The corresponding timefrequency analysis over a range of regularly sampled frequencies is shown in Figure 1b.
Two instantaneous frequencies were extracted at Step 2 of the algorithm from a timevarying, three-point prediction-error filter (Figure 1c). They correspond precisely to
the two components present in the synthetic signal. Finally, Step 3 separates these
components (Figure 2.)
The next benchmark example is taken from (16). Figure 3(a) shows the input
signal, which is composed of several components with variable frequencies. The components can be identified in the time-frequency decomposition analysis (Figure 3(b))
generated with the method of (23). More directly, they are extracted using RNAR
(the method of this paper), with the output shown in Figure 3(c). Fitting a sum
of different components to the data by RNR, we can estimate their respective amplitudes. The output is shown in Figure 4. For comparison, I show the output of
EMD (empirical mode decomposition) in Figure 5. For robustness, I used EEMD
(ensemble EMD) suggested by (37). Although EEMD succeeds in separating the signal into components with variable frequencies, the individual components are not as
meaningful as those identified by RNAR.
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Figure 3: (a) Test signal from (16) composed of several variable-frequency components. (b) Time-frequency decomposition. (c) Instantaneous frequencies estimated
by RNAR. nar/mirko msig,mtf,mgroup
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Figure 4: Decomposition of the signal from Figure 3(a) into spectral components using RNR. The components are sorted in the order of decreasing frequency.
nar/mirko narall
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Figure 5: Decomposition of the signal from Figure 3(a) into intrinsic mode functions
using EMD. Compare with Figure 4. nar/mirko emd
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Figure 6: (a) Test signal from (19) composed of several variable-frequency and
variable-amplitude components. (b) Time-frequency decomposition. (c) Instantaneous frequencies estimated by RNAR. nar/hou hsig,htf,hgroup
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Figure 7: Signal components making the signal in Figure 6(a). nar/hou sigs

The third benchmark test is taken from (19). The signal in this case (Figure 6(a))
consists of three components with variable frequencies and amplitudes (Figure 7).
RNAR correctly identifies the three components (Figure 6(c)) that are also visible
on the time-frequency plot (Figure 6(b)). Next, RNR extracts the three components
(Figure 8) by fitting their sum to the data (Figure 9) and adjusting the amplitudes.
The sparse inversion algorithm proposed by (19) achieves a more accurate result in
this case but at a much higher computational cost.

Discussion
The cost of the proposed decomposition is O (N Nt Niter ), where N is the number of
components, Nt is the number of time samples, and Niter is the number of conjugategradient iterations for shaping regularization (typically between 10 and 100). This is
significantly faster than the O (Nt2 Niter ) cost of time-frequency decomposition for a
regularly sampled range of frequencies.
Although the examples of this paper use only 1D analysis, the proposed technique
is also directly applicable to analyzing variable slopes of 2D and 3D seismic events,
where the analysis applies to different frequency slices in the f -x domain (5; 33; 34;
22; 21).
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Figure 8: Decomposition of the signal from Figure 6(a) into spectral components
using RNR. nar/hou nar

Figure 9: Fitting the signal from Figure 6(a) with the sum of three components shown
in Figure 8. nar/hou hfit
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EXAMPLES
To illustrate performance of the proposed approach in field-data applications, I first
use a simple 1D example: a single seismic trace from a marine survey. Figure 10 shows
the input trace and the output of RNAR, with a five-point adaptive prediction-error
filter. The four variable instantaneous frequencies extracted from the roots of the
filter are shown in Figure 11. They correspond to four different spectral components
extracted from the data in Step 3 (Figure 12.) Surprisingly, only four components with
smoothly varying frequencies and amplitudes are sufficient to describe a significant
portion of the signal, including the effect of attenuating frequencies at later times
(Figure 13.)

Figure 10: Seismic trace and residual after adaptive prediction-error filtering with
RNAR. nar/trace cerr

The second example is a 2D section from a land seismic survey (Figure 14a),
analyzed previously by (10) and (25). I choose a three-point prediction-error filter
to highlight the two most significant data components. The fitting error is shown in
Figure 15 and contains mostly random noise. The two estimated spectral components
are shown in Figure 16, with the corresponding instantaneous frequencies fn )t) shown
in Figure 17. The corresponding amplitudes |Ân (t)| are shown in Figure 18. Comparing frequency and amplitude attributes from different components, a low-frequency
anomaly (a zone of attenuated high frequencies) in the top-left part of the section
becomes apparent. This anomaly might indicate presence of gas (6).
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Figure 11: Instantaneous frequencies of four components extracted from seismic trace
in Figure 10 using RNAR. nar/trace tgroup

Figure 12: Four nonstationary spectral components corresponding to frequencies in
Figure 11. nar/trace csign
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Figure 13: Fitting input seismic trace with sum of four spectral components shown
in Figure 12. nar/trace cfit

CONCLUSIONS
I have presented a constructive approach to decomposing seismic data into spectral components with smoothly variable frequencies and smoothly variable amplitudes. The output of the proposed algorithm is close to that of empirical model
decomposition (EMD) and related techniques, such as the synchrosqueezing transform (SST), but with a more explicit control on parameters and more direct access
to instantaneous-frequency and amplitude attributes. The main tool for the task is
regularized nonstationary regression (RNR), which is applied twice: first to estimate
local frequencies by autoregression (RNAR) and then to estimate local amplitudes.
Although all examples shown in this paper use only 1D analysis, the proposed technique is also applicable to analyzing 2D or 3D variable-slope seismic events in the
f -x domain. Potential applications may include noise attenuation, data compression,
and data regularization.
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Figure 14: (a) 2D seismic data section. (b) Result of fitting data with two components
shown in Figure 16. nar/vecta vdata
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Figure 15: Residual error after fitting seismic data from Figure 14 with two components shown in Figure 16. nar/vecta vdif
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Theory of 3-D angle gathers in wave-equation
seismic imaging
Sergey Fomel ∗

ABSTRACT
I present two methods for constructing angle gathers in 3-D seismic imaging by
downward extrapolation. Angles in angle gathers refer to the scattering angle
at the reflector and provide a natural access to analyzing migration velocity and
amplitudes. In the first method, angle gathers are extracted at each downwardcontinuation step by mapping transformations in constant-depth frequency slices.
In the second method, one extracts angle gathers after applying the imaging condition by transforming local offset gathers in the depth domain. The second
approach generalizes previously published algorithms for angle-gather construction in 2-D and common-azimuth imaging.

INTRODUCTION
Wave extrapolation provides an accurate method for seismic imaging in structurally
complex areas (9; 13). Wave extrapolation methods have several known advantages
in comparison with direct methods such as Kirchhoff migration thanks to their ability
to handle multi-pathing, strong velocity heterogeneities, and finite-bandwidth wavepropagation effects (16). However, velocity and amplitude analysis in the prestack
domain are not immediately available for wave extrapolation methods. To overcome
this limitation, several authors (12; 21; 20; 22; 36; 28; 24; 25; 26) suggested methods
for constructing angle gathers from downward-continued wavefields. Angles in angle
gathers are generally understood as the reflection (scattering) angles at reflecting
interfaces (37; 10). Angle gathers facilitate velocity analysis (18; 33) and can be
used in principle for extracting angle-dependent reflectivity information directly at
the target reflectors (23). (29) assert that angle gathers generated with wavefield
extrapolation are genuinely free of artifacts documented for Kirchhoff-generated angle
gathers (30; 31).
There are two possible approaches to angle-gather construction with wavefield continuation. In the first approach, one generates gathers at each depth level converting
offset-space-frequency planes into angle-space planes simultaneously with applying
the imaging condition. The offset in this case refers to the local offset between source
and receiver parts of the downward continued prestack data. Such a construction
∗
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was suggested, for example, by (21). This approach is attractive because of its localization in depth. However, the method of (21) produces gathers in the offset ray
parameter as opposed to angle. As a result, the angle-domain information becomes
structure-dependent: the output depends not only on the scattering angle but also
on the structural dip.
In the second approach, one converts migrated images in offset-depth domain to
angle-depth gathers after imaging of all depth levels is completed. (24) suggested a
simple Radon-transform procedure for extracting angle gathers from migrated images.
The transformation is independent of velocity and structure. (22) adopted it for
constructing angle gathers in the shot-gather migration. (7) demonstrate that the
method of (24) is strictly valid in the 3-D case only in the absence of cross-line
structural dips. They present an extension of this method for the common-azimuth
approximation (5).
In this paper, I present a more complete analysis of the angle-gather construction
in 3-D imaging by wavefield continuation. First, I show how to remove the structural
dependence in the depth-slice approach. The improved mapping retains the velocity
dependence but removes the effect of the structure. Additionally, I extend the second, post-migration approach to a complete 3-D wide-azimuth situation. Under the
common-azimuth approximation, this formulation reduces to the result of (8) and, in
the absence of cross-line structure, it is equivalent to the Radon construction of (24).

TRAVELTIME DERIVATIVES AND DISPERSION
RELATIONSHIPS FOR A 3-D DIPPING REFLECTOR
Theoretical analysis of angle gathers in downward continuation methods can be reduced to analyzing the geometry of reflection in the simple case of a dipping reflector
in a locally homogeneous medium. Considering the reflection geometry in the case of
a plane reflector is sufficient for deriving relationships for local reflection traveltime
derivatives in the vicinity of a reflection point (15). Let the local reflection plane be
described in {x, y, z} coordinates by the general equation
x cos α + y cos β + z cos γ = d ,

(1)

where the normal angles α, β, and γ satisfy
cos2 α + cos2 β + cos2 γ = 1 ,

(2)

The geometry of the reflection ray paths is depicted in Figure 1. The reflection
traveltime measured on a horizontal surface above the reflector is given by the known
expression (27; 17)
2
t(hx , hy ) =
v

q
D2 + h2x + h2y − (hx cos α + hy cos β)2 ,

(3)
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where D is the length of the normal to the reflector from the midpoint (distance M M 0
in Figure 2)
D = d − mx cos α − my cos β ,

(4)

mx and my are the midpoint coordinates, hx and hy are the half-offset coordinates,
and v is the local propagation velocity.

R
S
surface

θ
O
S’

tor

reflec

θ

S"
Figure 1: Reflection geometry in 3-D (a scheme). S and R and the source and the
receiver positions at the surface. O is the reflection point. S 0 is the normal projection
of the source to the reflector. S 00 is the “mirror” source. The cumulative length of the
incident and reflected rays is equal to the distance from S 00 to R. agath/XFig plane3b

According to elementary geometrical considerations (Figures 1 and 2), the reflection angle θ is related to the previously introduced quantities by the equation

cos θ = q

D
D2

+

h2x

+

h2y

− (hx cos α + hy cos β)

.

(5)

2

Explicitly differentiating equation (3) with respect to the midpoint and offset

220

Fomel

TCCS-6

R
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θ

r
reflecto

M’ O
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θ

S"
Figure 2: Reflection geometry in the reflection plane (a scheme). M is the midpoint.
As follows from the similarity of triangles S 00 SR and S 0 SM , the distance from M to
S 0 is twice smaller than the distance from S 00 to R. agath/XFig plane2b
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coordinates and utilizing equation (B-5) leads to the equations
∂t
2
=−
∂mx
v
2
∂t
=−
≡
∂my
v
∂t
4
≡
= 2
∂hx
v t
4
∂t
= 2
≡
∂hy
v t

tmx ≡

cos θ cos α ,

(6)

tmy

cos θ cos β ,

(7)

thx
thy


hx sin2 α − hy cos α cos β ,

(8)


hy sin2 β − hx cos α cos β .

(9)

Additionally, the traveltime derivative with respect to the depth of the observation
surface is given by
∂t
2
tz ≡
= − cos θ cos γ
(10)
∂z
v
and is related to the previously defined derivatives by the double-square-root equation
r
2
v2
v2
− v tz =
1−
(tmx − thx )2 −
tmy − thy
4
4
r
2
v2
v2
1−
(tmx + thx )2 −
tmy + thy .
(11)
+
4
4
In the frequency-wavenumber domain, equation (13) serves as the basis for 3-D shotgeophone downward-continuation imaging. In the Fourier domain, each tx derivative
translates into −kx /ω ratio, where kx is the wavenumber corresponding to x and ω is
the temporal frequency.
Equations (6), (7), and (10) immediately produce the first important 3-D relationship for angle gathers
v q 2
2 + k2 .
kmx + km
(12)
cos θ =
z
y
2ω
Expressing the depth derivative with the help of the double-square-root equation (13)
and applying a number of algebraic transformations, one can turn equation (12) into
the dispersion relationship


 cos2 θ
 sin2 θ 
2
2
+
k
+
k
=
hx
hy
v2
v2
2
cos2 θ sin2 θ
kmx khy − kmy khx + 4 ω 2
.
v2
v2

2
2
km
+ km
x
y

1
4 ω2

(13)

For each reflection angle θ and each frequency ω, equation (13) specifies the locations
on the four-dimensional (kmx , kmy , khx , khy ) wavenumber hyperplane that contribute
to the common-angle gather. In the 2-D case, equation (13) simplifies by setting khy
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and ky to zero. Using the notation kmx = km and khx = kh , the 2-D equation takes
the form
4 ω2
2
2
2
2
km sin θ + kh cos θ = 2 cos2 θ sin2 θ
(14)
v
and can be explicitly solved for kh resulting in the convenient 2-D dispersion relationship
r
2 ω sin θ
4 k2 v2
kh =
(15)
1− 2 m 2 .
v
ω cos θ
In the next section, I show that a similar simplification is also valid under the commonazimuth approximation. Equations (13) and (15) describe an effective migration of
the downward-continued data to the appropriate positions on midpoint-offset planes
to remove the structural dependence from the local image gathers.
Another important relationship follows from eliminating the local velocity v from
equations (13) and (12). Expressing v 2 from equation (12) and substituting the
result in equation (13), we arrive (after a number of algebraical transformations) to
the frequency-independent equation


2
kz2 kh2x + kh2y + khx kmx + khy kmy


.
tan2 θ =
2
2
2
2
kz kmx + kmy + kz

(16)

Equation (16) can be expressed in terms of ratios kmx /kz and kmy /kz , which correspond at the zero local offset to local structural dips (zmx and zmy partial derivatives),
and ratios khx /kz and khy /kz , which correspond to local offset slopes. As shown by
(25), it can be also expressed as
tan2 θ =

kh2x + kh2y + kh2z
2 + k2 + k2
km
my
z
x

,

(17)

where khz refers to the vertical offset between source and receiver wavefields (6).
In the 2-D case, equation (16) simplifies to the form, independent of the structural
dip:
kh
tan θ =
,
(18)
kz
which is the equation suggested by (24). Equation (18) appeared previously in the
theory of migration-inversion (32).

COMMON-AZIMUTH APPROXIMATION
Common-azimuth migration (5) is a downward continuation imaging method tailored
for narrow-azimuth streamer surveys that can be transformed to a single common azimuth with the help of azimuth moveout (4) Employing the common-azimuth approximation, one assumes the reflection plane stays confined in the acquisition azimuth.
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Although this assumption is strictly valid only in the case of constant velocity (34),
the modest azimuth variation in realistic situations justifies the use of the method
(2).
To restrict equations of the previous section to the common-azimuth approximation, it is sufficient to set the cross-line offset hy to zero assuming the x coordinate is
oriented along the acquisition azimuth. In particular, from equations (8-9), we obtain
hx sin α =

vt
sin θ
2

(19)

2
4 hx
sin2 α = sin θ sin α ,
(20)
2
v t
v
4 hx
2
thy = − 2 cos α cos β = − sin θ cot α cos β .
(21)
v t
v
With the help of equations (6), (7), and (10), equation (21) transforms to the form
thx =

thy = tmy
= tmy

tan θ
tan
q α

1−
q
1−

v2
4
v2
4

q
(tmx + thx ) − 1 −
q
2
(tmx + thx ) + 1 −
2

v2
4

(tmx − thx )2

v2
4

(tmx − thx )

,

(22)

2

suggested by (5). Combining equations (6), (7), (10), and (20) and transforming
to the frequency-wavenumber domain, we obtain the common-azimuth dispersion
relationship



 4 ω2 
2
2
2
2
2
2
2
k
+
k
,
(23)
kh2x + km
+
k
k
+
k
+
k
=
my
z
z
mx
my
z
y
v2
which shows that, under the common-azimuth approximation and in a laterally homogeneous medium, 3-D seismic migration amounts to a cascade of a 2-D prestack
migrations in the in-line direction and a 2-D zero-offset migration in the cross-line
direction (11).
Under the common-azimuth approximation, the angle-dependent relationship (13)
takes the form
4 ω2
2
2
2
2
km
sin
θ
+
k
cos
θ
=
cos2 θ sin2 θ ,
(24)
hx
x
v2
which is identical to the 2-D equation (14). This proves that under this approximation, one can perform the structural correction independently for each cross-line
wavenumber.
The post-imaging equation (16) transforms to the equation
tan2 θ =

kh2x
,
2 + k2
km
z
y

(25)

obtained previously by (8). In the absence of cross-line structural dips (kmy = 0), it
is equivalent to the 2-D equation (18).
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ALGORITHM I: ANGLE GATHERS DURING
DOWNWARD CONTINUATION
This algorithm follows from equation (13). It consists of the following steps, applied
at each propagation depth z:
1. Generate local offset gathers and transform them to the wavenumber domain. In
the double-square-root migration, the local offset wavenumbers are immediately
available. In the shot gather migration, local offsets are generated by crosscorrelation of the source and receiver wavefields (22).
2. For each frequency ω, transform the local offset wavenumbers {khx , khy } into
the angle coordinates sin θ/v according to equation (13). The angle coordinates
depend on velocity but do not depend on the local structural dip. In the 2-D
case, each frequency slice is simply the {km , kh } plane, and each angle coordinate
corresponds to a circle in that plane centered at the origin and described by
equation (14). Figure 3 shows an example of a 2-D frequency slice transformed
to angles.
3. Accumulate contributions from all frequencies to apply the imaging condition
in time.
This algorithm is applicable for targets localized in depth. The local offset gathers
need to be computed for all lateral locations, but there is no need to store them in
memory, because conversion to angles happens on the fly. The algorithm outputs not
angles directly, but velocity-dependent parameters sin θ/v. (1) extend this algorithm
to transversally-isotropic media.

ALGORITHM II: POST-MIGRATION ANGLE GATHERS
The second algorithm follows from equation (16). It applies after the imaging has
completed and consists of the following steps applied at each common-image location:
1. Generate and store local offset gathers. In the double-square-root migration,
the local offsets are immediately available. In the shot gather migration, local
offsets are generated by cross-correlation of the source and receiver wavefields.
2. Estimate the dominant local structural dips at the common image point by
using one of the available dip estimation methods: local slant stack, plane-wave
destruction, etc.
3. After the imaging has completed, transform local-offset gathers into the slantstack domain either by slant-stacking in the {z, hx , hy } physical domain or by
radial-trace construction in the {kz , khx , khy } Fourier domain (24).
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Figure 3: Constant-depth constant-frequency slice mapped to reflection angles according to the 2-D version of Algorithm I. Zero offset wavenumber maps to zero (normal
incidence) angle. The top right corner is the evanescent region. agath/zslice angle1
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4. Using estimated dips, convert slant stacks into angles by applying equation (16).
The mapping from offset-depth slopes to angles is illustrated in Figure 4.
The last two steps
q can be combined into one. It is sufficient to compute the effective offset ĥ = h2x + h2y + (hx zy − hy zx )2 and apply the basic 2-D angle extraction
algorithm to the effective offset gather.

Figure 4: Mapping from the offset slope plane to angles according to Algorithm II.
Zero slopes map to zero (normal-incidence) angle. agath/radon angl45-45
The second method is applicable to selected common-image gathers, which can be
spread on a sparse grid. The local offset gathers need to be computed and stored at all
depths. The method works independent of the velocity. The main disadvantage is the
need to estimate local structural dips. In the common-azimuth approximation, only
the cross-line dip is required (8). In the 2-D case (zero cross-line dip), the method is
dip-independent (24).

DISCUSSION
Since the first presentation of the 3-D angle-gather theory (14), many new research
results have appeared in the literature. By the end of 2000s, prestack 3-D reverse-time
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migration has become a standard tool for depth imaging in structurally-complex areas,
and it is becoming feasible to generate 3-D angle gathers as part of routine processing
(19; 35; 38). The most important new theoretical developments are the ability to
extract angle information from time-shift angle gathers (26; 35), the ability to extract
not only reflection-angle but also azimuth information (38), and the extension of the
angle-gather theory to anisotropy (3; 1).

CONCLUSIONS
Angle gathers present a natural tool for analyzing velocities and amplitudes in waveequation imaging. I have discussed two approaches for angle-gather construction. In
the first approach, angle gather are constructed on the fly at different depth steps of
the wave extrapolation process. In the second approach, angle gathers are extracted
from the local-offset gathers after imaging has completed. The second method was
previously presented for the 2-D case and for the case of a common-azimuth approximation. Both approaches have advantages and disadvantages. The preference
depends on the application and the input data configuration.
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transforms
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ABSTRACT
Generalized Radon transforms such as the hyperbolic Radon transform cannot be
implemented as efficiently in the frequency domain as convolutions, thus limiting
their use in seismic data processing. We introduce a fast butterfly algorithm for
the hyperbolic Radon transform. The basic idea is to reformulate the transform
as an oscillatory integral operator and to construct a blockwise low-rank approximation of the kernel function. The overall structure follows the Fourier integral
operator (FIO) butterfly algorithm. For two-dimensional data, the algorithm
runs in complexity O(N 2 log N ), where N depends on the maximum frequency
and offset in the dataset and the range of parameters (intercept time and slowness) in the model space. Using a series of examples, we show that the proposed
algorithm can be significantly more efficient than the conventional time-domain
integration.

INTRODUCTION
In seismic data processing, the Radon transform (RT) (14), or slant stack, is a set
of line integrals that map mixed and overlapping events in seismic gathers to a new
transformed domain where they can be separated (6). The integrals can also be
taken along curves: parabolas (parabolic RT), or hyperbolas (hyperbolic RT or velocity stack) are most commonly used. A major difference between these transforms is
that the former two are time-invariant (i.e., involve a convolution in time) whereas the
latter is time-variant. When the curves are time-invariant, the transform can be performed efficiently in the frequency domain using the convolution theorem. However,
this approach does not work for time-variant transforms. As a result, the hyperbolic
Radon transform is usually thought of as requiring a computation in the time domain,
which is computationally expensive due to the large size of seismic data. Nevertheless, the hyperbolic transform is often preferred as it better matches the true seismic
events in common midpoint (CMP) gathers (16).
In this work, we construct a fast butterfly algorithm to effectively evaluate timevariant transforms such as the hyperbolic Radon transform. As opposed to the conventional, relatively costly velocity scan (i.e., direct integration + interpolation in the
∗
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time domain), our method provides an accurate approximation in only O(N 2 log N )
(all the log in this paper refer to logarithm to base 2) operations for 2D data. Here
N depends on the maximum frequency and offset in the dataset and the range of
parameters (intercept time and slowness) in the model space, and can often be chosen small compared to the grid size. The adjoint of the transform can be evaluated
similarly without extra difficulty. Note that the algorithm introduced in this paper
only deals with the fast implementation of a single integral operator (forward Radon
transform or its adjoint), not an iteration process for its inversion which is the main
objective of many previous works on fast Radon transforms (15; 18; 10; 19).
Radon transforms have been widely used to separate and attenuate multiple reflections (7; 20; 5; 9; 12; 8; 17). As having fast implementations of both forward and
adjoint transforms is an essential component of least-squares minimization, our hope
is that the current fast algorithm will help to make the hyperbolic Radon transform
an accessible tool for improving the inversion process.
The term “generalized Radon transform” connotes a broader context where integrals are taken along arbitrary parametrized sets of smooth curves. The term was
introduced by (1; 2), who showed that an asymptotically-correct inverse follows from
an amplitude correction to the adjoint. Kirchhoff migration and its (regularized) inverse can be expressed as generalized Radon transforms. The algorithm presented in
this paper can in principle be applied in the context of Kirchhoff migration, although
we do not attempt to do so here.
The rest of the paper is organized as follows. We first introduce the low-rank
approximations and the butterfly structure of the hyperbolic Radon operator; then
use these building elements to construct our fast algorithm. A brief description of
the algorithm is given in the main text, and a complete derivation can be found in
the appendix. We present numerical examples using both synthetic and field data to
illustrate the accuracy and efficiency of the proposed algorithm.

ALGORITHM
Assume d(t, h) is a function in the data space. The hyperbolic Radon transform R
maps d to a function (Rd)(τ, p) in the model space (16) through
Z
p
(1)
(Rd)(τ, p) = d( τ 2 + p2 h2 , h) dh,
where t is time,
p h is offset, τ is intercept time, and p is slowness. Fixing (τ, p),
hyperbola t = τ 2 + p2 h2 describes the traveltime for the event; hence integration
along these curves can be used to identify different reflections.
Instead of approximating the integral in equation 1 directly, we reformulate it as
a double integral,
ZZ
√
ˆ h)e2πif τ 2 +p2 h2 df dh.
(Rd)(τ, p) =
d(f,
(2)
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ˆ h) is the Fourier transform of d(t, h) in t. A simple
Here f is the frequency, d(f,
discretization of equation 2 yields
√
X
2
2 2
ˆ h)
(3)
(Rd)(τ, p) =
e2πif τ +p h d(f,
f,h

(the area element is omitted; the same symbols f , h, τ , and p are used for both continuous and discrete variables). The reason that hyperbolic RT is harder to compute
than linear RT (t = τ + ph) or parabolic RT (t = τ + ph2 ) should be clear from
equation 3: product f τ in the phase cannot be decoupled from other terms.
To construct the fast algorithm, we first perform a linear transformation to map
all discrete points in (f, h) and (τ, p) domains to points in the unit square [0, 1] × [0, 1]
([a, b] × [c, d] represents a 2D rectangular domain in the xy-plane with x ∈ [a, b] and
y ∈ [c, d]), i.e., a point (f, h) ∈ [fmin , fmax ] × [hmin , hmax ] is mapped to k = (k1 , k2 ) ∈
[0, 1] × [0, 1] = K via
f = (fmax − fmin )k1 + fmin ,

h = (hmax − hmin )k2 + hmin ;

(4)

a point (τ, p) ∈ [τmin , τmax ] × [pmin , pmax ] is mapped to x = (x1 , x2 ) ∈ [0, 1] × [0, 1] = X
via
τ = (τmax − τmin )x1 + τmin , p = (pmax − pmin )x2 + pmin .
(5)
ˆ (k1 ), h(k2 )), output u(x) = (Rd)(τ (x1 ), p(x2 )), and phase
If we define input g(k) = p
d(f
function Φ(x, k) = f (k1 ) τ (x1 )2 + p(x2 )2 h(k2 )2 , then equation 3 can be written as
X
e2πiΦ(x,k) g(k), x ∈ X
(6)
u(x) =
k∈K

(throughout the paper, K and X will either be used for sets of discrete points or
square domains containing them; the meaning should be clear from the context).
This form is the discrete version of an oscillatory integral of the type
Z
u(x) =
e2πiΦ(x,k) g(k) dk, x ∈ X,
(7)
K

whose fast evaluation has been considered in (3). Our method for computing the
summation in equation 6 follows the FIO butterfly algorithm introduced there.

Low-rank approximations
Clearly the range and possibly other factors such as gradient of phase Φ(x, k) determine the degree of oscillations in the kernel e2πiΦ(x,k) . Let N be an integer power of
two, which is on the order of the maximum value of |Φ(x, k)| for x ∈ X and k ∈ K
(the exact choice of N depends on the desired efficiency and accuracy of the algorithm,
which will be made specific in numerical examples). The design of the fast algorithm
relies on the key observation that the kernel e2πiΦ(x,k) , when properly restricted to
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subsets of X and K, admits accurate and low-rank separated approximations. More
precisely, if A and B are two square boxes in X and K, with sidelengths w(A), w(B)
obeying w(A)w(B) ≤ 1/N — in which case the pair (A, B) is called admissible —
then
r
X
2πiΦ(x,k)
(8)
e
−
αtAB (x)βtAB (k) ≤ , for x ∈ A, k ∈ B,
t=1

where r is independent of N for a fixed error . Here and below the subscript t is
slightly abused: t should be understood as multi-indices (t1 , t2 ), and accordingly r is
the total number of terms in a double sum. Furthermore, (3) showed that this lowrank approximation can be constructed via a tensor-product
Chebyshev interpolation
√
of e2πiΦ(x,k)√in the x variable when w(A) ≤ 1/ N , and in the k variable when
w(B) ≤ 1/ N .
√
Specifically, when w(B) ≤ 1/ N , αtAB and βtAB are given by
B

αtAB (x) = e2πiΦ(x,kt ) ,
βtAB (k)

=e

(9)

−2πiΦ(x0 (A),kB
t )

2πiΦ(x0 (A),k)
LB
;
t (k)e

(10)

√
and when w(A) ≤ 1/ N , αtAB and βtAB are given by
A

−2πiΦ(xt ,k0 (B))
αtAB (x) = e2πiΦ(x,k0 (B)) LA
,
t (x)e

βtAB (k) = e

2πiΦ(xA
t ,k)

.

(11)
(12)

B
A
Boldface letters kB
t , xt , k0 (B), x0 (A) denote 2D vectors. kt is a point on the 2D,
B
B
qk1 × qk2 Chebyshev grid in box B centered at k0 (B), i.e., let kB
t = (kt1 , kt2 ), k0 (B) =
(k0B1 , k0B2 ), then

ktB1 = k0B1 + w(B)zt1 ,
ktB2 = k0B2 + w(B)zt2 ,
where

0 ≤ t1 ≤ qk1 − 1,
0 ≤ t2 ≤ qk2 − 1,




πti
1
zti = cos
2
qk i − 1
0≤ti ≤qk

(13)
(14)

(15)
−1, i=1,2
i

is the 1D Chebyshev grid of order qki on [−1/2, 1/2]. See Figure 1 for an illustration.
LB
t (k) is the 2D Lagrange interpolation defined on the Chebyshev grid:



qk1 −1
qk2 −1
B
B
Y
Y
k1 − ks1
k2 − ks2


.
LB
(16)
t (k) =
B
B
B
B
k
−
k
k
−
k
t1
t2
s1
s2
s =0,s 6=t
s =0,s 6=t
1

1

1

2

2

2

Analogously, xA
t is a point on the 2D, qx1 × qx2 Chebyshev grid in box A centered at
A
x0 (A), and Lt (x) is the 2D Lagrange interpolation defined on this grid. Based on
the discussion above,
the number r in low-rank √
approximation 8 is equal to qk1 qk2
√
when w(B) ≤ 1/ N , and qx1 qx2 when w(A) ≤ 1/ N .
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B
B
kB
t = (kt1 , kt2 )

B

k0 (B)

k2
k1

Figure 1: A 2D, qk1 × qk2 (qk1 = 7, qk2 = 5) Chebyshev grid in box B. k0 (B) is the
B
B
center of the box. kB
t = (kt1 , kt2 ), 0 ≤ t1 ≤ qk1 − 1, 0 ≤ t2 ≤ qk2 − 1 is a point on the
grid. butterfly/. grid
√
A simple way of viewing expressions 9 – 12 is: when w(B) ≤ 1/ N , plugging
expression 9 into approximation 8 (leaving βtAB (k) as it is) yields
X
B
e2πiΦ(x,kt ) βtAB (k), for x ∈ A, k ∈ B.
e2πiΦ(x,k) ≈
(17)
t

For fixed x, the right hand side of equation 17 is just a special interpolation of function
e2πiΦ(x,k) in variable k, where kB
the interpolation points, βtAB (k) are the basis
t are√
functions. Likewise, when w(A) ≤ 1/ N , plugging expression 12 into approximation
8, we get
X
A
e2πiΦ(x,k) ≈
e2πiΦ(xt ,k) αtAB (x), for x ∈ A, k ∈ B.
(18)
t

For fixed k, the right hand side of equation 18 is a special interpolation of e2πiΦ(x,k)
AB
in variable x: xA
t are the interpolation points, αt (x) are the basis functions.
Once the low-rank approximation 8 is known, computing the partial sum
X
uB (x) :=
e2πiΦ(x,k) g(k)

(19)

k∈B

generated by points k inside a box B becomes
XX
X
uB (x) ≈
αtAB (x)βtAB (k)g(k) =
αtAB (x)δtAB ,
k∈B

t

t

for x ∈ A,

(20)
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where
δtAB :=

X

βtAB (k)g(k).

(21)

k∈B

The case that the box B represents the whole domain K is of particular interest, since
it corresponds to the original problem. Therefore, if we can find the set of interaction
coefficients δtAB relative to all admissible couples of boxes (A, B) with B = K, our
problem will be solved.

Butterfly structure
The coefficients δtAB for B = K are however not readily available. The so-called
butterfly algorithm turns out to be an appropriate tool. The butterfly algorithm was
introduced by (11), and generalized by (13) and (3). Different applications include
sparse Fourier transform (21), and radar imaging (4). (4) also provide a complete
error analysis of the method introduced by (3).
The idea of the butterfly algorithm is to obtain δtAB for B = K at the last step of
a hierarchical construction of all the coefficients δtAB for all pairs of admissible boxes
(A, B) belonging to a quad tree structure. The algorithm starts with very small boxes
B, where δtAB are easily computed by direct summation, and gradually increases the
sizes of the boxes B in a multiscale fashion. In tandem, the sizes of the boxes A where
uB is evaluated must decrease to respect the admissibility of each couple (A, B). The
computation then mostly consists in updating coefficients δtAB from one scale to the
next — from finer to coarser B boxes, and from coarser to finer A boxes.
The main data structure underlying the algorithm is a pair of quad trees TX and
TK . The tree TX has [0, 1] × [0, 1] as its root box (level 0) and is built by recursive,
dyadic partitioning until level L = log N , where the finest boxes are of sidelength
1/N . The tree TK is built similarly but in the opposite direction. Figure 2 shows
such a partition for N = 4. A crucial property of this structure is that at arbitrary
level l, the sidelengths of a box A in TX and a box B in TK always satisfy
w(A)w(B) =

1 1
1
=
;
2l 2L−l
N

(22)

thus a low-rank approximation of the kernel e2πiΦ(x,k) is available at every level of the
tree, for every couple of admissible boxes (A, B).

Fast butterfly algorithm
With the previously introduced low-rank approximations and the butterfly structure,
we are ready to describe the fast algorithm. Our goal is to approximate δtAB , definition
21, so as to get uB (x), definition 19, by traversing the tree structure (Figure 2) from
top to bottom on the X side, and from bottom to top on the K side. This can be
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TK
l=0

A

l=2

l=1

l=1

l=2

B

l=0

Top down

Bottom up

Figure 2: The butterfly quad tree structure for the special case of N = 4.
butterfly/. tree

done in five major steps. To avoid too much technical detail, we deliberately defer the
complete derivation of the algorithm until the appendix, and only summarize here
the final updating formulas for each step.
1. Initialization. At level l = 0, let A be the root box of TX . For each leaf box
B ∈ TK , construct the coefficients {δtAB } by
B

δtAB = e−2πiΦ(x0 (A),kt )

X


2πiΦ(x0 (A),k)
g(k) .
LB
t (k)e

(23)

k∈B

2. Recursion. At l = 1, 2, ..., L/2, for each pair (A, B), let Ap be A’s parent
and {Bc , c = 1, 2, 3, 4} be B’s children from the previous level. Update {δtAB } from
A B
{δt0 p c } by
δtAB

=e

−2πiΦ(x0 (A),kB
t )

XX

c ) Ap Bc
Bc 2πiΦ(x0 (A),kB
t0 δ 0
LB
t (kt0 )e
t



.

(24)

t0

c

3. Switch. At middle level l = L/2, for each (A, B) compute the new set of
coefficients {δtAB } from the old set {δsAB } by
δtAB =

X
s

A

B

e2πiΦ(xt ,ks ) δsAB .

(25)
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4. Recursion. At l = L/2 + 1, ..., L, for each pair (A, B), update {δtAB } from
A B
{δt0 p c } of the previous level by

X A
X
A
A
−2πiΦ(xt0 p ,k0 (Bc )) Ap Bc
Lt0 p (xA
)e
δ
.
(26)
δtAB =
e2πiΦ(xt ,k0 (Bc ))
0
t
t
c

t0

5. Termination. Finally at level l = L, B is the entire domain K. For every box
A in X and every x ∈ A, compute u(x) by

X
A
−2πiΦ(xA
,k0 (B)) AB
2πiΦ(x,k0 (B))
t
Lt (x)e
δt
.
(27)
u(x) = e
t

Numerical complexity and accuracy
To analyze the algorithm’s numerical complexity, let us assume the numbers of Chebyshev points in every box and every dimension of K and X are all equal to a small
constant q, i.e., qk1 = qk2 = qx1 = qx2 = q and r ≡ q 2 . The main workload of
the fast butterfly algorithm is in Steps 2 and 4. For each level, there are N 2 pairs
of boxes (A, B), and the operations between each A and B is O(r2 ), which can be
3/2
further reduced to O(r ) by performing Chebyshev interpolation one dimension at
3/2
a time. Since there are log N levels, the total cost is O(r N 2 log N ). It is not
difficult to see that Step 3 takes O(r2 N 2 ), and Steps 1 and 5 take O(r Nf Nh ) and
O(r Nτ Np ) operations. Considering the initial Fourier transform of preparing data
in the (f, h) domain, we conclude that the overall complexity of the algorithm is
3/2
O(Nh Nt log Nt + r N 2 log N + r2 N 2 + r (Nf Nh + Nτ Np )). The analysis in (3) shows
that the relation between r and error  is r = O(log4 (1/)). We would like to mention that this is only the worst case estimate. Numerical results in the same paper
demonstrate that the dependence of r on log(1/) is rather moderate in practice.
In comparison, the conventional velocity scan requires at least O(Nτ Np Nh ) computations, which quickly becomes a burden as the problem size increases. Yet the
efficiency of our algorithm is mainly controlled by O(N 2 log N ) with a constant polylogarithmic in , where N depends neither on data size nor on data content (here
we mean the data after the Fourier transform). Since the Chebyshev interpolation is
only performed on the kernel, our choice of parameters (N and number of Chebyshev
points) relies on the preknowledge about the range of f , h, τ , and p. In other words,
we need a general idea about how oscillate the kernel is. Recall that everything is
mapped to a unit square, so the larger the range of Φ(x, k) is, the more oscillations
occur in the unit square. If the original data (data before the Fourier transform)
contain high frequency information, the accuracy will be affected as the frequency
bandwidth is now larger. A possible way to get around it is to divide the Fourier
domain into two or three smaller subdomains (so the range of f in each subdomain
is smaller than the original problem), and apply the fast algorithm to each part separately, finally add the results back together. This only increases the cost by a small
factor, but presumably offers better accuracy.
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NUMERICAL EXAMPLES
In this section we provide several numerical examples to illustrate the empirical properties of the fast butterfly algorithm. To check the results qualitatively, we compare
with the velocity scan method (the nearest neighbor interpolation is used to minimize
the interpolation cost); to test the results quantitatively, however, it makes more sense
to compare with the direct evaluation of equation 3, since the fast algorithm is to
speed up this summation in the frequency domain, whereas the velocity scan computes a slightly different sum in the time domain, which may contain interpolation
artifacts.
There is no general rule for selecting parameters N , qk1 , qk2 , ... The larger N
is, the fewer Chebyshev points are needed, and vice versa. In practice, parameters
can be tuned to achieve the best efficiency and accuracy trade-off. For simplicity,
in the following examples N and qk1 , qk2 , qx1 , qx2 are chosen such that the relative
error between the fast algorithm and the direct computation of equation 3 is about
O(10−2 ). These combinations are not necessarily optimal in terms of efficiency.

Synthetic data — square sampling
We start with a simple 2D example of square sampling. Figure 9(a) is a synthetic
CMP gather sampled on Nt = Nh = 1000. Figure 4 shows the absolute value of
its Fourier transform on time axis. These band-limited data allow us to shorten the
computational range for f , which can be crucial as N depends on this range. In
model space, the sampling sizes are chosen as Nτ = Np = 1000. Figure 5 is the
output of the fast butterfly
algorithm for N = 32, qk1 = qk2 = qx1 = qx2 = 9 (here
p
2
2
the range of Φ = f τ + p h2 is about 125). Figure 6 is the output of the velocity
scan. The two methods yield nearly the same results. The fast algorithm runs in
only 1.75 s of CPU time, while the velocity scan takes about 37 s. In Figure 6(e), we
plot the difference between the results of the fast algorithm and the direct evaluation
of equation 3, where the relative error is 0.0178. For reference, if we let N = 64 and
run the same test, the error decreases to O(10−3 ) and the running time is 3.63 s.

Synthetic data — rectangular sampling
We now make two synthetic datasets using rectangular sampling Nt = 4000, Nh =
400. The first one (Figure 8) has the same range as the previous example (Figure
9(a)), while the second one (Figure 9) doubles the range of time and offset. Results
of the fast algorithm are shown in Figures 10 and 11. The purpose of showing these
two examples is to demonstrate that the choice of N does not depend on the problem
size, but rather on the range of parameters — for the data in p
Figure 9, one has to
increase N to preserve the same accuracy (the range of Φ = f τ 2 + p2 h2 is about
125 for the first dataset, and 250 for the second one).
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Figure 3: 2D synthetic CMP gather. Nt = Nh = 1000. ∆t = 0.004 s, ∆h = 0.005
km. butterfly/synth2D-1-timer data
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Figure 4: The Fourier transform (absolute value) on time axis of the synthetic data
in Figure 9(a). butterfly/synth2D-1-timer fftabs
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Figure 5: Nτ = Np = 1000. Output of the fast butterfly algorithm applied to the
synthetic data in Figure 9(a). N = 32, qk1 = qk2 = qx1 = qx2 = 9. CPU time: 1.75 s.
Purple curve overlaid is the true slowness. butterfly/synth2D-1-timer fmod
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Figure 6: Nτ = Np = 1000. Output of the velocity scan applied to the synthetic
data in Figure 9(a). CPU time: 37.23 s. Purple curve overlaid is the true slowness.
butterfly/synth2D-1-timer dimod
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Figure 7: Difference between the results of the fast algorithm and the direct evaluation
of equation 3 plotted at the same scale as in Figure 5. butterfly/synth2D-1-timer diff
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Figure 8: 2D synthetic CMP gather. Nt = 4000, Nh = 400. ∆t = 0.001 s, ∆h =
0.0125 km. butterfly/synth2D-2 data-2
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Figure 9: 2D synthetic CMP gather. Nt = 4000, Nh = 400. ∆t = 0.002 s, ∆h = 0.025
km. butterfly/synth2D-3 data-3
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Figure 10: Nτ = 4000, Np = 400. Output of the fast butterfly algorithm applied
to the synthetic data in Figure 8. N = 32, qk1 = qk2 = qx1 = qx2 = 9. CPU time:
2.46 s. Ref: CPU time of velocity scan: 21.84 s. Purple curve overlaid is the true
slowness. butterfly/synth2D-2 fmod-2
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Figure 11: Nτ = 4000, Np = 400. Output of the fast butterfly algorithm applied
to the synthetic data in Figure 9. N = 64, qk1 = qk2 = qx1 = qx2 = 9. CPU time:
4.35 s. Ref: CPU time of velocity scan: 21.93 s. Purple curve overlaid is the true
slowness. butterfly/synth2D-3 fmod-3
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Synthetic data — irregular sampling
Going back to the five steps of the butterfly algorithm, it is clear that the input data
g(k) is only involved at the very first step. Besides, for every (A, B) the operation
connecting g(k) and δtAB amounts to a matrix-vector multiplication (see equation 23),
which does not at all require the input data to be uniformly distributed (the same
argument applies to the output data u(x)). Therefore, our algorithm can be easily
extended to handle the following problem:
ZZ
q
(28)
(Rd)(τ, p) =
d( τ 2 + p2 (h21 + h22 ), h1 , h2 ) dh1 dh2 ,
where d(t, h1 , h2 ) is a 3Dpfunction. All we need is to introduce a new variable for
the absolute offset h = h21 + h22 , and reorder the values d(t, h1 , h2 ) according to
h. Figure 12 shows such synthetic data sampled on Nt = 1000, Nh1 = Nh2 = 128.
The output is obtained on Nτ = 1000, Np = 128. The fast algorithm (Figure 13)
runs inponly 1.67 s for N = 64, qk1 = qk2 = qx1 = qx2 = 5 (here the range of
Φ = f τ 2 + p2 (h21 + h22 ) is about 162), while the velocity scan (Figure 14) takes
more than 125 s.

Field data
We now consider a 2D field seismic gather shown in Figure 6(a). Its Fourier transform
is shown in Figure 16. Due to the comparatively p
wide frequency bandwidth, N
cannot be chosen too small (here the range of Φ = f τ 2 + p2 h2 is about 306). The
input sampling sizes are Nt = 1500, Nh = 240, while the output sizes are chosen as
Nτ = 1500, Np = 800. Although this small dataset is not very suitable for showcasing
the fast algorithm, our method runs in 6.62 s for N = 128, qk1 = qx1 = 7, qk2 = qx2 = 5
(Figure 17), still outperforming the velocity scan which takes about 10 s (Figure 18).
Note that the simplest interpolation is used in the velocity scan, any other higher
order interpolation should take longer computation time.

Computing the adjoint operator
The last example is concerned with the computation of the adjoint of the hyperbolic
Radon transform. Assuming m(τ, p) and d(t, h) are two arbitrary functions (in the
discrete sense) in the model domain and data domain, if we require
hm(τ, p), (Rd)(τ, p)i = h(R∗ m)(t, h), d(t, h)i,
where (Rd)(τ, p) is given by equation 3, the inner product h·, ·i is defined as
X
hg1 (x, y), g2 (x, y)i =
g1 (x, y) g2 (x, y), ∀g1 (x, y), g2 (x, y);
x,y

(29)

(30)
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Figure 12: 3D synthetic CMP gather. Nt = 1000, Nh1 = Nh2 = 128. ∆t = 0.004 s,
∆h1 = ∆h2 = 0.08 km. butterfly/synth2D-4 data-4
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Figure 13: Nτ = 1000, Np = 128. Output of the fast butterfly algorithm applied to
the synthetic data in Figure 12. N = 64, qk1 = qk2 = qx1 = qx2 = 5. CPU time: 1.67
s. Purple curve overlaid is the true slowness. butterfly/synth2D-4 fmod-4
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Figure 14: Nτ = 1000, Np = 128. Output of the velocity scan applied to the synthetic
data in Figure 12. CPU time: 125.54 s. Purple curve overlaid is the true slowness.
butterfly/synth2D-4 dimod-4
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Figure 15: 2D field CMP gather. Nt = 1500, Nh = 240. ∆t = 0.004 s, ∆h = 0.0125
km. butterfly/field2 samiss
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Figure 16: The Fourier transform (absolute value) on time axis of the field data in
Figure 6(a). butterfly/field2 fftabs-f
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Figure 17: Nτ = 1500, Np = 800. Output of the fast butterfly algorithm applied to
the field data in Figure 6(a). N = 128, qk1 = qx1 = 7, qk2 = qx2 = 5. CPU time: 6.62
s. butterfly/field2 fmod-f
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Figure 18: Nτ = 1500, Np = 800. Output of the velocity scan applied to the field
data in Figure 6(a). CPU time: 9.91 s. butterfly/field2 dimod-f
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then it is easy to verify that the adjoint operator R∗ is given by

(R∗ m)(t, h) = Ff−1
→t

X

e−2πif

√

!
τ 2 +p2 h2

m(τ, p) ,

(31)

τ,p

where Ff−1
→t is the inverse Fourier transform from variable f to t. The summation
in equation 31 again resembles an oscillatory integral operator, therefore the fast
algorithm for computing R applies with minor modifications. The computational
cost remains the same.
We consider still the first example and apply the (discrete) adjoint operators of
the fast butterfly algorithm and the velocity scan respectively to the data in Figures
5 and 6. The two methods produce similar results (see Figures 19, 20). It is also clear
that the adjoint is far from the inverse, at least for this geometry, hence some kind
of least-squares implementation is needed for inversion process.
To further verify that the numerically computed R∗ is the adjoint operator of R,
one can compare the values of hRd, Rdi and hR∗ Rd, di for arbitrary d. Indeed, the
proposed algorithm passed this dot-product test with a relative error of O(10−7 ) in
single precision.

CONCLUSIONS
We constructed a fast butterfly algorithm for the hyperbolic Radon transform, a type
of generalized Radon transforms. Compared with expensive integration in the time
domain, the new method runs in only O(N 2 log N ) operations, where N depends on
the range of frequency and offset in the dataset and the range of intercept time and
slowness in the model space, and can often be chosen smaller than the grid size. In
practice, this may lead to speedup of several orders of magnitude. Our ongoing work
is studying the performance of this fast solver on the sparse iterative inversion of the
hyperbolic Radon transform applied to multiple attenuation.
Due to the generality of the butterfly algorithm, its application is not limited to
the hyperbolic transform considered here. Using a different phase function, one can
easily extend the algorithm to higher-order transforms. If the slowness or velocity
range is not constant but a corridor around a central function, then a sparse butterfly
algorithm can be designed to save the cost by building the quad tree adaptively.
Furthermore, many of the Radon-like integral operators, such as Kirchhoff migration,
the apex-shifted Radon transform, the anisotropic multiparameter velocity scan, etc.,
can be reformulated in a similar fashion as we did in this paper. To address these
extensions, a 3D version of the butterfly algorithm might be more appropriate.
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Figure 19: Output of the adjoint fast butterfly algorithm applied to the data in Figure
5. N = 32, qk1 = qk2 = qx1 = qx2 = 9. butterfly/synth2D-1-timer fdat
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Figure 20: Output of the adjoint velocity scan applied to the data in Figure 6.
butterfly/synth2D-1-timer didat

260

Fomel

TCCS-6

ACKNOWLEDGMENTS
We are grateful to Tariq Alkhalifah, Anatoly Baumstein, Ian Moore, Daniel Trad, and
the anonymous reviewer for their valuable comments and suggestions. We thank Dr.
Alexander Klokov for preprocessing the field data. We thank KAUST and sponsors of
the Texas Consortium for Computational Seismology (TCCS) for financial support.

APPENDIX A
THE MATHEMATICAL DERIVATION OF THE FAST
BUTTERFLY ALGORITHM
This appendix gives a complete derivation and description of the butterfly algorithm,
which combines the low-rank approximations and the butterfly structure introduced
in the main text. For more mathematical exposition, the reader is referred to (3).
To facilitate the presentation, we add a new figure (Figure A-1) to illustrate the
notations.
1. Initialization. At level l = 0, let A be the root box
box
√ of TX . For each leaf
AB
B ∈ TK , expressions 9 and 10 are valid as w(B) ≤ 1/ N . Substituting βt (in
equation 10) into the definition of δtAB , equation 21, we get
X

B
2πiΦ(x0 (A),k)
δtAB = e−2πiΦ(x0 (A),kt )
LB
g(k) ,
(A-1)
t (k)e
k∈B

i.e. the equation 23 in the main text. In addition, for x ∈ A, the partial sum uB (x)
in equation 20 is given by (with αtAB (in equation 9) plugged in)
X
B
uB (x) ≈
e2πiΦ(x,kt ) δtAB .
(A-2)
t

Comparing the right hand sides of equations 19 and A-2, if we call g(k) the sources
at k, then coefficients δtAB are just like the equivalent sources at kB
t . This initial
step is to redistribute the original sources g(k) located at k (denoted by blue dots in
Figure A-1) to equivalent sources δtAB located at Chebyshev grid kB
t (not shown in
AB
the figure). We next aim at updating δt until the end level L.
2. Recursion. At l = 1, 2, ..., L/2, for each pair (A, B), let Ap be A’s parent and
{Bc , c = 1, 2, 3, 4} be B’s children from the previous level (see Figure A-1). For each
child Bc , we have available from the previous level an approximation of the form
X
Bc
A B
uBc (x) ≈
e2πiΦ(x,kt0 ) δt0 p c , for x ∈ Ap .
(A-3)
t0

Summing over all children gives
XX
Bc
A B
uB (x) ≈
e2πiΦ(x,kt0 ) δt0 p c ,
c

t0

for x ∈ Ap .

(A-4)
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Since A ⊂ Ap , this is of course true for any x ∈ A. Also we know that equation 17
c
holds for kB
t0 ∈ B, i.e.,
Bc

e2πΦ(x,kt0 ) ≈

X

B

c
e2πiΦ(x,kt ) βtAB (kB
t0 ),

for x ∈ A.

(A-5)

t

Inserting it into expression A-4 yields
XXX
B
Ap B c
c
uB (x) ≈
e2πiΦ(x,kt ) βtAB (kB
,
t0 )δt0
c

t0

for x ∈ A.

(A-6)

t

On the other hand, uB (x) admits a low-rank approximation of equivalent sources at
the current level,
X
B
uB (x) ≈
e2πiΦ(x,kt ) δtAB , for x ∈ A.
(A-7)
t

Equating expressions A-6 and A-7 suggests that we can take
XX
Ap Bc
c
δtAB =
βtAB (kB
.
t0 )δt0

(A-8)

t0

c

Substituting βtAB (in equation 10), we get

XX
c ) Ap Bc
B
Bc 2πiΦ(x0 (A),kB
t0 δ 0
δtAB = e−2πiΦ(x0 (A),kt )
,
LB
(k
)e
0
t
t
t

(A-9)

t0

c

i.e. the equation 24 in the main text.
3. Switch. A switch of the representation to expressions 11 and 12 is needed at
the middle level l = L/2 since expressions 9 and 10 are no longer √
valid as soon as
l > L/2 (boxes B are getting bigger and bigger so that w(B) ≤ 1/ N is no longer
satisfied). Plugging βtAB (in equation 12) into the definition of δtAB , equation 21, one
has
X
A
δtAB =
e2πΦ(xt ,k) g(k) = uB (xA
(A-10)
t );
k∈B

from expression A-7,
uB (xA
t ) ≈

X

A

B

e2πiΦ(xt ,ks ) δsAB ,

(A-11)

s

where we use {δtAB } to denote the new set of coefficients and {δsAB } the old set.
Equating expressions A-10 and A-11, we can set δtAB as
δtAB =

X

A

B

e2πiΦ(xt ,ks ) δsAB ,

(A-12)

s

i.e. the equation 25 in the main text. This middle step is to switch from equivalent
AB
sources δsAB located at Chebyshev grid kB
s on the K side to equivalent sources δt
A
located at Chebyshev grid xt on the X side.

262

Fomel

TCCS-6

4. Recursion. The rest of the recursion is analogous to Step 2. For l = L/2 +
1, ..., L, we have
XX A B
A B
uB (x) ≈
αt0 p c (x)δt0 p c , for x ∈ Ap ,
(A-13)
c

t0

thus
uB (xA
t ) ≈

XX

A B

A B

p c
αt0 p c (xA
;
t )δt0

recalling expression A-10, one can simply set
XX A B
Ap Bc
δtAB =
αt0 p c (xA
.
t )δt0

(A-15)

t0

c

Inserting αtAB (in equation 11) gives the update

X
X A
A
A
−2πiΦ(xt0 p ,k0 (Bc )) Ap Bc
δtAB =
e2πiΦ(xt ,k0 (Bc ))
Lt0 p (xA
)e
δ
,
t
t0
c

(A-14)

t0

c

(A-16)

t0

i.e. the equation 26 in the main text.
5. Termination. Finally we reach the level l = L, and B is the entire domain K.
For every box A in X and every x ∈ A,
X
u(x) = uB (x) ≈
αtAB (x)δtAB .
(A-17)
t

Plugging in αtAB (in equation 11), we get

X
−2πiΦ(xA
t ,k0 (B)) δ AB
u(x) = e2πiΦ(x,k0 (B))
LA
(x)e
,
t
t

(A-18)

t

i.e. the equation 27 in the main text. This final step is to transform the equivalent
sources δtAB located at Chebyshev grid xA
t back to the targets u(x) located at x
(denoted by red dots in Figure A-1).
In the above algorithm, L = log N is assumed to be an even number. If L is
odd, one can either switch at level (L − 1)/2 or (L + 1)/2. Everything else remains
unchanged.
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TK

Bc Bc
Bc Bc

l=1

A

B

l=2

Figure A-1: The butterfly structure for the special case of N = 4. The top right
panel represents the input domain K with sources g(k) located at k (blue dots). The
bottom left panel represents the output domain X with targets u(x) located at x
(red dots). For the pair of boxes (A, B) at level l = 1, box Ap is called A’s parent at
the previous level; four small boxes Bc are called B’s children at the previous level.
butterfly/. illus
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Seismic data interpolation beyond aliasing using
regularized nonstationary autoregression
Yang Liu∗ , Sergey Fomel†∗

ABSTRACT
Seismic data are often inadequately or irregularly sampled along spatial axes.
Irregular sampling can produce artifacts in seismic imaging results. We present
a new approach to interpolate aliased seismic data based on adaptive predictionerror filtering (PEF) and regularized nonstationary autoregression. Instead of
cutting data into overlapping windows (patching), a popular method for handling
nonstationarity, we obtain smoothly nonstationary PEF coefficients by solving a
global regularized least-squares problem. We employ shaping regularization to
control the smoothness of adaptive PEFs. Finding the interpolated traces can
be treated as another linear least-squares problem, which solves for data values
rather than filter coefficients. Compared with existing methods, the advantages of
the proposed method include an intuitive selection of regularization parameters
and fast iteration convergence. Benchmark synthetic and field data examples
show that the proposed technique can successfully reconstruct data with decimated or missing traces.

INTRODUCTION
The regular and fine sampling along the time axis is common, whereas good spatial
sampling is often more expensive or prohibitive and therefore is the main bottleneck
for seismic resolution. Too large a spatial sampling interval may lead to aliasing
problems that adversely affect the resolution of subsurface images. An alternative to
expensive dense spatial sampling is interpolation of seismic traces. One important
approach to trace interpolation is prediction interpolating methods (23), which use
low-frequency non-aliased data to extract antialiasing prediction-error filters (PEFs)
and then interpolates high frequencies beyond aliasing. (3) extends Spitz’s method
using PEFs in the t-x domain. (22) proposes a half-step PEF scheme that makes
the interpolation process more efficient. (18) and (25) extend f -x trace interpolation
to higher spatial dimensions. (16) introduces an algorithm similar to f -x prediction
filtering, which has an elegant representation in the f -k domain. (10) uses multidimensional nonstationary PEFs to interpolate diffracted multiples. (19) propose an
adaptive f -x interpolation using exponentially weighted recursive least squares. More
recently, (20) propose a prediction approach similar to Gulunay’s method but using
∗

e-mail: sergey.fomel@beg.utexas.edu
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the curvelet transform instead of the Fourier transform. (2) compare the performance
of several different interpolation methods.
Correcting irregular spatial sampling is another application for seismic data interpolation algorithms. A variety of interpolation methods have been published in the
recent years. One approach is to estimate the PEF on multiple rescaled copies of the
irregular data (8), where the data are rescaled with a number of progressively-larger
bin sizes. (9) further improves the rescaling method by introducing multiple scales of
the data where the location of the grid cells are varied in addition to the size of the
cells. (11) use pseudo-primary data by crosscorrelating multiples and primaries to
estimate nonstationary PEF and then interpolated missing near offsets. (21) propose
autoregressive spectral estimates to reconstruct aliased data and data with gaps.
Seismic data are nonstationary. The standard PEF is designed under the assumption of stationary data and becomes less effective when this assumption is violated
(3). Cutting data into overlapping windows (patching) is a common method to handle nonstationarity (5), although it occasionally fails in the presence of variable dips.
(7) propose smoothly-varying nonstationary PEFs with “micropatches” and radial
smoothing, which typically produces better results than the rectangular patching approach. (13) develops a nonstationary plane-wave destruction (PWD) filter as an
alternative to t-x PEF (3) and applies the PWD operator to trace interpolation. The
PWD method depends on the assumption of a small number of smoothly variable seismic dips. (8) uses Laplacian and radial rougheners to ensure a nonstationary PEF
that varies smoothly in space, which specifies an appropriate regularization operator.
In this paper, we use the two-step strategy, similar to that of (3) and (7), but
calculate the adaptive PEF by using regularized nonstationary autoregression (15) to
handle both nonstationarity and aliasing. The key idea is the use of shaping regularization (14) to constrain the spatial smoothness of filter coefficients. We provide
an approach to nonstationary data interpolation, which has an intuitive selection of
parameters and fast iteration convergence. We test the new method by using several
benchmark synthetic examples. Results of applying the proposed method to a field
data example demonstrate that it can be effective in trace interpolation problems,
even in the presence of multiple strongly variable slopes.

THEORY
A common constraint for interpolating missing seismic traces is to ensure that the
interpolated data, after specified filtering, have minimum energy (3). Filtering is
equivalent to spectral multiplication. Therefore, specified filtering is a way of prescribing a spectrum for the interpolated data. A sensible choice is a spectrum of the
recorded data, which can be captured by finding the data’s PEF (23; 6). The PEF,
also known as the autoregression filter, plays the role of the ‘inverse-covariance matrix’ in statistical estimation theory. A signal is regressed on itself in the estimation of
PEF. The PEF can be implemented in either t-x (time-space) or f -x (frequency-space)
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domain. Time-space PEFs are less likely to create spurious events in the presence of
noise than f -x PEFs (1; 6). When data interpolation is cast as an inverse problem,
a PEF can be used to find missing data. This involves a two-step approach. In the
first step, a PEF is estimated by minimizing the output of convolution of known data
with an unknown PEF. In the second step, the missing data is found by minimizing
the convolution of the recently calculated PEF with the unknown model, which is
constrained where the data are known (9).

Step 1: Adaptive PEF estimation
Regular trace interpolation
An important property of PEFs is scale invariance, which allows estimation of PEF
coefficients An (including the leading “−1” and prediction coefficients Bn ) for incomplete aliased data S(t, x) that include known traces Sknown (t, xk ) and unknown or
zero traces Szero (t, xz ). For trace decimation, zero traces interlace known traces. To
avoid zeroes that influence filter estimation, we interlace the filter coefficients with
zeroes. For example, consider a 2-D PEF with seven prediction coefficients:
B3 B4 B5 B6 B7
·
· −1 B1 B2

(1)

Here, the horizontal axis is time, the vertical axis is space, and “·” denotes zero.
Rescaling both time and spatial axes assumes that the dips represented by the original
filter in equation 1 are the same as those represented by the scaled filter (3):
B3 · B4 · B5 · B6 · B7
· · · · · · · · ·
· · · · −1 · B1 · B2

(2)

For nonstationary situations, we can also assume locally stationary spectra of the
data because trace decimation makes the space between known traces small enough,
thus making adaptive PEFs locally scale-invariant. For estimating adaptive PEF
coefficients, nonstationary autoregression allows coefficients Bn to change with both
t and x. The new adaptive filter can look something like
B3 (t, x) · B4 (t, x) · B5 (t, x) · B6 (t, x) · B7 (t, x)
·
·
·
·
·
·
·
·
·
·
·
·
·
−1
· B1 (t, x) · B2 (t, x)

(3)

In other words, prediction coefficients Bn (t, x) are obtained by solving the leastsquares problem,
cn (t, x) = arg min kS(t, x) −
B
Bn

+2

N
X
n=1

N
X

Bn (t, x)Sn (t, x)k22

n=1

kD[Bn (t, x)]k22 ,

(4)
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where Sn (t, x)=S(t − m i ∆ t, x − m j ∆ x), which represents the causal translation of
S(t, x), with time-shift index i and spatial-shift index j scaled by decimation interval
m. Note that predefined constant m uses the interlacing value as an interval; i.e., the
shift interval equals 2 in equation 3. Subscript n is the general shift index for both time
and space, and the total number of i and j is N . D is the regularization operator,
and  is a scalar regularization parameter. All coefficients Bn (t, x) are estimated
simultaneously in a time/space variant manner. This approach was described by
(15) as regularized nonstationary autoregression (RNA). If D is a linear operator,
least-squares estimation reduces to linear inversion
b = A−1 d ,

(5)

where
b=
d=





B1 (t, x) B2 (t, x) · · ·

BN (t, x)

S1 (t, x) S(t, x) S2 (t, x) S(t, x) · · ·

T

,

SN (t, x) S(t, x)

(6)
T

,

(7)

and the elements of matrix A are
Ank (t, x) = Sn (t, x) Sk (t, x) + 2 δnk DT D .

(8)

Shaping regularization (14) incorporates a shaping (smoothing) operator G instead of D and provides better numerical properties than Tikhonov’s regularization
(24) in equation 2 (15). Inversion using shaping regularization takes the form
b,
b −1 d
b=A

(9)

where
b=
d



G [S1 (t, x) S(t, x)] G [S2 (t, x) S(t, x)] · · ·

G [SN (t, x) S(t, x)]

T

,

(10)

b are
the elements of matrix A


bnk (t, x) = λ2 δnk + G Sn (t, x) Sk (t, x) − λ2 δnk ,
A

(11)

and λ is a scaling coefficient. One advantage of the shaping approach is the relative
ease of controlling the selection of λ and G in comparison with  and D. We define
G as Gaussian smoothing with an adjustable radius, which is designed by repeated
application of triangle smoothing (14), and choose λ to be the mean value of Sn (t, x).
Coefficients Bn (t, xz ) at zero traces Szero (t, xz ) get constrained (effectively smoothly
interpolated) by regularization. The required parameters are the size and shape of
the filter Bn (t, x) and the smoothing radius in G.
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Missing data interpolation
Irregular gaps occur in the recorded data for many different reasons, and predictionerror filters are known to be a powerful method for interpolating missing data. Missing
data interpolation is a particular case of data regularization, where the input data
are already given on a regular grid, and one needs to reconstruct only the missing
values in empty bins (12). One can use existing traces to directly estimate adaptive
PEF coefficients instead of scaling the filter as in regular trace interpolation problem.
However, finding the adaptive PEF needs to avoid using any regression equations that
involve boundaries or missing data. This can be achieved by creating selection mask
operator K(t, x), a diagonal matrix with ones at the known data locations and zeros
elsewhere, for both causal translations and input data (5).
Analogously to the stationary prediction-error filter (1), adaptive PEF coefficients
Bn (t, x) use the unscaled format and appear as
B3 (t, x) B4 (t, x) B5 (t, x) B6 (t, x) B7 (t, x)
·
·
−1
B1 (t, x) B2 (t, x)

(12)

The nonstationary coefficients Bn (t, x) can be obtained by solving the least-squares
problem
cn (t, x) = arg min kK(t, x)[S(t, x) −
B
Bn

+2

N
X

N
X

Bn (t, x)Sn (t, x)]k22

n=1

kD[Bn (t, x)]k22 .

(13)

n=1

where Sn (t, x) = S(t − i, x − j). By using shaping regularization, adaptive PEF
coefficients are smoothly filled at missing trace locations.

Step 2: Data interpolation with adaptive PEF
In the second step, a similar problem is solved, except that the filter is known, and
the missing traces are unknown. In the decimated-trace interpolation problem, we
squeeze (by throwing away alternate zeroed rows and columns) the filter in equation 3
to its original size and then formulate the least-squares problem,
b x) = arg min kS(t, x) −
S(t,
S

N
X

cn (t, x)Sn (t, x)k2 ,
B
2

(14)

n=1

subject to
b xk ) = Sknown (t, xk ) ,
S(t,

(15)

b x) represents the interpolated output, and i and j use the original shift as
where S(t,
the interval; i.e., the shift interval equals 1.
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We carry out the minimization in equations 2, 13, and 14 by the conjugate gradient
method (17). The constraint condition (equation 15) is used as the initial model and
constrains the output by using the known traces for each iteration in the conjugategradient scheme. The computational cost is proportional to Niter × Nf × Nt × Nx ,
where Niter is the number of iterations, Nf is the filter size, and Nt × Nx is the
data size. In our tests, Nf and Niter were approximately equal to 100. Increasing
the smoothing radius in shaping regularization decreases Niter in the filter estimation
step.

SYNTHETIC DATA TESTS
Aliasing decimated-trace interpolation test
We start with a strongly aliased synthetic example from (4). The sparse spatial
sampling makes the gather severely aliased, especially at the far offset positions (Figure 1a). For comparison, we used PWD (13) to interpolate the traces (Figure 1b).
Interpolation with PWD depends on dip estimation. In this example, the true dip is
non-negative everywhere and is easily distinguished from the aliased one. Therefore,
the PWD method recovers the interpolated traces well. However, in the more general case, an additional interpretation may be required to determine which of the dip
components is contaminated by aliasing. According to the theory described in the
previous section, the PEF-based methods use the lower (less aliased) frequencies to
estimate PEF coefficients, and then interpolate the decimated traces (high-frequency
information) by minimizing the convolution of the scale-invariant PEF with the unknown model, which is constrained where the data is known. We designed adaptive
PEFs using 10 (time) × 2 (space) coefficients for each sample and a 50-sample (time)
× 2-sample (space) smoothing radius and then applied them so as to interpolate
the aliased trace. The nonstationary autoregression algorithm effectively removes all
spatial aliasing artifacts (Figure 1c). The proposed method compares well with the
PWD method. The CPU times, for single 2.66GHz CPU used in this example, are
20 seconds for adaptive PEF estimation (step 1) and 2 seconds for data interpolation
(step 2).

Abma decimated-trace interpolation tests
A benchmark example created by Raymond Abma (personal communication) shows
a simple curved event (Figure 2a). The challenge in this example is to account for
both nonstationarity and aliasing. Figure 2b shows the interpolated result using
Claerbout’s stationary t-x PEF, which was estimated and applied in one big window,
with each PEF coefficient Bn constant at every data location. Note that the t-x
PEF method can recover the aliasing trace only in the dominant slope range. The
trace-interpolating result using regularized nonstationary autoregression is shown in
Figure 2c. The adaptive PEF has 20 (time) × 3 (space) coefficients for each sample
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Figure 1: Aliased synthetic data (a), trace interpolation with plane-wave destruction (b), and trace interpolation with regularized nonstationary autoregression (c).
Three additional traces were inserted between each of the neighboring input traces.
apefint/alias jaliasp,dealias,jamiss
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and a 20-sample (time) × 3-sample (space) smoothing radius. The proposed method
eliminates all nonstationary aliasing and improves the continuity of the curved event.
(2) present a comparison of several algorithms used for trace interpolation. We
chose the most challenging benchmark Marmousi example from Abma and Kabir to
illustrate the performance of RNA interpolation. Figure 3a shows a zero-offset section
of the Marmousi model, in which curved events violate the assumptions common for
most trace-interpolating methods. Figure 3b shows that our method produces reasonable results for both curved and weak events and does not introduce any undesirable
noise. The adaptive PEF parameters correspond to 7 (time) × 5 (space) coefficients
for each sample and a 40-sample (time) × 30-sample (space) smoothing radius.

Missing-trace interpolation test
A missing trace test is shown in Figure 4a and comes from decimated-trace interpolation result (Figure 2c) after removing 70% of randomly selected traces. The curved
event makes it difficult to recover the missing traces. The interpolated result is shown
in Figure 4b, which uses a regularized adaptive PEF with 4 (time) × 2 (space) coefficients for each sample and a 50-sample (time) × 10-sample (space) smoothing radius.
In the interpolated result, it is visually difficult to distinguish the missing trace locations, which is an evidence of successful interpolation. The filter size along space
direction needs to be small in order to generate enough regression equations.

FIELD DATA EXAMPLES
We use a set of marine 2-D shot gathers from a deepwater Gulf of Mexico survey
(7; 13) to further test the proposed method. Figure 5 shows the data before and after
subsampling in the offset direction. The shot gather has long-period multiples and
complicated diffraction events caused by a salt body. Amplitudes of the events are
not uniformly distributed. Subsampling by a factor of 2 (Figure 5b) causes visible
aliasing of the steeply dipping events. We designed a nonstationary PEF, with 15
(time) × 5 (space) coefficients for each sample and a 50-sample (time) × 20-sample
(space) smoothing radius to handle the variability of events. Figure 6 shows the
interpolation result and the difference between interpolated traces and original traces
plotted at the same clip value. The proposed method succeeds in the sense that it is
hard to distinguish interpolated traces from the interpolation result alone. A close-up
comparison between the original and interpolated traces (Figure 7) shows some small
imperfections. Some energy of the steepest events is partly missing. Coefficients of the
adaptive PEF are illustrated in Figure 8, which displays the first coefficient (B1 ) and
the mean coefficient of Bn , respectively. The filter coefficients vary in time and space
according to the curved events. The interpolated results are relatively insensitive to
the smoothing parameters.
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Figure 2: Curve model (a), trace interpolation with stationary PEF (b), and trace
interpolation with adaptive PEF (c). apefint/ray jcurve,jcscov,jcacov
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Figure 3: Marmousi model (a) and trace interpolation with regularized nonstationary
autoregression (b). apefint/ray jmarm,jmacov
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Figure 4: Curved model (Figure 2c) with 70% randomly selected traces removed (a) and trace interpolation with regularized nonstationary autoregression (b).
apefint/misscurv zero,jamiss
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Figure 5: A 2-D marine shot gather. Original input (a) and input subsampled by a
factor of 2 (b). apefint/sean sean,sean2
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Figure 6: Shot gather after trace interpolation (adaptive PEF with 15 × 5) (a) and
difference between original gather (Figure 5a) and interpolated result (Figure 6a) (b).
apefint/sean samiss,serr
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Figure 7: Close-up comparison of original data (a) and interpolated result by RNA
(b). apefint/sean win,win2

Figure 8: Adaptive PEF coefficients. First coefficient B1 (a) and mean coefficient of
Bn (b). apefint/sean sfcoe,smcoe
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For a missing-trace interpolation test (Figure 9a), we removed 40% of randomly
selected traces from the input data (Figure 5a). Furthermore, the first five traces were
also removed to simulate traces missing at near offset. The adaptive PEF can only
use a small number of coefficients in the spatial direction because of a small number
of fitting equations (where the adaptive PEF lies entirely on known data). However,
it also limits the ability of the proposed method to interpolate dipping events. We
used a nonstationary PEF with 4 (time) × 3 (space) coefficients for each sample
and a 50-sample (time) × 10-sample (space) smoothing radius to handle the missing
trace recovery. The result is shown in Figure 9b. By comparing the results with the
original input (Figure 5a), the missing traces are interpolated reasonably well except
for weaker amplitude of the steeply dipping events.

Figure 9: Field data with 40% randomly missing traces (a), and reconstructed data
using RNA (b). apefint/missing zero,ramiss
An extension of the method to 3-D is straightforward and follows a two-step leastsquares method with 3-D adaptive PEF estimation. We use a set of shot gathers as
the input data volume to further test our method (Figure 10a). We removed 50% of
randomly selected traces and five near offset traces for all shots (Figure 10b). For
comparison, we used PWD to recover the missing traces (Figure 11a). The PWD
method produces a reasonable result after carefully estimating dip information, but
the interpolated error is slightly larger in the diffraction locations. (Figure 11b). The
additional direction provided more information for interpolation but also increased
the number of zeros in the mask operator K(t, x), which constrains enough fitting
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equations in equation 13. To use the available fitting equations for adaptive PEF
estimation, we chose a smaller number of coefficients in the spatial direction. The
proposed method is able to handle conflicting dips, although it does not appear to improve the dipping-event recovery compared to the 2-D case. This characteristic partly
limits the application of RNA in 3-D case. We used a 3-D nonstationary PEF with 4
(time) × 2 (space) × 2 (space) coefficients for each sample and a 50-sample (time) ×
10-sample (space) × 10-sample (space) smoothing radius was selected. Similar to the
result in the 2-D example, Figure 11c shows the interpolation result, in which only
steeply-dipping low-amplitude diffraction events with are lost (Figure 11d).

Figure 10: A 3-D field data volume (a) and data with 50% randomly missing traces
(b). apefint/missing sean3,zero3

CONCLUSIONS
We have introduced a new approach to adaptive prediction-error filtering for seismic
data interpolation. Our approach uses regularized nonstationary autoregression to
handle time-space variation of nonstationary seismic data. We apply this method to
interpolating seismic traces beyond aliasing and to reconstructing data with missing
and decimated traces. Experiments with benchmark synthetic examples and field
data tests show that the proposed filters can depict nonstationary signal variation
and provide a useful description of complex wavefields having multiple curved events.
These properties are useful for applications such as seismic data interpolation and
regularization. Other possible applications may include seismic noise attenuation.
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Figure 11: Reconstructed data volume using 3-D plane-wave destruction (a), difference between original input (Figure 10a) and interpolated result (Figure 11a),
reconstructed data volume using 3-D regularized nonstationary autogression (c), and
difference between original input (Figure 10a) and interpolated result (Figure 11c)
(d). apefint/missing miss3,diff3,amiss3,adiff3

284

Liu and Fomel

GEO-2010-0231-final

ACKNOWLEDGMENTS
We are grateful to Raymond Abma for providing benchmark data sets. We thank Eric
Verschuur, Bill Curry, and two anonymous reviewers for helpful suggestions, which
improved the quality of the paper.
This publication was authorized by the Director, Bureau of Economic Geology,
The University of Texas at Austin.

REFERENCES
[1] Abma, R., 1995, Least-squares separation of signal and noise with multidimensional filters: PhD thesis, Stanford University.
[2] Abma, R., and N. Kabir, 2005, Comparisons of interpolation methods: The Leading Edge, 24, 984–989.
[3] Claerbout, J. F., 1992, Earth Soundings Analysis: Processing Versus Inversion:
Blackwell Scientific Publications.
[4] ——–, 2009, Basic earth imaging:
Stanford Exploration Project,
http://sepwww.stanford.edu/sep/prof/.
[5] ——–, 2010, Image estimation by example: Geophysical soundings image
construction - Multidimensional autoregression: Stanford Exploration Project,
http://sepwww.stanford.edu/sep/prof/.
[6] Crawley, S., 2000, Seismic trace interpolation with nonstationary prediction-error
filters: PhD thesis, Stanford University.
[7] Crawley, S., J. Claerbout, and R. Clapp, 1999, Interpolation with smoothly nonstationary prediction-error filters: 69th Annual International Meeting, SEG, Expanded Abstracts, 1154–1157.
[8] Curry, W., 2003, Interpolation of irregularly sampled data with nonstationary,
multiscale prediction-error filters: 73th Annual International Meeting, SEG, Expanded Abstracts, 1913–1916.
[9] ——–, 2004, Interpolation with multi-shifted-scale prediction-error filters: 74th
Annual International Meeting, SEG, Expanded Abstracts, 2005–2008.
[10] ——–, 2006, Interpolating diffracted multiples with prediction-error filters: 76th
Annual International Meeting, SEG, Expanded Abstracts, 2709–2712.
[11] Curry, W., and G. Shan, 2008, Interpolation of near offsets using multiples and
prediction-error filters: 78th Annual International Meeting, SEG, Expanded Abstracts, 2421–2424.
[12] Fomel, S., 2001, Three-dimensinal seismic data regularization: PhD thesis, Ph.D.
thesis, Stanford University.
[13] ——–, 2002, Applications of plane-wave destruction filters: Geophysics, 67,
1946–1960.
[14] ——–, 2007, Shaping regularization in geophysical-estimation problems: Geophysics, 72, R29–R36.
[15] ——–, 2009, Adaptive multiple subtraction using regularized nonstationary regression: Geophysics, 74, V25–V33.

GEO-2010-0231-final

Regularized nonstationary autoregression

285

[16] Gulunay, N., 2003, Seismic trace interpolation in the Fourier transform domain:
Geophysics, 68, 355–369.
[17] Hestenes, M. R., and E. Stiefel, 1952, Methods of conjugate gradients for solving
linear systems: Journal of Research of the National Bureau of Standards, 49, 409–
436.
[18] Huard, I., S. Medina, and S. Spitz, 1996, F-XY wavefiedl de-aliasing for acquisition configurations leading to coarse sampling: 58th Annual International Meeting,
EAGE, Expanded Abstracts, B039.
[19] Naghizadeh, M., and M. D. Sacchi, 2009, f-x adaptive seismic-trace interpolation:
Geophysics, 74, V9–V16.
[20] ——–, 2010a, Beyond alias hierarchical scale curvelet interpolation of regularly
and irregularly sampled seismic data: Geophysics, 75, WB189–WB202.
[21] ——–, 2010b, Robust reconstruction of aliased data using autoregressive spectral
estimates: Geophysical Prospecting, 58, 1049–1062.
[22] Porsani, M. J., 1999, Seismic trace interpolation using half-step prediction filters:
Geophysics, 64, 1461–1467.
[23] Spitz, S., 1991, Seismic trace interpolation in the F-X domain: Geophysics, 56,
785–794.
[24] Tikhonov, A. N., 1963, Solution of Incorrectly Formulated Problems and the
Regularization Method: Soviet Mathematics – Doklady.
[25] Wang, Y., 2002, Seismic trace interpolation in the f-x-y domain: Geophysics, 67,
1232–1239.

286

Liu and Fomel

GEO-2010-0231-final

Texas Consortium for Computational Seismology, TCCS, March 25, 2015

Local seismic attributes
Sergey Fomel ∗

ABSTRACT
Local seismic attributes measure seismic signal characteristics not instantaneously at each signal point and not globally across a data window but locally in
the neighborhood of each point. I define local attributes with the help of regularized inversion and demonstrate their usefulness for measuring local frequencies
of seismic signals and local similarity between different datasets. I use shaping
regularization for controlling the locality and smoothness of local attributes. A
multicomponent image registration example from a nine-component land survey illustrates practical applications of local attributes for measuring differences
between registered images.

INTRODUCTION
Seismic attribute is defined by (13) as a “measurement derived from seismic data”.
Such a broad definition allows for many uses and abuses of the term. Countless
attributes have been introduced in the practice of seismic exploration, (3; 4), which led
(7) to talk about “attribute explosion”. Many of these attributes play an exceptionally
important role in interpreting and analyzing seismic data (5).
In this paper, I consider two particular attribute applications:
1. Measuring local frequency content in a seismic image is important both for
studying the phenomenon of seismic wave attenuation and for processing of
attenuated signals.
2. Measuring local similarity between two seismic images is useful for seismic monitoring, registration of multicomponent data, and analysis of velocities and amplitudes.
Some of the best known seismic attributes are instantaneous attributes such as
instantaneous phase or instantaneous dip (14; 1; 2). Such attributes measure seismic
frequency characteristics as being attached instantaneously to each signal point. This
measure is notoriously noisy and may lead to unphysical values such as negative
frequencies (15).
∗

e-mail: sergey.fomel@beg.utexas.edu
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In this paper, I introduce a concept of local attributes. Local attributes measure
signal characteristics not instantaneously at each data point but in a local neighborhood around the point. According to the Fourier uncertainty principle, frequency
is essentially an uncertain characteristic when applied to a local region in the time
domain. Therefore, local frequency is more physically meaningful than instantaneous
frequency. The idea of locality extends from local frequency to other attributes, such
as the correlation coefficient between two different datasets, that are conventionally
evaluated in sliding windows.
The paper starts with reviewing the definition of instantaneous frequency. I modify this definition to that of local frequency by recognizing it as a form of regularized
inversion and by changing regularization to constrain the continuity and smoothness
of the output. The same idea is extended next to define local correlation . I illustrate
a practical application of local attributes using an example from multicomponent
seismic image registration in a nine-component land survey.

MEASURING LOCAL FREQUENCIES
Definition of instantaneous frequency
Let f (t) represent seismic trace as a function of time t. The corresponding complex
trace c(t) is defined as
c(t) = f (t) + i h(t) ,
(1)
where h(t) is the Hilbert transform of the real trace f (t). One can also represent
the complex trace in terms of the envelope A(t) and the instantaneous phase φ(t), as
follows:
c(t) = A(t) ei φ(t) .
(2)
By definition, instantaneous frequency is the time derivative of the instantaneous
phase (14)
 0 
f (t) h0 (t) − f 0 (t) h(t)
c (t)
0
=
.
(3)
ω(t) = φ (t) = Im
c(t)
f 2 (t) + h2 (t)
Different numerical realizations of equation 3 produce slightly different algorithms
(1).
Note that the definition of instantaneous frequency calls for division of two signals.
In a linear algebra notation,
w = D−1 n ,
(4)
where w represents the vector of instantaneous frequencies ω(t), n represents the
numerator in equation 3, and D is a diagonal operator made from the denominator
of equation 3. A recipe for avoiding division by zero is adding a small constant  to
the denominator (12). Consequently, equation 4 transforms to
winst = (D +  I)−1 n ,

(5)

GEO-2010-0231-final

Local seismic attributes

289

where I stands for the identity operator. Stabilization by  does not, however, prevent
instantaneous frequency from being a noisy and unstable attribute. The main reason
for that is the extreme locality of the instantaneous frequency measurement, governed
only by the phase shift between the signal and its Hilbert transform.
Figure 9(a) shows three test signals for comparing frequency attributes. The first
signal is a synthetic chirp function with linearly varying frequency. Instantaneous
frequency shown in Figure 1 correctly estimates the modeled frequency trend. The
second signal is a piece of a synthetic seismic trace obtained by convolving a 40-Hz
Ricker wavelet with synthetic reflectivity. The instantaneous frequency (Figure 1b)
shows many variations and appears to contain detailed information. However, this
information is useless for characterizing the dominant frequency content of the data,
which remains unchanged due to stationarity of the seismic wavelet. The last test
example (Figure 9(a)c) is a real trace extracted from a seismic image. The instantaneous frequency (Figure 1c) appears noisy and even contains physically unreasonable
negative values. Similar behavior was described by (15).

Figure 1: Instantaneous frequency of test signals from Figure 9(a). attr/attr inst
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Figure 2: Local frequency of test signals from Figure 9(a). attr/attr locl

GEO-2010-0231-final

Local seismic attributes

291

Definition of local frequency
The definition of the local frequency attribute starts by recognizing equation 5 as a
regularized form of linear inversion. Changing regularization from simple identity to
a more general regularization operator R provides the definition for local frequency
as follows:
wloc = (D +  R)−1 n ,
(6)
The role of the regularization operator is ensuring continuity and smoothness of the
local frequency measure. A different approach to regularization follows from the
shaping method (8). Shaping regularization operates with a smoothing (shaping)
operator S by incorporating it into the inversion scheme as follows:

−1
wloc = λ2 I + S D − λ2 I
Sn ,
(7)
Scaling by λ preserves physical dimensionality and enables fast convergence when
inversion is implemented by an iterative method. A natural choice for λ is the leastsquares norm of D.
Figure 2 shows the results of measuring local frequency in the test signals from
Figure 9(a). I used the shaping regularization formulation 7 with the shaping operator S defined as a triangle smoother. The chirp signal frequency (Figure 2a) is
correctly recovered. The dominant frequency of the synthetic signal (Figure 2b) is
correctly estimated to be stationary at 40 Hz. The local frequency of the real trace
(Figure 2c) appears to vary with time according to the general frequency attenuation
trend.
This example highlights some advantages of the local attribute method in comparison with the sliding window approach:
• Only one parameter (the smoothing radius) needs to be specified as opposed
to several (window size, overlap, and taper) in the windowing approach. The
smoothing radius directly reflects the locality of the measurement.
• The local attribute approach continues the measurement smoothly through the
regions of absent information such as the zero amplitude regions in the synthetic
example, where the signal phase is undefined. This effect is impossible to achieve
in the windowing approach unless the window size is always larger than the
information gaps in the signal.
Figure ?? shows seismic images from compressional (PP) and shear (SS) reflections obtained by processing a land nine-component survey. Figure ?? shows local
frequencies measured in PP and SS images after warping the SS image into PP time.
The term “image warping” comes from medical imaging (16) and refers, in this case,
to squeezing the SS image to PP reflection time to make the two images display
in the same coordinate system. We can observe a general decay of frequency with
time caused by seismic attenuation. After mapping (squeezing) to PP time, the SS
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image frequency appears higher in the shallow part of the image because of a relatively low S-wave velocity but lower in the deeper part of the image because of the
apparently stronger attenuation of shear waves. A low-frequency anomaly in the PP
image might be indicative of gas presence. Identifying and balancing non-stationary
frequency variations of multicomponent images is an essential part of the multistep
image registration technique (9; 10).

MEASURING LOCAL SIMILARITY
Consider the task of measuring similarity between two different signals a(t) and b(t).
One can define similarity as a global correlation coefficient and then, perhaps, measure
it in sliding windows across the signal. The local construction from the previous
section suggests approaching this problem in a more elegant way.

Definition of global correlation
Global correlation coefficient between a(t) and b(t) can be defined as the functional
< a(t), b(t) >
,
γ=p
< a(t), a(t) > < b(t), b(t) >

(8)

where < x(t), y(t) > denotes the dot product between two signals:
Z
< x(t), y(t) >= x(t) y(t) dt .
According to definition 8, the correlation coefficient of two identical signals is equal
to one, and the correlation of two signals with opposite polarity is minus one. In
all the other cases, the correlation will be less then one in magnitude thanks to the
Cauchy-Schwartz inequality.
The global measure 8 is inconvenient because it supplies only one number for the
whole signal. The goal of local analysis is to turn the functional into an operator and
to produce local correlation as a variable function γ(t) that identifies local changes
in the signal similarity.

Definition of local correlation
In a linear algebra notation, the squared correlation coefficient γ from equation 8 can
be represented as a product of two least-squares inverses
γ 2 = γ1 γ2 ,
−1 T 
γ1 = aT a
a b ,


−1
γ2 = bT b
bT a ,

(9)
(10)
(11)
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where a is a vector notation for a(t), b is a vector notation for b(t), and xT y denotes
the dot product operation. Let A be a diagonal operator composed from the elements
of a and B be a diagonal operator composed from the elements of b. Localizing
equations 10-11 amounts to adding regularization to inversion. Scalars γ1 and γ2
turn into vectors c1 and c2 defined, using shaping regularization , as
 2
−1
λ I + S AT A − λ2 I
S AT b ,

−1
= λ2 I + S BT B − λ2 I
S BT a .

c1 =

(12)

c2

(13)

To define a local similarity measure, I apply the component-wise product of vectors
c1 and c2 . It is interesting to note that, if one applies an iterative conjugate-gradient
inversion for computing the inverse operators in equations 7 and 8, the output of the
first iteration will be the smoothed product of the two signals c1 = c2 = S AT b,
which is equivalent, with an appropriate choice of S, to the algorithm of fast local
cross-correlation proposed by (11).
The local similarity attribute is useful for solving the problem of multicomponent image registration. After an initial registration using interpreter’s “nails” (6)
or velocities from seismic processing, a useful registration indicator is obtained by
squeezing and stretching the warped shear-wave image while measuring its local similarity to the compressional image. Such a technique was named residual γ scan and
proposed by (10). Figure ?? shows a residual scan for registration of multicomponent
images from Figure ??. Identifying and picking points of high local similarity enables
multicomponent registration with high-resolution accuracy. The registration result
is visualized in Figure ??, which shows interleaved traces from PP and SS images
before and after registration. The alignment of main seismic events is an indication
of successful registration.

CONCLUSIONS
I have introduced a concept of local seismic attributes and specified it for such attributes as local frequency and local similarity. Local attributes measure signal characteristics not instantaneously at each signal point and not globally across a data
window but locally in the neighborhood of each point. They find applications in different steps of multicomponent seismic image registration. One can extend the idea
of local attributes to other applications.
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Shaping regularization in geophysical estimation
problems
Sergey Fomel ∗

ABSTRACT
Regularization is a required component of geophysical estimation problems that
operate with insufficient data. The goal of regularization is to impose additional
constraints on the estimated model. I introduce shaping regularization, a general
method for imposing constraints by explicit mapping of the estimated model
to the space of admissible models. Shaping regularization is integrated in a
conjugate-gradient algorithm for iterative least-squares estimation. It provides
the advantage of a better control on the estimated model in comparison with
traditional regularization methods and, in some cases, leads to a faster iterative
convergence. Simple data interpolation and seismic velocity estimation examples
illustrate the concepta .
a

Presented at the SEG Annual Meeting in 2005

INTRODUCTION
A great number of geophysical estimation problems are mathematically ill-posed because they operate with insufficient data (16). Regularization is a technique for
making the estimation problems well-posed by adding indirect constraints on the
estimated model (8; 28). Developed originally by (22) and others, the method of
regularization has become an indispensable part of the inverse problem theory and
has found many applications in geophysical problems: traveltime tomography (1; 5),
migration velocity analysis (27; 29), high-resolution Radon transform (23), spectral
decomposition (18), etc.
While the main goal of inversion is to fit the observed data, Tikhonov’s regularization adds another goal of fitting the estimated model to a priorly assumed behavior.
The contradiction between the two goals often leads to a slow convergence of iterative
estimation algorithms (14). The speed can be improved considerably by an appropriate model reparameterization or preconditioning (11). However, the difficult situation
of trying to satisfy two contradictory goals simultaneously leads sometimes to an undesirable behavior of the solution at the early iterations of an iterative optimization
scheme.
∗
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In this paper, I introduce shaping regularization, a new general method of imposing regularization constraints. A shaping operator provides an explicit mapping of
the model to the space of acceptable models. The operator is embedded in an iterative optimization scheme (the conjugate-gradient algorithm) and allows for a better
control on the estimation result. Shaping into the space of smooth functions can
be accomplished with efficient lowpass filtering. Depending on the desirable result,
it is also possible to shape the model into a piecewise-smooth function, a function
following geological structure, or a function representable in a predefined basis. I illustrate the shaping concept with simple numerical experiments of data interpolation
and seismic velocity estimation.

REVIEW OF TIKHONOV’S REGULARIZATION
If the data are represented by vector d, model parameters by vector m, and their
functional relationship is defined by the forward modeling operator L, the leastsquares optimization approach amounts to minimizing the least-squares norm of the
residual difference L m − d. In Tikhonov’s regularization approach, one additionally
attempts to minimize the norm of D m, where D is the regularization operator.
Thus, we are looking for the model m that minimizes the least-squares norm of the

T
compound vector Lm − d Dm , where  is a scalar scaling parameter. The
formal solution has the well-known form
−1 T
b = LT L + 2 DT D
m
L d,
(1)
b denotes the least-squares estimate of m, and LT denotes the adjoint operwhere m
ator. One can carry out the optimization iteratively with the help of the conjugategradient method (15) or its analogs. Iterative methods have computational advantages in large-scale problems when forward and adjoint operators are represented by
sparse matrices and can be computed efficiently (19; 25).
In an alternative approach, one obtains the regularized estimate by minimizing

T
the least-squares norm of the compound vector p r
under the constraint
r = d − Lm = d − LPp .

(2)

Here P is the model reparameterization operator that translates vector p into the
model vector m, r is the scaled residual vector, and  has the same meaning as
before. The formal solution of the preconditioned problem is given by
−1
b = Pp
b = P PT LT L P PT LT + 2 I
m
d,

(3)

where I is the identity operator in the data space. Estimate 3 is mathematically
equivalent to estimate 1 if DT D is invertible and
−1
DT D
= P PT = C .

(4)

GEO-2010-0231-final

Shaping regularization

297

Statistical theory of least-squares estimation connects C with the model covariance
operator (21). In a more general case of reparameterization, the size of p may be
different from the size of m, and C may not have the full rank. In iterative methods, the preconditioned formulation often leads to faster convergence. (11) suggest
constructing preconditioning operators in multi-dimensional problems by recursive
helical filtering.

SMOOTHING BY REGULARIZATION
Let us consider an application of Tikhonov’s regularization to one of the simplest
possible estimation problems: smoothing. The task of smoothing is to find a model
m that fits the observed data d but is in a certain sense smoother. In this case, the
forward operator L is simply the identity operator, and the formal solutions 1 and 3
take the form
−1
−1
b = I + 2 DT D
m
d = C C + 2 I
d.
(5)
Smoothness is controlled by the choice of the regularization operator D and the scaling
parameter .
Figure 7 shows the impulse response of the regularized smoothing operator in the
1-D case when D is the first difference operator. The impulse response has exponentially decaying tails. Repeated application of smoothing in this case is equivalent
to applying an implicit Euler finite-difference scheme to the solution of the diffusion
equation
∂m
= −DT D m
(6)
∂t
The impulse response converges to a Gaussian bell-shape curve in the physical domain,
while its spectrum converges to a Gaussian in the frequency domain.
As far as the smoothing problem is concerned, there are better ways to smooth
signals than applying equation 5. One example is triangle smoothing (3). To define
triangle smoothing of one-dimensional signals, start with box smoothing, which, in
the Z-transform notation, is a convolution with the filter
Bk (Z) =

 1 1 − Z k+1
1
1 + Z + Z2 + · · · + Zk =
,
k
k 1−Z

(7)

where k is the filter length. Form a triangle smoother by correlation of two boxes
Tk (Z) = Bk (1/Z) Bk (Z)

(8)

Triangle smoothing is more efficient than regularized smoothing, because it requires
twice less floating point multiplications. It also provides smoother results while having
a compactly supported impulse response (Figure 2). Repeated application of triangle
smoothing also makes the impulse response converge to a Gaussian shape but at a
significantly faster rate. One can also implement smoothing by Gaussian filtering in
the frequency domain or by applying other types of bandpass filters.
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Figure 1: Left: impulse response of regularized smoothing. Repeated smoothing converges to a Gaussian bell shape. Right: frequency spectrum of regularized smoothing.
The spectrum also converges to a Gaussian. shape/smoo exp
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Figure 2: Left: impulse response of triangle smoothing. Repeated smoothing converges to a Gaussian bell shape. Right: frequency spectrum of triangle smoothing.
Convergence to a Gaussian is faster than in the case of regularized smoothing. Compare to Figure 7. shape/smoo tri

300

Fomel

GEO-2010-0231-final

SHAPING REGULARIZATION IN THEORY
The idea of shaping regularization starts with recognizing smoothing as a fundamental
operation. In a more general sense, smoothing implies mapping of the input model
to the space of admissible functions. I call the mapping operator shaping. Shaping
operators do not necessarily smooth the input but they translate it into an acceptable
model.
Taking equation 5 and using it as the definition of the regularization operator D,
we can write
−1
S = I + 2 DT D
(9)
or
2 DT D = S−1 − I .

(10)

Substituting equation 10 into 1 yields a formal solution of the estimation problem
regularized by shaping:
−1 T

−1
b = LT L + S−1 − I
m
L d = I + S LT L − I
S LT d .
(11)
The meaning of equation 11 is easy to interpret in some special cases:
• If S = I (no shaping applied), we obtain the solution of unregularized problem.
• If LT L = I (L is a unitary operator), the solution is simply S LT d and does
not require any inversion.
• If S = λ I (shaping by scaling), the solution approaches λ LT d as λ goes to
zero.
The operator L may have physical units that require scaling. Introducing scaling
of L by 1/λ in equation 11, we can rewrite it as

−1
b = λ2 I + S L T L − λ2 I
m
S LT d .
(12)
The λ scaling in equation 12 controls the relative scaling of the forward operator L
but not the shape of the estimated model, which is controlled by the shaping operator
S.
Iterative inversion with the conjugate-gradient algorithm requires symmetric positive definite operators (15). The inverse operator in equation 12 can be symmetrized
when the shaping operator is symmetric and representable in the form S = HHT
with a square and invertible H. The symmetric form of equation 12 is

 −1 T T
b = H λ2 I + HT LT L − λ2 I H
m
H L d.
(13)
When the inverted matrix is positive definite, equation 13 is suitable for an iterative
inversion with the conjugate-gradient algorithm. Appendix A contains a complete
algorithm description.
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FROM TRIANGLE SMOOTHING TO TRIANGLE
SHAPING
The idea of triangle smoothing can be generalized to produce different shaping operators for different applications. Let us assume that the estimated model is organized
h
iT
in a sequence of records, as follows: m = m1 m2 ... mn . Depending on the
application, the records can be samples, traces, shot profiles, etc. Let us further assume that, for each pair of neighboring records, we can design a prediction operator
Zk→k+1 , which predicts record k + 1 from record k. A global prediction operator is
then


0
0
0
···
0
0
 Z1→2
0
0
···
0
0 


 0
Z2→3
0
···
0
0 

 .
Z=
(14)

0
0
Z
·
·
·
0
0
3→4


 ···
···
··· ···
···
··· 
0
0
0
· · · Zn−1→n 0
The operator Z effectively shifts each record to the next one. When local prediction is
done with identity operators, this operation is completely analogous to the Z operator
used in the theory of digital signal processing. The Z operator can be squared, as
follows:


0
0
···
0
0
0

0
0
···
0
0
0 



Z2→3 Z1→2
0
···
0
0
0 
2

 .
Z =
(15)

0
Z
Z
·
·
·
0
0
0
3→4
2→3



···
···
···
···
··· ··· 
0
0
· · · Zn−1→n Zn−2→n−1 0
0
In a shorter notation, we can denote prediction of record j from record i by Zi→j and
write


0
0
···
0
0
0
 0
0
···
0
0
0 


 Z1→3
0
···
0
0
0 
2

 .
Z =
(16)

0
Z
·
·
·
0
0
0
2→4


 ···
··· ···
···
··· ··· 
0
0
· · · Zn−2→n 0
0
Subsequently, the prediction operator Z can be taken to higher powers. This leads
immediately to an idea on how to generalize box smoothing: predict each record from
the record immediately preceding it, the record two steps away, etc. and average all
those predictions and the actual records. In mathematical notation, a box shaper of
length k is then simply
Bk =


1
I + Z + Z2 + · · · + Zk ,
k

(17)
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which is completely analogous to equation 7. Implementing equation 17 directly
requires many computational operations. Noting that
(I − Z) Bk =


1
I − Zk+1 ,
k

(18)

we can rewrite equation 17 in the compact form
Bk =


1
(I − Z)−1 I − Zk+1 ,
k

(19)

which can be implemented economically using recursive inversion of the lower triangular operator I − Z. Finally, combining two generalized box smoothers creates a
symmetric generalized triangle shaper
Tk = BTk Bk ,

(20)

which is analogous to equation 8. A triangle shaper uses local predictions from both
the left and the right neighbors of a record and averages them using triangle weights.
Figure 3 illustrates generalized triangle shaping by constructing a non-stationary
smoothing operator that follows local structural dips. Figure 3a shows a synthetic
image from (4). Figure 3b is a local dip estimate obtained with plane-wave destruction (9). Figure 3c is the result of applying triangle smoothing oriented along local
dip directions to a field of random numbers. Oriented smoothing generates a pattern
reflecting the structural composition of the original image. This construction resembles the method of (2). Figure 3d shows the impulse responses of oriented smoothing
for several distinct locations in the image space. As illustrated later in this paper,
oriented smoothing can be applied for generating geophysical Earth models that are
compliant with the local geological structure (20; 26; 5).
Appendix B describes general rules for combining elementary shaping operators.

EXAMPLES
Two simple examples in data regularization and seismic velocity estimation illustrate
the method of shaping.

1-D inverse data interpolation
I start with a simple 1-D example: a benchmark data regularization test used previously by (11).
The input synthetic data are irregular samples from a sinusoidal signal (Figure 4).
The task of data regularization is to reconstruct the data on a regular grid. The
forward operator L in this case is forward interpolation from a regular grid using
linear (two-point) interpolation.
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Figure 3: Shaping by smoothing along local dip directions according to operator Tk
from equation 20. a: an example image, b: local dip estimation, c: smoothing random
numbers along local dips, d: impulse responses of oriented smoothing for nine different
locations in the image space. shape/lomo tris

Figure 4: The input data (b) are irregular samples from a sinusoid (a).
shape/int1 both2,data2
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Figure 5 shows some of the first iterations and the final results of inverse interpolation with Tikhonov’s regularization using equation 1 and with model preconditioning
using equation 3. The regularization operator D in equation 1 is the first finite
difference, and the preconditioning operator P in 3 is the inverse of D or causal
integration. The preconditioned iteration converges faster but its very first iterations produce unreasonable results. This type of behavior can be dangerous in real
large-scale problems, when only few iterations are affordable.

Figure 5: The first iterations and the final result of inverse interpolation with
Tikhonov’s regularization using equation 1 (left) and with model preconditioning using equation 3 (right). The regularization operator D is the first finite difference. The
preconditioning operator P = D−1 is causal integration. The number of iterations is
indicated in the plot labels. shape/int1 if
The left side of Figure 6 shows some of the first iterations and the final result
of inverse interpolation with shaping regularization, where the shaping operator S
was chosen to be Gaussian smoothing with the impulse response width of about 10
samples. The final result is smoother, and the iteration is both fast-converging and
producing reasonable results at the very first iterations. Thanks to the fact that the
smoothing operation is applied at each iteration, the estimated model is guaranteed
to have the prescribed shape.
Examining the spectrum of the final result (Figure 9), one can immediately notice
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Figure 6: The first iterations and the final result of inverse interpolation with shaping
regularization using equation 13. Left: the shaping operator H is lowpass filtering
with a Gaussian smoother. Right: the shaping operator H is bandpass filtering
with a shifted Gaussian. Shaping by bandpass filtering recovers the sinusoidal shape
of the estimated model. The number of iterations is indicated in the plot labels.
shape/int1 sz
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Figure 7: Spectrum of the estimated model (solid curve) fitted to a shifted Gaussian (dashed curve). The Gaussian band-limited filter defines a shaping operator for
recovering a band-limited signal. shape/int1 spec
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the peak at the dominant frequency of the initial sinusoid. Fitting a Gaussian shape
to the peak defines a data-adaptive shaping operator as a bandpass filter implemented
in the frequency domain (dashed curve in Figure 9). Inverse interpolation with the
estimated shaping operator recovers the original sinusoid (right side of Figure 6).
Analogous ideas in the model preconditioning context were proposed by (17).

Velocity estimation
The second example is an application of shaping regularization to seismic velocity
estimation. Figure 8 shows a time-migrated image from a historic Gulf of Mexico
dataset (4). The image was obtained by velocity continuation (10). The corresponding migration velocity is shown in the right plot of Figure 8. Shaping regularization
was used for picking a smooth velocity profile from semblance gathers obtained in the
process of velocity continuation.

Figure 8: Left: time-migrated image. Right: The corresponding migration velocity
from automatic picking. shape/beivc bei-fmg2
The task of this example is to convert the time migration velocity to the interval
velocity. I use the simple approach of Dix inversion (7) formulated as a regularized
inverse problem (24). In this case, the forward operator L in equation 11 is a weighted
time integration. There is a choice in choosing the shaping operator H.
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Figure 9 shows the result of inversion with shaping by triangle smoothing. While
the interval velocity model yields a good prediction of the measured velocity, it may
not appear geologically plausible because the velocity structure does not follow the
structure of seismic reflectors as seen in the migrated image.
Following the ideas of steering filters (6; 5) and plane-wave construction (12), I
estimate local slopes in the migration image using the method of plane-wave destruction (9) and define a triangle plane-wave shaping operator H using the method of the
previous section. The result of inversion, shown in Figures 10 and 11, makes the estimated interval velocity follow the geological structure and thus appear more plausible
for direct interpretation. Similar results were obtained by (12) using model parameterization by plane-wave construction but at a higher computational cost. In the case
of shaping regularization, about 25 efficient iterations were sufficient to converge to
the machine precision accuracy.

Figure 9: Left: estimated interval velocity. Right: predicted migration velocity.
Shaping by triangle smoothing. shape/beivc bei-dix

CONCLUSIONS
Shaping regularization is a new general method for imposing regularization constraints in estimation problems. The main idea of shaping regularization is to rec-
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Figure 10: Left: estimated interval velocity. Right: predicted migration velocity.
Shaping by triangle local plane-wave smoothing creates a velocity model consistent
with the reflector structure. shape/beivc bei-shp
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Figure 11: Seismic image from Figure 8 overlaid on top of the interval velocity model
estimated with triangle plane-wave shaping regularization. shape/beivc bei-shpw
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ognize shaping (mapping to the space of acceptable functions) as a fundamental
operation and to incorporate it into iterative inversion.
There is an important difference between shaping regularization and conventional
(Tikhonov’s) regularization from the user prospective. Instead of trying to find and
specify an appropriate regularization operator, the user of the shaping regularization
algorithm specifies a shaping operator, which is often easier to design. Shaping operators can be defined following a triangle construction from local predictions or by
combining elementary shapers.
I have shown two simple illustrations of shaping applications. The examples
demonstrate a typical behavior of the method: enforced model compliance to the
specified shape at each iteration and, in many cases, fast iterative convergence of the
conjugate gradient iteration. The model compliance behavior follows from the fact
that shaping enters directly into the iterative process and provides an explicit control
on the shape of the estimated model.
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APPENDIX A

CONJUGATE-GRADIENT ALGORITHM

A complete algorithm for conjugate-gradient iterative inversion with shaping regularization is given below. The algorithm follows directly from combining equation 13
with the classic conjugate-gradient algorithm of (15).
Conjugate gradients with shaping(L, H, d, λ, tol, N )
1 p←0
2 m←0
3 r ← −d
4 for n ← 1, 2, . . . , N
5
do
6
gm ← LT r − λ m
7
gp ← HT gm + λ p
8
gm ← H gp
9
gr ← L gm
10
ρ ← gpT gp
11
if n = 1
12
then β ← 0
13
ρ0 ← ρ
14
else β ← ρ/ρ̂
15
if β < tol or ρ/ρ0 < tol
16
return

 then


m 
sp
gp
sp





sm ← gm + β sm 
17
sr 
gr
sr

18
α ← ρ/ sTr sr + λ (sTp sp − sTm sm )






p
p
sp
 m  ←  m  − α  sm 
19
r
r
sr
20
ρ̂ ← ρ
21 return m

The iteration terminates after N iterations or upon reaching convergence to the
specified tolerance tol. It uses auxiliary vectors p, r, sp , sm , sr , gp , gm , gr and applies
operators L, H and their adjoints only once per each iteration.
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APPENDIX B
COMBINING SHAPING OPERATORS
General rules can be developed to combine two or more shaping operators for the
cases when there are several features in the model that need to be characterized
simultaneously. A general rule for combining two different shaping operators S1 and
S2 can have the form
S12 = S1 + S2 − S1 S2 ,
(B-1)
where one adds the responses of the two shapers and then subtracts their overlap. An
example is shown in Figure B-1, where an impulse response for oriented smoothing in
two different directions is constructing from smoothing in each of the two directions
separately.
Figure B-1: Impulse response for
a combination of two shaping operators smoothing in two different
directions. shape/smoo test12
Combining two operators that work in orthogonal directions can be accomplished
with a simple tensor product, as follows:
Sxy = Sx Sy ,

(B-2)

where Sx and Sy are shaping operators that apply in orthogonal x- and y-directions,
and Sxy is a combined operator that works in both directions. An example is shown
in Figure 3(a), where two two-dimensional shapers working in orthogonal directions
are combined to produce an impulse response of 3-D shaping operator that applies
smoothing along a three-dimensional plane.
Figure B-2: 3-D impulse response
for a combination of two 2-D
shaping operators smoothing in
in-line and cross-line directions.
shape/smoo plane
Constructing multidimensional recursive filters for helical preconditioning (11) is
significantly more difficult. It involves helical spectral factorization, which may create
long inefficient filters (13).
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Kirchhoff migration using eikonal-based
computation of traveltime source-derivatives
Siwei Li and Sergey Fomel ∗

ABSTRACT
The computational efficiency of Kirchhoff-type migration can be enhanced by employing accurate traveltime interpolation algorithms. We address the problem of
interpolating between a sparse source sampling by using the derivative of traveltime with respect to the source location. We adopt a first-order partial differential
equation that originates from differentiating the eikonal equation to compute the
traveltime source-derivatives efficiently and conveniently. Unlike methods that
rely on finite-difference estimations, the accuracy of the eikonal-based derivative
does not depend on input source sampling. For smooth velocity models, the
first-order traveltime source-derivatives enable a cubic Hermite traveltime interpolation that takes into consideration the curvatures of local wave-fronts and
can be straight-forwardly incorporated into Kirchhoff anti-aliasing schemes. We
provide an implementation of the proposed method to first-arrival traveltimes
by modifying the fast-marching eikonal solver. Several simple synthetic models
and a semi-recursive Kirchhoff migration of the Marmousi model demonstrate
the applicability of the proposed method.

INTRODUCTION
Over the years, there have been significant efforts and progress in traveltime computations. The quality of traveltimes has a direct influence on Kirchhoff-type migrations
since it determines the kinematic behaviors of the imaged wavefields. One can use either ray-tracing approaches or finite-difference solutions of the eikonal equation. The
first option naturally handles multi-arrivals and can be extended to other wavefield
approximations, such as Gaussian beams (17; 18; 2; 16), but is at the same time
usually subject to the necessities of ray-coordinate and migration-grid mapping and
irregular interpolation between rays in the presence of shadow zones in complex velocity media (24). Two popular methods from the second option are the fast-marching
method (FMM) (25; 26) and the fast-sweeping method (FSM) (35). They both rely on
an ordered update to recover the causality behind expanding wave-fronts in a general
medium, and are thus limited to first-arrival computations. Several works attempt to
overcome the single-arrival drawback of the finite-difference eikonal solvers, for exam∗
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ple multi-phase computation (10), phase-space escape equations (13), and slowness
marching (28).

In practice, traveltime tables can be pre-computed on coarse grids and saved on
disk, then serve as a dictionary when read by Kirchhoff migration algorithms. It is
common to carry out a certain interpolation in this process in order to satisfy the
needs of depth migration for fine-gridded traveltime tables at a large number of source
locations (20; 30; 4). Kirchhoff migrations with traveltime tables computed on the
fly face the same issue. During the traveltime computation stage, accuracy requirements from eikonal solvers may lead to a fine model sampling. Combined with a large
survey, traveltime computation for each shot can be costly. Because all traveltime
computations handle one shot at a time, the overall cost increases linearly with the
number of sources. Moreover, we need to store a large amount of traveltimes out of a
dense source sampling. Therefore a sparse source sampling is preferred. In this paper,
we try to address the problem of traveltime table interpolation between sparse source
samples. The traveltime table estimated with simple nearest-neighbor or linear interpolation could not provide satisfying accuracy unless the velocity model has small
variations. One possible improvement is to include derivatives in interpolation. During ray tracing, traveltime source-derivatives are directly connected to the slowness
vector at the source and stay constant along individual rays, thus could be outputted
as a by-product of traveltimes. For finite-difference eikonal solvers, such a convenience
is not easily available. In these cases, we would like to avoid an extra differentiation
on traveltime tables along the source dimension to compute such derivatives (30),
because its accuracy in turn relies on a dense source sampling and induces additional
computations. (5) derived an equation for the traveltime perturbation with respect to
the source location changes. The governing equation is a first-order partial differential
equation (PDE) that describes traveltime source-derivatives in a relative coordinate
moving along with the source. In this paper, we show that the traveltime sourcederivative desired by interpolation is related to this relative-coordinate quantity by
a simple subtraction with the slowness vector. Unlike a finite-difference approach,
traveltime source-derivatives computed by the PDE method are source-sampling independent. The extra costs are rather inexpensive. In this paper, we apply this
method to Kirchhoff migration with first-arrival traveltimes computed by the FMM
eikonal solver.

The paper is organized as follows. In the first section, we review the theory
and implementation of the eikonal-based traveltime source-derivatives. Next, we use
both simple and complex synthetic models to demonstrate the accuracy of a cubic
Hermite traveltime table interpolation using the source-derivatives, and show effects
of incorporating such an interpolation into Kirchhoff migration. We focus mainly on
the kinematics in these experiments by neglecting possible true-amplitude weights in
Kirchhoff migration. Finally, we discuss limitations and possible extensions of the
proposed method.
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THEORY AND IMPLEMENTATION
We consider the isotropic eikonal equation:
∇T (x) · ∇T (x) =

1
v 2 (x)

≡ W (x) ,

(1)

where x is a point in space, T (x) is the traveltime and v(x) is the velocity. For 2D
models, x is a vector containing the depth and the inline position. For 3D models,
x also includes the crossline position. For conciseness, we define W (x) as slownesssquared. Equation 1 can be derived by inserting the ray-theory series into the waveequation and setting the coefficient of the leading-order term to zero (8). We are
interested in particular in point-source solutions of the eikonal equation, i.e. with the
initial condition T (xs ) = 0 where xs denotes the source location.

Traveltime Source-derivative
The point-source traveltime T (x) clearly depends on the source location xs . To explicitly show such a dependency in the eikonal equation, we define a relative coordinate
q as
q = x − xs ,
(2)
and use T̂ (q; xs ) to denote traveltime in the relative coordinates. After inserting this
definition into equation 1, we obtain
∇q T̂ · ∇q T̂ = W (q + xs ) .

(3)

Here the differentiation ∇q stands for gradient operator in the relative coordinate q
and is taken with a fixed source location xs . In 3D, if q = (q1 , q2 , q3 ) and denoting
ei with i = {1, 2, 3} to be the unit vector in depth, inline and crossline directions,
respectively, then
∇q ≡

∂
∂
∂
e1 +
e2 +
e3 .
∂q1
∂q2
∂q3

(4)

Since we are interested in the traveltime derivative with respect to the source, i.e.
∂T /∂xs , we take directional derivative ∂/∂xs to T̂ (q; xs ) and apply the chain-rule
according to equation 2:
∂T
∂ T̂
∂ T̂ ∂x
∂ T̂ ∂q
∂ T̂
∂ T̂
≡
=
+
=
−
.
∂xs
∂xs
∂x ∂xs
∂q ∂xs
∂x
∂q

(5)

Equation 14 results in a vector that contains the traveltime source-derivatives in
depth, inline and crossline directions. In accordance with ∂/∂xs , ∂/∂x and ∂/∂q
are also directional derivatives. All numerical examples in this paper are based on
a typical 2D acquisition, where we assume a constant source depth and thus only
the inline traveltime source-derivative is of interest. The quantity ∂ T̂ /∂q coincides
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with the slowness vector of the ray that originates from xs . For a finite-difference
eikonal solver such as FMM and FSM, it is usually estimated by an upwind scheme
during traveltime computations at each grid point and thus can be easily extracted.
Applying ∂/∂x to both sides of equation 3, we find
∇q T̂ · ∇q

1 ∂W
∂ T̂
=
.
∂x
2 ∂x

(6)

Equation 6 has the form of the linearized eikonal equation (3) and was previously
derived, in a slightly different notation, by (5). It implies that ∂ T̂ /∂x, as needed by
equation 14, can be determined along the characteristics of T̂ . Since the right-hand
side contains a slowness-squared derivative, the velocity model must be differentiable,
as is usually required by traveltime computations. The derivation also indicates
that the accuracy of an eikonal-based traveltime source-derivative is source-sampling
independent but model-sampling dependent, as from equations 14 and 6 ∂/∂xs relies
on T̂ , ∂/∂q and ∂/∂x. The accuracy from a direct finite-difference estimation on
∂/∂xs , in comparison, is both source- and model-sampling dependent.
Continuing applying differentiation and the chain-rule to equation 14 will result in
higher-order traveltime source-derivatives. For example, the second-order derivative
reads:
∂ 2 T̂
∂ 2T
≡
∂x2s
∂x2s

=

∂ ∂ T̂ ∂x
∂ ∂ T̂ ∂q
∂ ∂ T̂ ∂x
∂ ∂ T̂ ∂q
·
+
·
−
·
−
·
∂x ∂x ∂xs ∂q ∂x ∂xs ∂x ∂q ∂xs ∂q ∂q ∂xs

∂ 2 T̂
∂ 2 T̂
∂ 2 T̂
=
−2
+
.
∂x2
∂x∂q ∂q2

(7)

Further, differentiating equation 6 once more by x provides
∇q

1 ∂ 2W
∂ T̂
∂ T̂
∂ 2 T̂
· ∇q
+ ∇q T̂ · ∇q 2 =
.
∂x
∂x
∂x
2 ∂x2

(8)

It is easy to verify that any order of the traveltime source-derivative will require the
corresponding order of the slowness-squared derivative. An approximation based on
Taylor expansions of the traveltime around a fixed source location can make use of
these derivatives. For example, (29) and (7) introduced parabolic and hyperbolic traveltime approximations with the first- and second-order derivatives. Notice that the
need for slowness-squared derivatives may cause instability unless the velocity model
is sufficiently smooth. (5) also proved the following relationship between ∂W/∂x and
∂ T̂ /∂q:
∇q T̂ · ∇q

∂ T̂
1 ∂W
=
,
∂(q + xs )
2 ∂x

(9)

which implies that the traveltime source-derivative can be computed from the given
traveltime tables only. However, the velocity smoothness is still implicitly assumed
as the second-order spatial derivatives of traveltimes appear in the equation. For this
reason, we restrict our current implementation to the first-order derivative only.
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In a ray-tracing eikonal solver, ∂T /∂xs is the slowness vector of a particular ray at
xs and holds constant along the trajectory. As it may also require irregular coordinate
mappings, one may use the same strategy as for the traveltime tables. In this way,
there is no necessity for any additional effort. On the other hand, equations 14 and
6 and their second-order extensions provide important attributes for use in Gaussian
beams, which are commonly calculated by the dynamic ray tracing (32). They might
be alternatively estimated by the eikonal-based source-derivative formulas but with
the traveltime tables from a finite-difference eikonal solver. However, this application
is beyond the scope of this paper. In the following sections, we consider only the
source-derivative estimation from traveltimes computed by a finite-difference eikonal
solver.

Numerical Implementation
Equation 6 is a linear first-order PDE suitable for upwind numerical methods (14).
Since it does not change the non-linear nature of the eikonal equation, the resulting
traveltime source-derivative can be related to any branch of multi-arrivals, if one
supplies the corresponding traveltime in T̂ . The source-derivatives can be computed
either along with traveltimes or separately. In Appendix A, we describe a first-arrival
implementation based on a modification of FMM (25).
The first-order traveltime source-derivative enables a cubic Hermite interpolation
(22). Geometrically, such an interpolation is valid only when the selected wave-front
in the interpolation interval is smooth and continuous. For a 2D model and a source
interpolation along the inline direction only, the Hermite interpolation reads:
T (z, x; zs , xs + α∆xs ) =
+
+
+

(2α3 − 3α2 + 1) T (z, x; zs , xs )
∂T
(z, x; zs , xs )
(α3 − 2α2 + α) ∂x
s
3
2
(−2α + 3α ) T (z, x; zs , xs + ∆xs )
∂T
(z, x; zs , xs + ∆xs ) ,
(α3 − α2 ) ∂x
s

(10)

where α ∈ [0, 1] controls the source position to be interpolated between known values at (zs , xs ) and (zs , xs + ∆xs ). For comparison, the linear interpolation can be
represented by:
T (z, x; zs , xs + α∆xs ) = (1 − α) T (z, x; zs , xs ) + α T (z, x; zs , xs + ∆xs ) .

(11)

The linear interpolation fixes the subsurface image point (z, x). A possible improvement is to instead fix the vector that links the source with the image, such that on
the right-hand side the traveltimes are taken at shifted image locations:
T (z, x; zs , xs + α∆xs ) = (1 − α) T (z, x − α∆xs ; zs , xs )
+ α T (z, x + (1 − α)∆xs ; zs , xs + ∆xs ) .

(12)

We will refer to scheme 12 as shift interpolation. According to our definition of the
relative coordinate q in equation 2, shift interpolation amounts to a linear interpolation in T̂ (q; xs ). It is easy to verify that, for a constant-velocity medium, both
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Hermite and shift interpolations are accurate, while the linear interpolation is not.
However, the accuracy of shift interpolation deteriorates with increasing velocity variations, as it assumes that the wave-front remains invariant in the relative coordinate.
Equations 10-12 can be generalized to 3D by cascading the inline and crossline interpolations (for example equation A-1 in 3D case becomes bilinear interpolation). The
interpolated source does not need to lie collinear with source samples.
The derivatives themselves can also be directly used for Kirchhoff anti-aliasing
(19; 1; 11). Equations 10, A-1 and 12 give rise to their corresponding source-derivative
interpolations after applying the following chain-rule to both sides:
∂
∂α
1 ∂
∂
=
=
.
∂(xs + α∆xs )
∂α ∂(xs + α∆xs )
∆xs ∂α

(13)

The anti-aliasing application is summarized in Appendix B.

NUMERICAL EXAMPLES
Constant-velocity-gradient Model
In a 2D medium of linearly changing velocities, v(z, x) = v0 + ax + bz where x is
the lateral position and z is the depth, the traveltimes and source-derivatives have
analytical solutions (27). Figure 1(a) shows the model used in our numerical test and
the analytical source-derivative for a source located at (0, 0) km. The domain is of size
4km × 4km with grid spacing 0.01 km in both directions. We solve for the traveltime
tables at five sources of uniform spacing 1 km along the top domain boundary by FMM
and their associated source-derivatives using the method described in Appendix A.
Figure 6(e) compares the errors in computed source-derivative between the proposed
approach and a centered second-order finite-difference estimation for the same source
shown in Figure 1(a). The proposed method is sufficiently accurate except for the
small region around the source. This is due to the source singularity of the eikonal
equation and can be improved by adaptive or high-order upwind finite-difference
methods (23) or by factoring the singularity (12). Since we are aiming at using the
interpolated traveltime tables for migration purposes and the reflection energy around
the sources is usually low, these errors in current implementation can be neglected.
In Figure 3, we interpolate the traveltime table for a source at location (0, 0.25) km
from the nearby source samples at (0, 0) km and (0, 1) km by the cubic Hermite,
linear and shift interpolations. We use the eikonal-based source-derivative in the
cubic Hermite interpolation. The shift interpolation is not applicable for some q and
xs if x = q + xs is beyond the computational domain. In these regions, we use a linear
interpolation to fill the traveltime table. As expected, the cubic Hermite interpolation
achieves the best result, while its misfits near the source are related to the errors in
source-derivatives. The shift interpolation performs generally better than the linear
interpolation, especially in the regions close to the source where the wave-fronts are
simple.
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Figure 1: (Left) a constant-velocity-gradient model v(z, x) = 2 + 0.5x km/s and
(right) its analytical traveltime source-derivative for a source at origin xs = (0, 0)
km. eikods/check model

Figure 2: Comparison of error in computed source-derivative by (left) the proposed
method and (right) a centered second-order finite-difference estimation based on traveltime tables. The maximum absolute errors are 0.15 s/km and 0.56 s/km, respectively. eikods/check diff
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Figure 3: Traveltime interpolation error of three different schemes: (top left) the
analytical traveltime of a source at location (0, 0.25) km; (top right) error of the
cubic Hermite interpolation; (bottom left) error of the linear interpolation; (bottom
right) error of the shift interpolation. Using derivatives in interpolation enables a
significantly higher accuracy. The l2 norm of the error are 1.5 s, 9.2 s and 6.0 s
respectively. eikods/check ierror
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The difference between a cubic Hermite interpolation and a linear or shift one is in
the usage of source-derivatives. In this regard, one may think of supplying the finitedifference estimated derivatives to the interpolation. Indeed, a refined source sampling
and higher-order differentiation may lead to more accurate derivatives. However
the additional computation is considerable. For the same model in Figure 1(a), we
carry out both a source sampling refinement experiment and a model grid spacing
refinement experiment. The results are shown in Figures 4 and 5. Both figures
are plotted for the traveltime at subsurface location (1.5, −0.5) km for the source
at location (0, 0) km. Although the curves vary for different locations, the source
sampling refinement experiment suggests the general need for approximately three
times finer source-sampling than that of Figure 6(e) to achieve the same level of
accuracy.

Figure 4: Source-sampling refinement experiment. The plot shows, at a fixed model
grid sampling of 0.01 km and increasing source sampling, the error in source-derivative
estimated by a first-order finite-difference (solid) and a centered second-order finitedifference scheme (dotted) decrease. The horizontal axis is the number of sources
and the source sampling is uniform. The vertical axis is the natural logarithm of the
absolute error. The flat line (dash) is from the proposed eikonal-based method and
is source-sampling independent. eikods/check sfddiff
Kirchhoff migration can use traveltime source-derivatives in two ways: for traveltime interpolation when the source and receiver of a trace does not lie on the
source grid of pre-computed traveltime tables, and for anti-aliasing. Figure 5 shows a
synthetic model of constant-velocity-gradient with five dome-shaped reflectors. The
model has a 0.01 km grid spacing in both directions. We solve for traveltimes and
source-derivatives by the modified FMM introduced in Appendix A at 21 sparse shots
of uniform spacing 0.5 km, and migrate synthetic zero-offset data. The interpolation
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Figure 5: Gird-spacing refinement experiment. The plot shows, at a fixed source
sampling of 1 km and increasing model grid sampling, the error in source-derivative
estimated by the proposed eikonal-based method decreases. Meanwhile, the errors of
both first- and second-order finite-difference estimations do not improve noticeably.
The horizontal axis is the number of grid points in both directions and the grid
sampling is uniform. See Figure 4 for descriptions of the vertical axis and the lines.
eikods/check gfddiff
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of source-derivative for the anti-aliasing purpose follows the method described in
Appendix B. 48 interpolations are carried out within each sparse source sampling interval. Figures 7 and 8 compare the images obtained by three different interpolations
and the effect of anti-aliasing. All images are plotted at the same scale. We do not
limit migration aperture for all cases and adopt the anti-aliasing criteria suggested by
(1) to filter the input trace before mapping a sample to the image, where the sourcederivative and receiver-derivative (in the zero-offset case they coincide) determine the
filter coefficients. As expected, the cubic Hermite interpolation with anti-aliasing
leads to the most desirable image. The image could be further improved by considering not only the kinematics predicted by the traveltimes but also the amplitude
factors (9; 31).

Figure 6: Constant-velocity-gradient background model v(z, x) = 1.5 + 0.25z + 0.25x
km/s with dome shaped reflectors. eikods/migration modl

Marmousi Model
The Marmousi model (33) has large velocity variations and is challenging for Kirchhoff migration with first-arrivals (15). We apply a single-fold 2D triangular smoothing
of radius 20 m to the original model (see Figure 13(a)) to remove only sharp veloc-
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Figure 7: Zero-offset Kirchhoff migration image with (top) the cubic Hermite interpolation and (bottom) the shift interpolation. eikods/migration hzodmig

GEO-2010-0231-final

Kirchhoff with Traveltime Source-derivative

327

Figure 8: Zero-offset Kirchhoff migration image with (top) the linear interpolation and (bottom) the cubic Hermite interpolation without anti-aliasing.
eikods/migration lzodmig
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ity discontinuities but retain the complex velocity structures. Because wave-fronts
change shapes rapidly, the traveltime interpolation may be subject to inaccurate
source-derivatives and provide less satisfying accuracy compared to that in a simple
model. Although the derivative computation in the proposed eikonal-based method
is source-sampling independent, in practice we should limit the interpolation interval
to be sufficiently small, so that the traveltime curve could be well represented by a
cubic spline. For the smoothed Marmousi model, we use a sparse source sampling
of 0.2 km based on observations of the horizontal width of major velocity structures.
Figures 13(a) and 10(a) compare the traveltime interpolation errors of three methods as in Figure 3 for a source located at (0, 3.1) km from nearby source samples at
(0, 3) km and (0, 3.2) km. Figure 11 plots a reference traveltime curve for the fixed
subsurface location (2, 3.3) km computed by a dense eikonal solving of 4 m source
spacing against curves produced by the interpolations. While these comparisons vary
between different source intervals and subsurface locations, the cubic Hermite interpolation out-performs the linear and the shift interpolations except for the source
singularity region. However in Figure 13(a) the errors are relatively large in the
upper-left region. These errors occur due to the collapse of overlapping branches of
the traveltime field (34) that causes wave-front discontinuities and undermines the
assumptions of the proposed method.

One strategy for imaging multi-arrival wavefields with first-arrival traveltimes is
the semi-recursive Kirchhoff migration (6). It breaks the image into several depth
intervals, applies Kirchhoff redatuming to the next interval, performs Kirchhoff migration from there, and so on. The small redatuming depth effectively limits the
maximum traveltime and the evolving of complex waveforms before the most energetic arrivals separate from first-arrivals. Since Kirchhoff redatuming also relies on
traveltimes between datum levels, our method can be fully incorporated into the whole
process. Again, for simplicity, we do not consider amplitude factors during migration.
We use the Marmousi dataset with a source/receiver sampling of 25 m. Due to the
source and receiver reciprocity, the receiver side interpolations are equivalent to those
on the source side. Figure 12 is the result of a Kirchhoff migration with eikonal solvings at each source/receiver location, i.e. no interpolation performed. Only the upper
portion is well imaged. Figure 13 shows the image after employing the cubic Hermite
interpolation with a 0.2 km sparse source/receiver sampling, which means 7 source
interpolations within each interval. Even though a 7 times speed-up is not attainable
in practice due to the extra computations in source-derivative and interpolation, we
are still able to gain an approximately 5-fold cost reduction in traveltime computations, while keeping the image quality comparable between Figures 12 and 13. Next,
following (6), we downward continue the data to a depth of 1.5 km in three datuming
steps. The downward continued data are then Kirchhoff migrated and combined with
the upper portion of Figure 13. We keep the same 0.2 km sparse source/receiver
sampling whenever eikonal solvings are required in this process. Figure 14 shows
the image obtained by the semi-recursive Kirchhoff migration. The target zone at
approximately (2.5, 6.5) km appears better imaged.
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Figure 9: (Top) the smoothed Marmousi model. The model has a 4 m fine grid.
(Bottom) the traveltime error by the cubic Hermite interpolation. eikods/marm vel
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Figure 10: The traveltime error by (top) the linear interpolation and (bottom) the
shift interpolation. eikods/marm slice
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Figure 11: Traveltime interpolation for a fixed subsurface location. Compare between
the result from a dense source sampling (solid blue), cubic Hermite interpolation
(dotted magenta), linear interpolation (dashed cyan) and shift interpolation (dashed
black). The l2 norm of the error (against the dense source sampling results) of 49
evenly interpolated sources between interval (0, 3) km and (0, 3.2) km for all locations
but the top 100 m source singularity region are 3.9 s, 9.2 s and 11.6 s respectively.
eikods/marm curve
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Figure 12: Image of Kirchhoff migration with first-arrivals (no interpolation).
eikods/marm dmig0d

Figure 13: Image of Kirchhoff migration with first-arrivals and a sparse source/receiver sampling. eikods/marm dmig0
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Figure 14: Image of semi-recursive Kirchhoff migration with a three-step redatuming
from top surface to 1.5 km depth and a 0.5 km interval each time. The sparse
source/receiver sampling is the same as in Figure 13. eikods/marm dmig2

DISCUSSION
The proposed approach could be implemented either along with a finite-difference
eikonal solver or separately. Our current implementation outputs both traveltime
and source-derivative at the same time, with a roughly 30% extra cost per eikonal
solve compared to a FMM solver without the source-derivative functionality. An
interpolation with these source-derivatives is superior to the ones without and thus
enables an accurate traveltime-table compression. For 3D datasets, as both inline
and crossline directions may benefit from the source-derivative and interpolation, the
overall data compression could be significant. For instance, interpolating 10 shots
within each sparse source sampling interval in both inline and crossline directions
leads to an approximately 100-fold savings in traveltime storage. The method could
be further combined with an interpolation within each source, for example from a
coarse grid to a fine grid, for a greater data compression.
While our implementation is for first-arrivals only, the governing equations are
valid also for other characteristic branches, for example the most energetic arrivals.
However, an underlying assumption of the proposed method is a continuous change
in the wave-front of selected arrivals within individual sources. For first-arrivals, this
condition always holds valid. However, the most energetic wave-front can be more
complicated than that of first-arrival, for example only piece-wise continuous, which
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may lead to a potential degradation in accuracy. For example, (21) showed the most
energetic wave-fronts in the Marmousi model. Another assumption is that the traveltime source-derivatives are continuous between nearby sources. This condition breaks
down when multi-pathing takes place. (30) suggested to smooth traveltimes around
the discontinuities in order to overcome this limitation. In theory, one can try to identify the discontinuities and only perform interpolation within individual continuous
pieces by using the eikonal-based source-derivatives. By doing so, one should be able
to recover branch jumping in interpolated traveltimes, but only for those locations
within the identified continuous pieces. For the discontinuities themselves as well
as the gaps between them, additional eikonal solving may be required. An efficient
implementation of this strategy remains open for future research.

CONCLUSION
We have shown an application of computing traveltime source-derivatives in Kirchhoff migration. For first-arrivals, a cubic Hermite traveltime interpolation using the
first-order source-derivatives speeds up computation and reduces storage without noticeably sacrificing accuracy. Anti-aliasing is another direct application of traveltime
source-derivatives that can be easily incorporated into Kirchhoff migration.
Generalization of the method to 3D is straightforward. The computed derivative
attributes may benefit other areas besides the kinematic-only Kirchhoff migration
shown in this paper. An extension to multi-arrival traveltimes needs further investigation.
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APPENDIX A
FMM IMPLEMENTATION OF SOURCE-DERIVATIVES
The FMM is a non-iterative eikonal solver with O(N log N ) complexity, where N is
the total number of grid points of the discretized domain. It relies on a heap data
structure to keep the updating sequence, and a local one-sided upwind finite-difference
scheme for ensuring the causality (25). Consider in 3D a cubic domain discretized
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k
be the traveltime
into Cartesian grids, with uniform grid size of (∆x, ∆y, ∆z). Let T̂i,j
±
k
value at vertices xi,j = (xi , yj , zk ) and define difference operator Dx for x direction
as
k
k
− T̂i,j
T̂i±1,j
k
Dx± T̂i,j
=±
,
(A-1)
∆x
The causality condition requires picking an upwind neighbor in all directions at xki,j .


k
k
k
,0 .
(A-2)
, −Dx+ T̂i,j
= max Dx− T̂i,j
D̂x T̂i,j

After similar definitions for D̂y and D̂z , the local upwind scheme in FMM for equation
3 reads

2 
2 
2
k
k
k
k
D̂x T̂i,j
+ D̂y T̂i,j
+ D̂z T̂i,j
.
(A-3)
= Wi,j
For ∂ T̂ /∂x in equation 6 and ∂ T̂ /∂q in equation 14, we can apply the same upwind
strategy:
!k
!k
!k

k
∂
T̂
∂
T̂
∂
T̂
1 ∂W
k
k
k
+ D̂y T̂i,j · D̂y
+ D̂z T̂i,j · D̂z
=
,
D̂x T̂i,j · D̂x
∂x
∂x
∂x
2 ∂x i,j
i,j

i,j

i,j

(A-4)
∂ T̂
∂q

!k
k
= D̂q T̂i,j
, q = (x, y, z) .

(A-5)

i,j

k
, regardless of
where in equation A-4 D̂x , D̂y and D̂z are chosen according to T̂i,j
∂ T̂ /∂x. Finally,
!k
!k
k

∂T
∂ T̂
∂ T̂
=
−
.
(A-6)
∂xs i,j
∂x
∂q
i,j

i,j

To incorporate the computation of traveltime source-derivatives into FMM, one only
needs to add equations A-4, A-5 and B-5 after A-3. An extra upwind sorting and
solving after pre-computing T̂ is not necessary. The total complexity of FMM with
the auxiliary output of traveltime source-derivative remains O(N log N ).

APPENDIX B
INTERPOLATION OF SOURCE-DERIVATIVES
Applying the chain-rule 13 to equation 10, we arrive at the interpolation equation for
source-derivatives in the cubic Hermite scheme:
∆xs

∂T (z,x;zs ,xs +α∆xs )
∂(xs +α∆xs )

=
+
+
+

(6α2 − 6α) T (z, x; zs , xs )
∂T
(3α2 − 4α + 1) ∂x
(z, x; zs , xs )
s
2
(−6α + 6α) T (z, x; zs , xs + ∆xs )
∂T
(3α2 − 2α) ∂x
(z, x; zs , xs + ∆xs ) .
s

(B-1)
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Analogously, the interpolation of source-derivatives in the linear scheme A-1 reads:
∆xs

∂T (z,x;zs ,xs +α∆xs )
∂(xs +α∆xs )

= −T (z, x; zs , xs ) + T (z, x; zs , xs + ∆xs ) .

(B-2)

which is a simple first-order finite-difference estimation. Finally, in the case of shift
scheme 12, the partial derivative ∂/∂α must be applied to the shifted traveltime terms
at the same time:
∆xs

∂T (z,x;zs ,xs +α∆xs )
∂(xs +α∆xs )

=
−
+
−

−T (z, x − α∆xs ; zs , xs )
s ;zs ,xs )
(1 − α)∆xs ∂T (z,x−α∆x
∂(x−α∆xs )
T (z, x + (1 − α)∆xs ; zs , xs + ∆xs )
s ;zs ,xs +∆xs )
.
α∆xs ∂T (z,x+(1−α)∆x
∂(x+(1−α)∆xs )

(B-3)

The required spatial derivatives can be estimated from the traveltime table by means
of finite-differences, for example by using the upwind approximation C-2.
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Seismic data analysis using local time-frequency
decomposition
Yang Liu∗† , Sergey Fomel†∗

ABSTRACT
Many natural phenomena, including geologic events and geophysical data, are
fundamentally nonstationary - exhibiting statistical variation that changes in
space and time. Time-frequency characterization is useful for analyzing such
data, seismic traces in particular.
We present a novel time-frequency decomposition, which aims at depicting the
nonstationary character of seismic data. The proposed decomposition uses a
Fourier basis to match the target signal using regularized least-squares inversion.
The decomposition is invertible, which makes it suitable for analyzing nonstationary data. The proposed method can provide more flexible time-frequency
representation than the classical S transform. Results of applying the method to
both synthetic and field data examples demonstrate that the local time-frequency
decomposition can characterize nonstationary variation of seismic data and be
used in practical applications, such as seismic ground-roll noise attenuation and
multicomponent data registration.

INTRODUCTION
Geological events and geophysical data often exhibit fundamentally nonstationary
variations. Therefore, time-frequency characterization of seismic traces is useful for
geophysical data analysis. A widely used method of time-frequency analysis is the
short-time Fourier transform (STFT) (1). However, the window function limits the
time-frequency resolution of STFT (6). An alternative is the wavelet transform,
which expands the signal in terms of wavelet functions that are localized in both time
and frequency (4). However, because a wavelet family is built by restricting its frequency parameter to be inversely proportional to the scale, expansion coefficients in
a wavelet frame may not provide precise enough estimates of the frequency content of
waveforms, especially at high frequencies (28). Therefore, (24; 23) developed a timefrequency continuous-wavelet transform (TFCWT) to describe time-frequency map
more accurately than the conventional continuous-wavelet transform (CWT). The S
transform (26) is another generalization of STFT, which extends CWT and overcomes some of its disadvantages. (22) developed a general version of the S transform
by employing windows of arbitrary and varying shape. The clarity of the S transform
∗
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is worse than the Wigner-Ville distribution function (30), which achieves a higher
resolution but is seldom used in practice because of its well-known drawbacks, such
as interference and aliasing. For this reason, (17) provided a smoothed Wigner-Wille
distribution (SWVD) to reduce the interference caused by the cross-term interference. The matching pursuit method is yet another approach to representing the
time-frequency signature (21; 28; 29). Matching pursuit involves several parameters
and is a relatively expensive method. There are some other approaches to spectral
decomposition. (3) compare several different spectral-decomposition methods.
(18; 19) recently proposed a new method of time-varying frequency characterization of nonstationary seismic signals that is based on regularized least-squares
inversion. In this paper, we expand the method of (19) by designing an invertible
nonstationary time-frequency decomposition — local time-frequency (LTF) decomposition and its extensions — local time-frequency-wavenumber (LTFK) and local
space-frequency-wavenumber (LXFK) decompositions. The key idea is to minimize
the error between the input signal and all its Fourier components simultaneously using regularized nonstationary regression (12) with control on time resolution. This
approach is generic, in the sense that it is possible to combine other basis functions,
eg., fractional splines, with regularization (16). Although there is an iterative inversion inside the algorithm, one can use LTF decomposition as an invertible ”black
box” transform from time to time-frequency, similar in properties to the S transform.
The proposed decompositions can provide local time-frequency or space-wavenumber
representations for common seismic data-processing tasks. We test the new method
and compare it with the S transform by using a classical benchmark signal with two
crossing chirps. The proposed LTF decomposition appears to provide higher resolution in both time and frequency when an appropriate parameters of the shaping
regularization operator (11) are used to constrain the time resolution. Examples of
ground-roll attenuation and multicomponent image registration demonstrate that the
method can be effective in practical applications.

THEORY
Local time-frequency (LTF) decomposition
The Fourier series is by definition an expansion of a function in terms of a sum of
sines and cosines. Letting a causal signal, f (x), be in range of [0, L], the Fourier series
of the signal is given by




∞ 
2πnx
2πnx
a0 X
+
an cos
+ bn sin
.
f (x) =
2
L
L
n=1

(1)

The notion of a Fourier series can also be extended to complex coefficients as
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follows:

∞
X

f (x) =

An Ψn (x) ,
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(2)

n=−∞

where An are the Fourier coefficients and Ψn (x) = ei(2πnx/L) .
Nonstationary regression allows the coefficients An to change with x. In the linear
notation, An (x) can be obtained by solving the least-squares minimization problem
min kf (x) −
An

X

An (x)Ψn (x)k22 .

(3)

n

The minimization problem is ill posed because there are a lot more unknown variables
than constraints. Our solution is to include additional constraints in the form of
regularization, which limits the allowed variability of the estimated coefficients (12).
Tikhonov’s regularization (27) can modify the objective function to
fn (x) = arg min kf (x) −
A
An

X
n

An (x)Ψn (x)k22 + 2

X

kD[An (x)]k22 ,

(4)

n

where D is the regularization operator and  is a scaling parameter. One can define
D, for example, as a gradient operator that penalizes roughness of An (x).
We use shaping regularization (11) instead of Tikhonov’s regularization to constrain the least-squares inversion. Shaping is a general method for imposing constraints by explicit mapping the estimated model to the desired model, eg., smooth
model. Instead of trying to find and specify an appropriate regularization operator,
the user of the shaping-regularization algorithm specifies a shaping operator, which
is often easier to design.
The absolute value of time-varying coefficients |An (x)| provides a time-frequency
representation, and equation 2 provides the inverse calculation. In the discrete form,
a range of frequencies can be decided by the Nyquist frequency (6) or by the user’s
assignment. In a somewhat different approach, (18) minimized the error between the
input signal and each frequency component independently. Their algorithm and the
proposed algorithm are equivalent when the decomposition is stationary (or using a
very large shaping radius), because they both reduce to the regular Fourier transform.
In the case of nonstationarity, their approach does not guarantee invertability, because
it processes each frequency independently.

Local t-f -k (LTFK) and local x-f -k (LXFK) decompositions
(2) proposed t-f -k and x-f -k transforms that are based on the S transform. We define
analogous LTFK and LXFK decompositions by using the LTF decomposition. The
new decompositions can be used to design general time-varying or space-varying FK
filters. The key steps of the algorithm are illustrated schematically in Figure 1.
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Forward LTFK decomposition
Data
d (t , x)

LTFD along t axis
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t-f-x
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t-f-k
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Inverse LTFK decomposition
Forward LXFK decomposition
Data
d (t , x)

LTFD along x axis
ILTFD along x axis

t-x-k
domain

FFT along t axis
IFFT along t axis

x-f-k
domain

Inverse LXFK decomposition

Figure 1: Schematic illustration of LTFK decomposition (a) and LXFK decomposition
(b) by using the LTF decomposition. ltft/. LTFK,LXFK

Example of Time-frequency Characterization
A simple 1-D example is shown in Figure 2. The input signal includes two crossing
chirp signals and displays nonstationary characteristics (Figure 2a). We applied the
LTF decomposition to obtain a time-frequency distribution. Figure 3a shows that
the proposed method recovers the linear frequency trend with high resolution in both
time and frequency. In comparison, the S transform has high resolution near low
frequencies but loses resolution at high frequencies (Figure 2b). Figure 3b displays the
LTF decomposition using a different smoothing parameter (14 points) to demonstrate
adjustable time-frequency characteristics of the LTF decomposition.

APPLICATION TO GROUND-ROLL ATTENUATION
Seismic data always consist of signal and noise components. The time-frequency
denoising algorithm is an effective method for handling noise problems (9). Ground
roll is the main type of coherent noise in land seismic surveys and is characterized by
low frequencies and high amplitudes. Current processing techniques for attenuating
ground roll include frequency filtering, FK filtering (33), radon transform (20), wavelet
transform (8), and the curvelet transform (32). (2) applied the S transform to groundroll attenuation. Here, we propose a similar strategy, except that we are applying the
proposed local time-frequency decomposition instead of the S transform.
We applied our methods to a land shot gather contaminated by nearly radial
ground roll (Figure 4a). All time-domain images are obtained after automatic gain
control (AGC). We applied the forward LTF decomposition to each trace to generate a
time-frequency cube (Figure 5a). Note that the ground roll is distributed at localized
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Figure 2: Synthetic signal with two crossing chirps (a) and time-frequency spectra
from S transform (b). ltft/timefreq cchirps,st1

Figure 3: Time-frequency spectra from LTF decomposition with different sizes of the
smoothing radius. Smoothing radius of 7 points (a) and smoothing radius of 14 points
(b). ltft/timefreq ltft1,ltft12
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time-space (left-down section of Figure 5a) and time-frequency (right-down section
of Figure 5a) positions. The LTF decomposition is flexible, due to its adjustable
time-frequency resolution. Therefore, we designed a simple muting filter to remove
the noise components localized in both frequency and space (Figure 5b). The inverse
LTF decomposition brings the separated signal back to the original domain (Figure 4).
Figure 4c shows the difference between raw data (Figure 4a) and denoised result using
LTF decomposition (Figure 4b). It is possible to design more complicated but more
powerful masks. Without a time-space mask, our method of simply muting selected
frequencies would reduce to band-pass filtering.
The LTFK and LXFK decompositions generate data in different domains (Figure 6a and 7a), which show the trend of ground-roll noise in the frequency-wavenumber
sections. Simple frequency-wavenumber masks (Figure 6b and 7b) can eliminate
ground-roll noise in the decomposition domains. The recovered signals using the inverse LTFK and LXFK decompositions produce similar results (Figure 8a and 8b,
respectively). Furthermore, different decompositions can be cascaded to improve their
denoising abilities. For comparison, we used a simple high-pass filter. Figure 9a shows
that the high-pass filter fails in removing noise, a larger filter window can damage the
seismic signal. Another choice is FK filtering (Figure 9b), which cannot remove the
low-frequency part of ground-roll noise. The result is similar to that of the LXFK
decomposition (Figure 8b), but the proposed method tends to remove more noise
than the standard FK filter (especially near location of time 2.7s and offset 1.2km in
Figure 8b and 9b) because of the decomposition’s locality and its more flexible design. Radial trace (RT) transform is another approach to deal with ground-roll noise,
which is a simple geometric re-mapping method of a seismic trace gather. Idealized
ground roll is transformed to small temporal frequency by the RT transform and can
be eliminated by applying the RT transform, followed by high-pass filtering and the
inverse RT transform (5; 15). Figure 10a shows that the RT transform performs better than the high-pass filter or the FK filter. However, it still has trouble separating
signal and noise near the source. Figure 10b shows the denoised result after cascading
the proposed LXFK and LTF decompositions, which achieved the best result in this
case (especially at locations around the bottom left corner).

APPLICATION TO MULTICOMPONENT DATA
REGISTRATION
Multicomponent seismic data provide additional information about subsurface physical characteristics (25). Joint interpretation of multiple image components depends
on our ability to identify and register reflection events from similar reflectors. (13)
and (14) proposed a multistep approach for registering PP and PS images, and identified spectral differences between PP and PS images as a major problem that prevents
an easy automatic registration. The new LTF decomposition can provide a natural
domain for nonstationary spectral balancing of multicomponent images.
Figure 11a and b show seismic images from compressional (PP) and shear (SS)
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Figure 4: Field land data (a), denoised result using LTF decomposition (b), and
difference between raw data (Figure 4a) and denoised result using LTF decomposition
(Figure 4b) (c). ltft/groll dat,siltft,iltft
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Figure 5: Local T -X-F spectra (a) and filter mask in T -X-F domain (b).
ltft/groll ltft,mask
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Figure 6: Local F -K-T spectra (a) and filter mask in F -K-T domain (b).
ltft/groll tfk,masktfk
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Figure 7: Local F -K-X spectra (a) and filter mask in F -K-X domain (b).
ltft/groll fxk,maskfxk
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Figure 8: Denoised results using different local decompositions. LTFK decomposition
(a) and LXFK decomposition (b). ltft/groll sitfk,sifxk
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Figure 9: Denoised data using different methods (shown for comparison). High-pass
filter (a) and FK filter (b). ltft/groll brshot,ifk
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Figure 10: Denoised result by using RT transform with high-pass filter (a) and cascading LXFK and LTF decompositions (b). ltft/groll resu8,csiltft
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Figure 11: PP (a) and SS (b) images from a nine-component land survey.
ltft/vecta vpp,vss
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Figure 12: Three “nails” for PP and SS time correlation identified by initial image
interpretation and fitted to a straight line. ltft/vecta vnails

Figure 13: Time-frequency spectra in LTF decomposition domain. PP before balancing (a), SS after initial warping (b), PP after balancing (c), and warped SS after
balancing (d). ltft/vecta vect-ppft-0a,vect-psft-0a,vect-ppft-0c,vect-psft-0c
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Figure 14: Three stages for PP and SS registration. Initial warping (top), nonstationary spectral balancing (middle), and final registration after warping scan (bottom).
ltft/vecta vect-psw-0c

reflections obtained by processing a land nine-component survey (10). One can use
“image warping” (31) to squeeze the SS image to PP reflection time and make the
two images display in the same coordinate system. Using initial interpretation and
well-log analysis, we identified three individual correlation “nails” in the terminology
of (7). Fitting a straight line through the nails suggests a constant initial VP /VS ratio
(Figure 12). For illustration of spectral balancing, we select the 300th trace in the PP
and SS images and then warp (squeeze) SS time to PP time by using the initial VP /VS
ratio. The corresponding local time-frequency spectra are shown in Figures 13a and
b. The SS-trace frequency appears higher in the shallow part of the image because
of a relatively low S-wave velocity but lower in the deeper part of the image because
of the apparently stronger attenuation of shear waves. Spectral balancing essentially
smoothes the high-frequency image to match the low-frequency image. The LTF
decompositions provide a nonstationary domain for time-varying spectral balancing.
Our spectral balancing works as follows. For each time slice in LTF domains, we use
three steps:
1. Match the PP and SS spectra by least-squares fitting with Ricker spectra
Ri (f ) = A2i

f 2 −f 2 /fi2
e
,
fi2

(5)

where f is frequency axis and get the dominant frequencies f1 and f2 (f2 > f1 )
and the corresponding amplitudes A1 and A2 .
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2. Use the estimated Ricker parameters to design a matching Gaussian filter
G(f ) =

A1 f22 f 2 (1/f22 −1/f12 )
e
.
A2 f12

(6)

3. Shrink the high-frequency spectra to match the low-frequency spectra by applying the Gaussian filter.
The LTF spectra of PP and warped SS trace after nonstationary spectral balancing are shown in Figure 13c and d, respectively, which shows a reasonable similarity
between the PP and SS traces for both shallow and deep parts. The inverse LTF
decomposition reconstructs balanced PP and SS waveforms in the time domain. Figure 14 displays PP trace, SS trace, and the difference between the two traces in time
domain, which are compared for three stages of automatic data registration (14).
Residual γ scan is an algorithm for rapid scanning of the field of possible registrations. After applying residual γ scan to update VP /VS ratio, the difference between
balanced PP and registered SS traces is substantially reduced compared to the initial
registration. The final registration result is visualized in Figure 15, which shows interleaved traces from PP and SS images before and after registration. The alignment
of main seismic events (especially those at locations “A” and “B”) is an indication of
successful registration.

CONCLUSION
We have introduced a new time-frequency decomposition that uses regularized nonstationary regression with Fourier bases to represent the time-frequency variation of
nonstationary signals. The decomposition is invertible and provides an explicit control
on the time and frequency resolution of the time-frequency representation. Experiments with synthetic and field data show that the proposed local time-frequency
decomposition can depict nonstationary variation and provide a useful domain for
practical applications, such as ground-roll noise attenuation and multicomponent image registration.
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Figure 15: Interleaved traces from PP and SS images before (a) and after (b) multicomponent registration. ltft/vecta before,after
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Time-frequency analysis of seismic data using
synchrosqueezing wavelet transform
Yangkang Chen∗ , Tingting Liu† , Xiaohong Chen† , Jingye Li† and Erying Wang‡∗

ABSTRACT
Time-frequency (TF) decomposition is used for characterizing the non-stationary
relation between time and instantaneous frequency, which is very important in the
processing and interpretation of seismic data. The conventional time-frequency
analysis approaches suffer from the contradiction between time resolution and
frequency resolution. A new time-frequency analysis approach is proposed based
on the synchrosqueezing wavelet transform (SSWT). The SSWT is an empiricalmode-decomposition-like tool but uses a different approach in constructing the
components. With the help of the synchrosqueezing techniques, the SSWT can
obtain obvious higher time and frequency resolution. Synthetic examples show
that the SSWT based TF analysis can exactly capture the variable frequency
components. Field data tests show the potential of the proposed approach in
detecting anomalies of high-frequency attenuation and detecting the deep-layer
weak signal.

KEYWORDS
Time-frequency analysis, synchrosqueezing wavelet transform, low-frequency anomalies, deep-layer weak signal

INTRODUCTION
Time-frequency (TF) analysis solves the problems of identifying and quantifying the
oscillatory components presented in the signal, which has been exclusively utilized
by the field of exploration geophysics over the past two decades (7; 1; 8; 6). One
of the most common use of TF analysis is that deeper channels are usually stronger
at lower frequency and the shallower flank of the channel has stronger amplitudes at
higher frequencies. In addition, TF analysis can be used to estimating attenuation,
pore-pressure prediction, and seismic unconformities, and some implementation of
seismic chronostratigraphy (5). Many approaches have been proposed for TF analysis,
such as wavelet transform (WT), shot-time Fourier transform (STFT), Wigner-Ville
distribution (WVD), S transform and recently proposed local attributes based TF
∗
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(6). All of the mentioned approaches have their own advantages, however, they all
have limited resolution either in time or in frequency.
The empirical mode decomposition (EMD) (4) algorithm can separate a signal
into locally-constant frequency components, and have been shown to have a high
resolution both in time and frequency with some types of extensions, like ensemble empirical mode decomposition (EEMD) and complete ensemble empirical mode
decomposition (CEEMD). However, the EMD algorithm is still remaining heuristic
because of the lack of mathematical support. The newly proposed synchrosqueezing
wavelet transform (SSWT) capture the flavor and philosophy of the EMD approach,
but with a mathematical way in constructing the components (2). Because of the
high-resolution property of SSWT, it is becoming more and more popular for characterizing non-stationary property in signal analysis field recently. In the exploration
field, SSWT has been successfully used for removing ground rolls (9). In this abstract, we use one benchmark non-stationary synthetic model for showing SSWT’s
high resolution both in time and frequency compared with other two robust TF decomposition approaches. We also applied SSWT onto two field data examples and
show its potential in detecting anomalies of high-frequency attenuation and detecting
deep-layer weak signal.

SYNCHROSQUEEZING WAVELET TRANSFORM
The well-known continuous wavelet transform is defined by:


Z ∞
τ −t
−1/2 ∗
dτ,
Wx (a, t) =
x(τ )a
ψ
a
−∞

(1)

where ψ(t) is the chosen mother wavelet, ψ ∗ denotes the complex conjugate of ψ. The
instantaneous frequency of wx (a, t) for signal x(t) can be got by:
∂
(2)
wx (a, t) = −i(Wx (a, t))−1 Wx (a, t).
∂t
The synchrosqueezed transform Tx (w, t) can be determined only at the centers wl of
the successive bins [wl − 12 ∆w, wl + 12 ∆w], with wl − wl−1 = ∆w, by summing different
contributions (2):
X
−3/2
Tx (wl , t) = (∆w)−1
Wx (ak , t)ak (∆a)k .
(3)
ak :|w(ak ,t)−wl |≤∆w/2

The SSWT is invertible and the original signal can be obtained by:


Z ∞
−1
−3/2
Wx (a, t)a
da
x(t) = Re Cψ
0
"
#
X
−3/2
= Re Cψ−1
(ak , t)ak (∆a)k
k

"
= Re Cψ−1

#
X
l

Tx (wl , t)(∆w) .

(4)
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EXAMPLES
Benchmark synthetic example
We first use a synthetic example to demonstrate the SSWT’s high resolution both
in time and frequency. The synthetic data is borrowed from (6). It is composed
of three constant-frequency components and two spikes, as shown in Figure 1(a).
We compare the TF analysis result of the SSWT with that of the S transform and
local-attributes based TF analysis. The differences among the three TF analysis
approaches are obvious. The SSWT exactly capture the three constant-frequency
component and get a higher time resolution for the two spikes compared with the
other two approaches. In the next part, we apply the SSWT to two field datasets to
show its application in detecting low-frequency anomalies and deep-layer weak signal.

Field examples
The first field data (Figure 9(a)) is a land seismic survey used previously by (3). We
extract two frequency slices (30 Hz and 60 Hz) from the TF decomposed result and
show them in Figures 2(b) and 2(c). It’s obvious that the high-frequency slice has
some anomalies pointed out by the labels, which may comes from the high-frequency
attenuation because of the trapped oil & gas. The results are consistent from that
found by (3) using a different technique. The TF cube of the real data corresponding
to three different TF analysis approaches are shown in Figure 3. The TF map of the
S transform seems blurs together. While the local attributes based TF analysis can
have good time resolution, the SSWT can get a better result. The deep-layer of the
TF cube show coherent frequency components, indicating the potential week signal
which can not be sensed visually or by the other two TF analysis approaches. The
detection of deep-layer week signal is significant because these weak signals usually
indicate the existence of layers that has obvious impedance difference compared with
their overburden layers. Especially when the detected signals are mainly existing in
the low frequency band, the detection will indicate the existence of residual oil&gas
traps.
The second field data example is a post-stack field data set, which is also used in
the literature by (6). The data is shown in Figure 11. In this example, we extract
three constant-frequency slices corresponding to 20Hz, 40Hz, and 60 Hz, using three
different TF decomposition approaches: TF decomposition using the S transform,
TF decomposition using local attributes and TF decomposition using the SSWT. We
also extract a time-frequency spectral map for the 80th trace in the field data shown
in Figure 11. All the constant-frequency slices and TF spectral map are shown in
Figure 5.
From the constant-frequency slices shown in Figure 5, we can observe that the
S transform has the lowest time resolution, followed by the local-attributes related
TF decomposition. The constant-frequency slices and the TF spectral map from
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Figure 1: (a) Synthetic signal with three constant-frequency components and two
spikes, borrowed from (6). (b) Time-frequency map of the S transform. (c) Timefrequency map using local attributes. (d) Time-frequency map using the synchrosqueezing wavelet transform. synwav/gch1 s-0,st-0,proj-0,gch1-tfsswt
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Figure 2: (a) Input data. (a) Frequency slice corresponding to 30 Hz. (b) Frequency
slice corresponding to 60 Hz. synwav/pp data,lowf,higf
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Figure 3: (a) Time-frequency map of the S transform. (b) Time-frequency map
using local attributes. (c) Time-frequency map using the synchrosqueezing wavelet
transform. synwav/pp timefreq-st,timefreq,pp-tfsswt
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anomalies.

the SSWT both show that the TF decomposed results have the largest resolution
both in time and frequency. From the TF spectral map, the S transform has a
slightly lower frequency resolution. By the SSWT based TF decomposition, we can
detect several low-frequency anomalies. In this example, we just emphasize four
clearest anormalies, and point out them by four frame boxes with different colors.
To better illustrate the result, let us first focus on Figure 5(i). The four frame boxes
pointed out four strong-amplitude areas, which do not show in its corresponding
higher-frequency slices. Thus, these four anomalies may indicate potential oil&gas
traps with high probability. Even though from the constant-frequency slices using
other two approaches have more or less some anomalies, these anomalies are not very
easy to detect. Some highly-potential sweet spots have been lost by using the other
two approaches, e.g., area pointed out by the four frame boxes. The best strategy
for implementing the SSWT based TF decomposition onto the interpretation for
subsurface phenomenons is to combine the SSWT based TF decomposition with the
conventional approaches. While the SSWT based TF decomposition can point out the
potential anomalies with high fidelity, a more convincing conclusion can be obtained
by considering the results from the other approaches.

CONCLUSIONS
We have proposed a new TF analysis approach for seismic data using the synchrosqueezing wavelet transform. The proposed approach can achieve higher reso-

366

Chen et al.

GP-2010-0932-Final

Figure 5: (a)-(c) Frequency slices of 20Hz, 40Hz, and 60 Hz, using the S transform.
(d) Time-frequency spectral map using the S transform for 80th trace of the seismic
profile shown in Figure 11. (e)-(g) Frequency slices of 20Hz, 40Hz, and 60 Hz, using
the local-attributes related TF decomposition. (h) Time-frequency spectral map using
the local-attributes related TF decomposition for 80th trace of the seismic profile
shown in Figure 11. (i)-(k) Frequency slices of 20Hz, 40Hz, and 60 Hz, using the
SSWT. (l) Time-frequency spectral map using the SSWT for 80th trace of the seismic
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lution both in time and frequency compared with the S transform and the localattributes based TF decomposition. Numerical examples show that the SSWT can
capture the variable-frequency components embedded in the non-stationary signal exactly. We show the potential of the SSWT in detecting anomalies of high-frequency
attenuation, which is crucial for finding oil & gas traps. Field data tests also show
that the proposed TF analysis approach can also help to detect deep-layer weak signal that is usually smeared in seismic data, which in turns can help to find deserted
residual oil & gas.
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Fourier finite-difference wave propagation
Xiaolei Song and Sergey Fomel ∗

ABSTRACT
We introduce a novel technique for seismic wave extrapolation in time. The
technique involves cascading a Fourier Transform operator and a finite difference
operator to form a chain operator: Fourier Finite Differences (FFD). We derive
the FFD operator from a pseudo-analytical solution of the acoustic wave equation. 2-D synthetic examples demonstrate that the FFD operator can have high
accuracy and stability in complex velocity media. Applying the FFD method
to the anisotropic case overcomes some disadvantages of other methods, such as
the coupling of qP-waves and qSV-waves. The FFD method can be applied to
enhance accuracy and stability of seismic imaging by reverse-time migration.

INTRODUCTION
The wavefield extrapolation problem refers to advancement of a wavefield through
space or time. Both extrapolation in depth and extrapolation in time can be used in
seismic modeling and seismic migration. Reverse time migration, or RTM (4; 20; 30;
17), involves wave extrapolation forward and backward in time. RTM is useful for
accurate imaging in complex areas and is drawing more and more attention as the
most powerful depth-imaging method (32; 27; 13; 16).
Reverse-time migration can correctly handle complex velocity models without dip
limitations on the image. However, it has large memory requirements and needs a
significant amount of computation. The most popular and straightforward way to
implement reverse-time migration is the method of explicit finite differences, which
is only conditionally stable because of the limit on time-step size. Finite-difference
methods also suffer from numerical dispersion problems, which can be overcome either
by decreasing the time step or by high-order schemes (31; 19). Several alternative
algorithms have been developed for seismic wave extrapolation in variable velocity
media. (26) introduced an algorithm based on a high-order differential operator,
which allows a large extrapolation time step by solving a coefficient optimization
problem. (34) proposed one-step extrapolation method by introducing a square-root
operator. This method can formulate the two-way wave equation as a first-order partial differential equation in time similar to the one-way wave equation. (11) modified
the Fourier Transform of the Laplacian operator to compensate exactly for the error
∗
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resulting from the second-order time marching scheme used in conventional pseudo
spectral methods (22). (16) provided an accurate VTI P-wave modeling method
with coupled second-order pseudo-acoustic equations. (21) presented an application
of Rapid Expansion Method (REM) (28) for forward modeling with one-step time
evolution algorithm and RTM with recursive time stepping algorithm.
In this paper, we present a new wave extrapolator derived from the pseudoanalytical approach of (11). Our method combines FFT and finite differences. We
call it the Fourier Finite Difference method because it is analogous to the concept
introduced previously for one-way wave extrapolation by (24).
As a chain operator of Fast Fourier Transform and Finite Difference operators,
the proposed extrapolator can be as accurate as the parameter interpolation approach
employed by (11) but at a cost of only one Fast Fourier Transform (FFT) and inverse
Fast Fourier Transform (IFFT) operation. The advantages of the FFD operator are
even more apparent in the anisotropic case: no need for several interpolations for
different parameters with the corresponding computational burden of several FFTs
and IFFTs. In addition, the operator can overcome the coupling of qP-waves and
qSV-waves (33). We demonstrate the method on synthetic examples and propose to
incorporate FFD into reverse-time migration in order to enhance migration accuracy
and stability.

THEORY
The acoustic wave equation is widely used in forward seismic modeling and reversetime migration (5; 12):
∂ 2p
= v(x)2 ∇2 p ,
(1)
∂t2
where p(x, t) is the seismic pressure wavefield, and v(x) is the propagation velocity.
Assuming a constant velocity v, after Fourier transform in space, we can get the
following explicit expression:
d2 p̂
= −v 2 |k|2 p̂ ,
(2)
dt2
where
Z

+∞

p(x, t)eik·x dx .

(3)

p̂(k, t + ∆t) = e±i|k|v∆t p̂(k, t) .

(4)

p̂(k, t) =
−∞

Equation 2 has the following solution:
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A second-order time-marching scheme and the inverse Fourier transform lead to the
well-known expression (10; 26):
p(x, t + ∆t) + p(x, t − ∆t) − 2p(x, t) =
Z +∞
p̂(k, t)(cos(|k|v∆t) − 1)e−ik·x dk .
2

(5)

−∞

Equation 5 provides an elegant and efficient solution in the case of a constantvelocity medium with the aid of FFT. In the case of a variable-velocity medium,
equation 5 can provide an approximation by replacing v with v(x). However, FFT can
no longer be applied directly for the inverse Fourier transform from the wavenumber
domain back to the space domain. To overcome this problem, (11) propose a velocity
interpolation method. They present an implementation for isotropic, VTI (vertical
transversely isotropic) and TTI (tilted transversely isotropic) media. In the isotropic
case, two FFTs can be sufficient. For anisotropic media, more than one velocity
parameter must be used. Therefore, it is necessary to perform velocity interpolation
by combining different parameters and computing the corresponding forward and
inverse FFTs for each of the velocity parameters, thus increasing the computational
burden. Other FFT-based solutions include the optimized separable approximation
or OSA (25; 18; 34; 9) and the lowrank approximation (15).
We propose an alternative approach. First, we adopt the following form of the
right-hand side of equation 5 in the variable velocity case:
2 [cos(v(x)|k|∆t) − 1] =


cos(v(x)|k|∆t) − 1
,
2 [cos(v0 |k|∆t) − 1]
cos(v0 |k|∆t) − 1

(6)

where v0 is the reference velocity, such as the RMS (root-mean-square) velocity of the
medium. After that, we apply the following approximation:
3
X
cos(v(x)|k|∆t) − 1
≈a+2
bn cos(kn ∆xn ) ,
cos(v0 |k|∆t) − 1
n=1

(7)

where coefficients a and bn are defined using the Taylor expansion around k = 0,


v 2 (x)
(∆t)2 (v02 − v 2 (x))(∆x21 ∆x22 + ∆x22 ∆x23 + ∆x23 ∆x21 )
a=
1+
v02
6∆x21 ∆x22 ∆x23
,
(8)
2 2
(∆t) v (x)(v 2 (x) − v02 )
bn =
12(∆x2n )v02
and ∆xn is the sampling in the n-th direction. We only need to calculate these
coefficients once. After completing the calculation, they can be used at each time
step during the wave extrapolation process.
Equation 6 consists of two terms: the first term is independent of x and only depends on k. For this part, we use inverse FFT to return to the space domain from the
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wavenumber domain. For the remaining part, however, we can avoid phase shift in
the wavenumber domain by implementing space shifts through finite differences (approximation 7) with coefficients provided by equation 8. This approach is analogous
to the FFD method proposed by (24) for one-way extrapolation in depth.
Figure 1 (a) shows approximations for [cos(v(x)|k|∆t) − 1] by the 4th-order FD
method (dash line) and pseudo-spectral method (dotted line). Figure 1 (b) shows
approximations by the FFD method (2nd-order: dash line, 4th-order: dotted line).
The solid lines stand for the exact values for function [cos(v(x)|k|∆t) − 1] with true
velocity: v = 4.0km/s (bottom solid line) and v0 = 2.0km/s (top solid line), which
indicates a significant velocity contrast (100% difference). In this situation, all the
approximations deviate from the exact solution as the wavenumber |k| becomes large.
However, the 4th-order FFD method approximates the exact solution with the most
accuracy, as shown in the error plot (Figure 2). In order to enhance the stability,
one can suppress the wavefield at high wavenumbers for both pseudo-spectral and
the FFD method.

Figure 1: Different approximations for cos(v(x)|k|∆t) − 1. Solid lines: exact solution
(cos(v(x)|k|∆t) − 1) for v = 4.0 km/s and v0 = 2.0 km/s. (a) Dash line: the 4thorder FD. Dotted line: pseudo-spectral method. (b) Dash line: the 2nd-order FFD
method. Dotted line: the 4th-order FFD with v0 as reference velocity. ∆t = 0.001 s.
∆x = 0.005 km. ffd/cos cos-side1
Assuming that p(x, t − ∆t) and p(x, t) are already known, the time-marching
algorithm can be specified as follows:
1. Transform p(x, t) to p̂(k, t) by 3-D FFT;
2. Multiply p̂(k, t) by 2 [cos(v0 |k|∆t) − 1] to get q̂(k, t);
3. Transform q̂(k, t) to q(x, t) by inverse FFT;
4. Apply finite differences to q(x, t) with coefficients in equation 8 to get q(x, t +
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Figure 2: Errors for different approximations for cos(v(x)|k|∆t) − 1. Solid lines:
exact solution (cos(v(x)|k|∆t) − 1) for v = 4.0 km/s and v0 = 2.0 km/s. (a) Dash
line: the 4th-order FD. Dotted line: pseudo-spectral method. (b) Dash line: the 2ndorder FFD method. Dotted line: the 4th-order FFD with v0 as reference velocity.
∆t = 0.001 s. ∆x = 0.005 km. ffd/cos diff1

∆t). Namely,
q i,j,k (t + ∆t) = ai,j,k q i,j,k (t)
i−1,j,k
+bi,j,k
(t) + q i+1,j,k (t))
1 (q
i,j−1,k
+bi,j,k
(t) + q i,j+1,k (t))
2 (q
i,j,k−1
+bi,j,k
(t) + q i,j,k+1 (t)) ,
3 (q

(9)

where i is the grid index of xi direction;
5. p(x, t + ∆t) ← q(x, t + ∆t) + 2p(x, t) − p(x, t − ∆t).
Here q(x, t) and q̂(k, t) are temporary functions.
The FFD approach is not limited to the isotropic case. In the case of transversally
isotropic (TTI) media, the term v(x) |k| on the left-hand side of equation 7, can be
replaced with the acoustic approximation (1; 2; 14),
s
f (v, k̂, η) =

1
1 2 2
(v1 k̂1 + v22 k̂22 ) +
2
2

r
(v12 k̂12 + v22 k̂22 )2 −

8η 2 2 2 ˆ2
v v k̂ k ,
1 + 2η 1 2 1 2

(10)

where v1 is the P-wave phase velocity in the symmetry plane, v2 is the P-wave
phase velocity in the direction normal to the symmetry plane, η is the anisotropic
elastic parameter (3) related to Thomsen’s elastic parameters  and δ (29) by
1 + 2δ
1
=
;
1 + 2
1 + 2η
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and k̂1 and k̂2 stand for the wavenumbers evaluated in a rotated coordinate system
aligned with the symmetry axis:
k̂1 = k1 cos φ + k2 sin φ
k̂2 = −k1 sin φ cos θ + k2 cos φ cos θ + k3 sin θ
k̂3 = k1 sin φ sin θ − k2 cos φ sin θ + k3 cos θ ,

(11)

where θ is the tilt angle measured with respect to vertical and φ is the angle between the projection of the symmetry axis in the horizontal plane and the original Xcoordinate. The symmetry axis has the direction of {− sin θ sin φ, − sin θ cos φ, cos θ}.
Using these definitions, we develop a finite-difference approximation analogous to
equation 7 for FFD in TTI media. The details of the derivation are given in the
appendix. For the 2D TTI case, the corresponding FFD algorithm is as following:
1. Transform p(x, t) to p̂(k, t) by FFT;
2. Multiply p̂(k, t) by

2[cos(f (v0 , k̂, η0 )∆t) − 1]
|k̂|2

to get q̂(k, t);

3. Transform q̂(k, t) to q(x, t) by inverse FFT;
4. Apply finite differences to q(x, t) with coefficients in Table 1 to get q(x, t + ∆t).
Namely,
q i,j,t+∆t = ai,j q i,j,t
i−1,j,t
+bi,j
+ q i+1,j,t )
1 (q
i,j−1,t
+bi,j
+ q i,j+1,t )
2 (q
i−2,j,t
+di,j
+ q i+2,j,t )
1 (q
i,j−2,t
+di,j
+ q i,j+2,t )
2 (q
+ci,j (q i−1,j−1,t + q i−1,j+1,t + q i+1,j−1,t + q i+1,j+1,t ) .

(12)

where i is the grid index of xi direction;
5. p(x, t + ∆t) ← q(x, t + ∆t) + 2p(x, t) − p(x, t − ∆t).
Here, q(x, t) and q̂(k, t) are temporary functions.

NUMERICAL EXAMPLES
Our first example is a comparison of four methods: the 4th-order finite differences,
pseudo-spectral method, velocity interpolation, and the FFD method in a velocity
model with smooth variation, formulated as
v(x, z) = 550 + 1.5 × 10−4 (x − 800)2 + 10−4 (z − 500)2 ;
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0 ≤ x ≤ 2560, 0 ≤ z ≤ 2560.
The velocity is between 550 m/s and 1439 m/s. A Ricker-wavelet source with maximum frequency 70 Hz is located at the center of the model. For all the numerical
simulations based on this model, we use the same grid size: ∆x = 5 m and ∆t = 2
ms.
Figure 3(a) shows an obvious numerical dispersion from the snapshot of the acoustic wavefield computed by the 4th-order finite difference method. Figure 3(b) shows
a slight dispersion from the snapshot computed by pseudo-spectral method (23).
Figure 3(c) shows the corresponding snapshot of the velocity-interpolation method
(11; 8), calculated using two reference velocities. It is practically free of dispersion
thanks to spectral compensation. Figure 3(d) shows a snapshot of the proposed FFD
method. It is almost exactly the same as Figure 3(c); however, only one reference
velocity is used instead of two. As comparison between Figure 3(d) and Figure 3(c)
implies, the FFD method has practically the same accuracy as the velocity interpolation method while having only one reference velocity and therefore replacing the cost
of one additional FFT with the cost of a low-order finite-difference operator.
Our next example is a snapshot of the acoustic wavefield calculated by FFD in the
BP model (6). We use a Ricker-wavelet at a point source. The maximum frequency
is 50 Hz. The horizontal grid size ∆x is 37.5 m, the vertical grid size ∆z is 12.5 m
and the time step is 1 ms. Figure 13(a) shows a part of the model with a salt body.
Figure 5 shows a wavefield snapshot confirming that the FFD method can work in a
complex-velocity medium as well.
Next we apply our FFD algorithm to RTM with a simple exponential decaying
boundary condition (7). The dominant frequency is 27 Hz. The space grid is 25 m
and the time step is 1.5 ms. Figure 5(b) shows the output image. The inner and
outer flanks of the salt body are clearly imaged.
The cost advantage of FFD is even more appealing in anisotropic (TTI) media,
which require multiple velocity parameters and increase the cost of velocity interpolation. Figure 7 shows the impulse response of a 4th-order FFD operator in a TTI
model with the tilt of 45 ◦ and a smooth velocity variation (vx : 800-1225.41 m/s, vz :
700-883.6 m/s). The space grid size is 5 m and the time step is 1 ms. Note no coupling
of qP-waves and qSV-waves (33) in the figure, thanks to the Fourier construction of
the operator.
For this paper, we implemented a 2nd-order 5-point FD scheme for 2D isotropic
case. One can observe little dispersion in isotropic examples. For TTI media, we
use a 13-point scheme which minimizes the error in the symmetry plane and in the
direction normal to the symmetry plane. One can still see some dispersion in the
corresponding snapshot; which indicates that a higher order FD scheme might be
required to further supress the dispersion.
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Figure 3: Acoustic wavefield snapshot by: (a) 4th-order Finite Difference method; (b)
pseudo-spectral method; (c) velocity interpolation method with 2 reference velocities;
(d) FFD method with RMS velocity. ffd/ffd wavfd,wavsp,wavpspi,wavffd

GP-2010-0932-Final

FFD wave propagation

377

Figure 4: Portion of BP 2004 synthetic velocity model. ffd/bpmodel vel

Our last example is qP-wave simulation in the BP 2D TTI model. Figure 8(a)8(d) shows parameters for part of the model. The maximum frequency is 50 Hz. The
space grid size is 12.5 m and the time step is 1 ms. The snapshot of the acoustic
wavefield in Figure 9 demonstrates the stability of our approach in a complicated
anisotropic model. Some small dispersion is present in the TTI examples, pointing
to a possible need to extend the FD part of the FFD scheme from second order to
higher orders.

CONCLUSIONS
Accurate and efficient numerical wave propagation in variable velocity media is crucial
for seismic modeling and seismic migration, particularly for reverse-time migration.
The FFD technique proposed in this paper promises higher accuracy than that of the
conventional, explicit finite-difference method, at the cost of only one forward and
inverse Fast Fourier Transform. Results in synthetic isotropic and anisotropic models
illustrate FFD’s stability in complicated velocity models. The method can be used
in reverse-time migration to enhance its accuracy and stability.

378

Song & Fomel

GP-2010-0932-Final

Figure 5: Wavefield snapshot in the BP Model shown in Figure 13(a).
ffd/bpmodel wavsnap
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Figure 6: RTM image of BP salt model. ffd/. img
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Figure 7: Wavefield snapshot in a TTI medium with tilt of 45 degrees. vx (x, z) =
800 + 10−4 (x − 1000)2 + 10−4 (z − 1200)2 ; vz (x, z) = 700 + 10−4 (z − 1200)2 ; η = 0.3;
θ = 45 ◦ . ffd/anisotropic TTI-snapshot
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Figure 8: Partial region of the 2D BP TTI model. a: vz . b: vx . c: η. d:θ.
ffd/bptti vp2,vx2,yita2,theta2
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Figure 9: Scalar wavefield snapshot in the 2D BP TTI model, shown in Figure 8.
ffd/bptti ttisnapshot

GP-2010-0932-Final

FFD wave propagation

383

ACKNOWLEDGEMENT
We thank BP for releasing benchmark synthetic models, Bjorn Enquist, Paul Fowler
and Lexing Ying for useful discussions, and John Etgen, Stig Hestholm, Erik Saenger
and two anonymous reviewers for helpful reviews.
This publication is authorized by the Director, Bureau of Economic Geology, The
University of Texas at Austin.

APPENDIX A
FFD FOR TTI MEDIA
To develop a 25-point finite-difference scheme analogous to equation 7 for FFD in 3D
TTI media, we first apply the following approximation:
cos(f (v, k̂, η)∆t) − 1
|k̂|2 ≈
ˆ
cos(f (v0 , k0 , η0 )∆t) − 1
P
a + 2 3n=1 (bn cos(kn ∆xn ) + dn cos(2kn ∆xn ))
P
+2 3n=1 cn [cos(ki ∆xi + kj ∆xj ) + cos(ki ∆xi − kj ∆xj )] ,

(A-1)

where i, j = 1, 2, 3; i 6= j; i, j 6= n.
In approximation A-1, f (v, k̂, η) is a function as in expression 10 and a, bn , cn
and dn are coefficients determined from the Taylor expansion around k = 0.
Notice that we multiply the left-hand side with |k̂|2 , so one needs to multiply
2[cos(f (v0 , k, η0 )∆t) − 1]
.
p̂(k̂, t) with
|k̂|2
The coefficients for Equation A-1 are derived in Table 1 and Table 2. wn0 , hn0 ,
pn0 and qn0 have similar expressions as above in Table 2 with v, η and θ substited by
the corresponding reference values: RMS velocity v0 , average anisotropic parameter
η0 and average tilt angles θ0 and φ0 .
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q3 =
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Table 2: Coefficients for Table 1.

386

Song & Fomel

GP-2010-0932-Final

[5] Bednar, J., 2005, A brief history of seismic migration: Geophysics, 70, 3MJ–20MJ.
[6] Billette, F. J., and S. Brandsberg-Dahl, 2004, The 2004 BP velocity benchmark:
67th Annual EAGE Meeting, EAGE, Expanded Abstracts, B305.
[7] Cerjan, C., D. Kosloff, R. Kosloff, and M. Reshef, 1985, A nonreflecting boundary
condition for discrete acoustic and elastic wave equations: Geophysics, 50, 705–708.
[8] Crawley, S., S. Brandsberg-Dahl, and J. McClean, 2010, 3d TTI RTM using the
pseudo-analytic method: 80th Ann. Internat. Mtg., Soc. Expl. Geophys., 3216–
3220.
[9] Du, X., R. P. Fletcher, and P. J. Fowler, 2010, Pure P-wave propagators versus
pseudo-acoustic propagators for RTM in VTI meida: 72nd Annual EAGE Meeting,
EAGE, Expanded Abstracts, Accepted.
[10] Etgen, J., 1989, Accurate wave equation modeling, in SEP-60: Stanford Exploration Project, 131–148.
[11] Etgen, J., and S. Brandsberg-Dahl, 2009, The pseudo-analytical method: application of pseudo-Laplacians to acoustic and acoustic anisotropic wave propagation:
79nd Annual International Meeting, SEG, Expanded Abstracts, 2552–2556.
[12] Etgen, J., S. H. Gray, and Y. Zhang, 2009, An overview of depth imaging in
exploration geophysics: Geophysics, 74, WCA5–WCA17.
[13] Fletcher, R. P., X. Du, and P. J. Fowler, 2009, Reverse time migration in tilted
transversely isotropic (TTI) media: Geophysics, 74, WCA179–WCA187.
[14] Fomel, S., 2004, On anelliptic approximations for qP velocities in VTI media:
Geophysical Prospecting, 52, 247–259.
[15] Fomel, S., L. Ying, and X. Song, 2010, Seismic wave extrapolation using a
lowrank symbol approximation: 80th Ann. Internat. Mtg., Soc. Expl. Geophys.,
3092–3096.
[16] Fowler, P. J., X. Du, and R. P. Fletcher, 2010, Coupled equations for reverse
time migration in transversely isotropic media: Geophysics, 75, S11–S22.
[17] Levin, S. A., 1984, Principle of reverse time migration: Geophysics, 49, 581–583.
[18] Liu, F., S. A. Morton, S. Jiang, L. Ni, and J. P. Leveille, 2009, Decoupled wave
equations for P and SV waves in an acoustic VTI media: 79th Ann. Internat. Mtg.,
Soc. Expl. Geophys., 2844–2848.
[19] Liu, Y., and M. K. Sen, 2009, A new time-space domain high-order finitedifference method for the acoustic wave equation: Journal of computational
Physics, 228, 8779–8806.
[20] McMechan, G. A., 1983, Migration by extrapolation of time-dependent boundary
values: Geophys. Prosp., 31, 413–420.
[21] Pestana, R. C., and P. L. Stoffa, 2010, Time evolution of the wave equation using
rapid expansion method: Geophysics, 75, T121–T131.
[22] Reshef, M., D. Kosloff, M. Edwards, and C. Hsiung, 1988a, Three-dimensional
acoustic modeling by the Fourier method: Geophysics, 53, 1175–1183.
[23] ——–, 1988b, Three-dimensional acoustic modeling by the fourier method: Geophysics, 53, 1175–1183.
[24] Ristow, D., and T. Ruhl, 1994, Fourier finite-difference migration: Geophysics,
59, 1882–1893.
[25] Song, J., 2001, The optimized expression of a high dimensional function/manifold

GP-2010-0932-Final

FFD wave propagation

387

in a lower dimensional space: Chinese Scientific Bulletin, 46, 977–984.
[26] Soubaras, R., and Y. Zhang, 2008, Two-step explicit marching method for reverse
time migration: 78th Ann. Internat. Mtg., Soc. Expl. Geophys., 2272–2276.
[27] Symes, W. W., 2007, Reverse time migration with optimal checkpointing: Geophysics, 72, SM213–SM221.
[28] Tal-Ezer, H., D. Kosloff, and Z. Koren, 1987, An accurate scheme for seismic
forward modeling: Geophysical Prosecting, 35, 479–490.
[29] Thomsen, L., 1986, Weak elastic anisotropy: Geophysics, 51, 1954–1966.
[30] Whitmore, N. D., 1983, Iterative depth migration by backward time propagation:
53rd Ann. Internat. Mtg., Soc. Expl. Geophys., 382–385.
[31] Wu, W., L. R. Lines, and H. Lu, 1996, Analysis of high-order, finite-difference
schemes in 3-D reverse-time migration: Geophysics, 61, 845–856.
[32] Yoon, K., K. J. Marfurt, and W. Starr, 2004, Challenges in reverse-time migration: 74th Ann. Internat. Mtg., Soc. Expl. Geophys., 1057–1061.
[33] Zhang, H., G. Zhang, and Y. Zhang, 2009, Removing S-wave noise in TTI reverse
time migration: 79th Ann. Internat. Mtg., Soc. Expl. Geophys., 2849–2853.
[34] Zhang, Y., and G. Zhang, 2009, One-step extrapolation method for reverse time
migration: Geophysics, 74, A29–A33.

388

Song & Fomel

GP-2010-0932-Final

Texas Consortium for Computational Seismology, TCCS, March 25, 2015

Omnidirectional plane-wave destruction
Zhonghuan Chen∗ , Sergey Fomel† , and Wenkai Lu∗∗

ABSTRACT
Steep structures in seismic data may bring directional aliasing, thus plane-wave
destruction (PWD) filter can not obtain an accurate dip estimation. We propose
to interpret plane-wave construction (PWC) filter as a line-interpolating operator
and introduce a novel circle-interpolating model. The circle-interpolating PWC
can avoid phase-wrapping problems, and the related circle-interpolating planewave destruction (PWD) can avoid aliasing problems. We design a 2D maxflat
fractional delay filter to implement the circle interpolation, and prove that the
2D maxflat filter is separable in each direction. Using the maxflat fractional
delay filter in the circle interpolation, we propose the omnidirectional planewave destruction (OPWD). The omnidirectional PWD can handle both vertical
and horizontal structures. With a synthetic example, we show how to obtain
an omnidirectional dip estimation using the proposed omnidirectional PWD. An
application of the omnidirectional PWD to a field dataset improves the results
of predictive painting and event picking, as compared to conventional PWD.

INTRODUCTION
Seismic wavefields can be approximated by local plane waves, and the local slope field
of these plane waves has been a significant parameter in seismic analysis. Plane-wave
destruction (PWD) is one of the most popular tools to estimate the slope field. The
linear PWD proposed by (4) uses explicit finite differences and obtains the slope field
by least-squares estimation. The nonlinear PWD proposed by (6) uses the maxflat
fractional delay filter (18; 20) to approximate a linear phase operator (or phase shift
operator) and to provide a polynomial equation for the local slope (3). When the
nonlinear PWD is applied iteratively, its first iteration corresponds to the linear PWD.
Local slope field has been widely applied in seismic applications. In applications
such as model parameterization (9; 10), trace interpolation (1) and wavefield separation and denoising (12) in prestack datasets, seismic events usually have moderate
slopes. However, in other applications, there might be steep or even vertical structures
in the data and the slopes might be large or even infinite. Some common examples
are: (1) migrated datasets, where geological structures can be steeply dipping, and
attribute analysis may require the slope field (14); (2) time slices, where azimuths can
follow any directions (13, Figure 2a is a good example); (3) profiles with insufficient
∗
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horizontal sampling interval, causing dip aliasing problems (2). (11) has shown that
neither linear nor nonlinear PWD can cope with these steep structures well. In this
case, the PWD-based slope estimation may be inaccurate.
In order to handle steep structures, several methods have been proposed to improve the linear PWD: (5) and (15) introduced other finite-difference methods to
obtain a better phase-shift response. (11) applied the linear PWD in both horizontal
and vertical directions, to construct the directional Laplacian operator. (16) proposed
total least-squares estimation to improve the least-squares estimation.
In this paper, we propose to interpret the phase shift operator in the nonlinear
PWD as a 1D wavefield interpolator (vertical interpolation in a seismic trace). In
order to handle omnidirectional structures, we introduce a 2D interpolator, which
interpolates the wavefield along a circle instead of a vertical line. Circle interpolation
can avoid aliasing problems and enable efficient modeling of steep structures.
We design a 2D maxflat fractional delay filter to implement circle interpolation.
This 2D filter can be decoupled into a cascade of two 1D filters applied in different
directions. Using the polynomial design of the maxflat fractional delay filter (3),
we propose an omnidirectional plane-wave destruction (OPWD). We use a synthetic
example to demonstrate the omnidirectional modeling ability and apply OPWD to
improve events picking for a field dataset.

FROM LINE INTERPOLATION TO CIRCLE
INTERPOLATION
Considering the wavefield u(x1 , x2 ) observed in a 2D sampling system and following
(6), plane-wave destruction can be represented in the Z-transform domain as
(1 − Z2 Z1p )U (Z1 , Z2 ) = 0 ,

(1)

where Z1 , Z2 are the unit shift operators in the first and second dimensions. U (Z1 , Z2 )
(or U for convenience) denotes the Z transform of u(x1 , x2 ). p is the local slope. We
call Z2 Z1p and 1 − Z2 Z1p plane-wave constructor and destructor, respectively. The
slope p has the following relationship with the dip angle θ: p = tan θ.
Applying Z2 Z1p at one point, for example, point O in Figure 1, PWC obtains the
wavefield at the point with a unit shift in the second dimension and p unit shifts in
the first dimension, denoted by A(x1 + p∆x1 , x2 + ∆x2 ). As −π/2 ≤ θ ≤ π/2, p can
be any value from −∞ to +∞. That is to say, the forward plane-wave constructor
Z2 Z1p interpolates the wavefield along the vertical line at x2 + ∆x2 . Similarly, the
backward PWC interpolates the wavefield along the vertical line at x2 − ∆x2 .
In order to handle both vertical and horizontal structures, we propose to modify
the plane-wave destruction in equation 3 into the following form:
(1 − Z2p2 Z1p1 )U = 0,

(2)
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Figure 1: Interpolation in plane-wave construction: line-interpolating PWC interpolates the wavefield at point A, while circle-interpolating PWC interpolates at point
B. opwd/Gnuplot opwd

where p1 , p2 are parameters related to the trial dip angle, as follows: p1 = r sin θ,
p2 = r cos θ.
In other words, we consider a circle in polar coordinates, parameterized by the
radius r and the dip angle θ. Applying the new PWC Z2p2 Z1p1 at point O, it obtains
the wavefield at the point with p1 unit shifts in the first dimension and p2 unit shifts
in the second dimension. That is point B(x1 + p1 ∆x1 , x2 + p2 ∆x2 ). As θ changes, the
new PWC Z1p1 Z2p2 interpolates the wavefield along a circle with radius r. We draw
the interpolating circle with r = 1 in Figure 1. The circle-interpolating PWC Z1p1 Z2p2
corresponds to a 2D interpolation. Equation 3 can also be seen as a special case of
equation 2 when p2 = 1. Compared with the 1D line-interpolating method, the main
benefit of circle interpolation is its antialiasing ability.

Anti-aliasing ability
We compare the line-interpolating and circle-interpolating PWD operators in the
frequency domain. At different dip angles, the magnitude responses of 1 − Z2 Z1p and
1 − Z1p1 Z2p2 are shown in Figure 2: When dip angle θ = 20◦ , the two operators have
similar responses (Figure 2a and 2d); when θ = 50◦ , the line-interpolating PWD
become slightly aliased (Figure 2b), while the circle-interpolating PWD is not aliased
(Figure 2e); as θ increases to 80◦ , the former is badly aliased (Figure 2c), and the
latter is still not aliased (Figure 2f).
In summary, the line-interpolating PWD has different frequency responses for
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Figure 2: Magnitude responses of the line-interpolating PWD 1 − Z1 Z2p (top)
and the circle-interpolating PWD 1 − Z1p1 Z2p2 with r = 1 (bottom): from
left to right θ = 20◦ , 50◦ , 80◦ .
Here, w1 and w2 are normalized frequencies (0.5 denotes Nyquist frequency, half the sampling frequency) in vertical
and horizontal directions.
White color denotes one and dark denotes zero.
opwd/freq lidl20,lidl50,lidl80,oidl20,oidl50,oidl80
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different dip angles. It may become aliased when the slope is large. The circleinterpolating PWD avoids aliasing for both small and large dip angles.
In line-interpolating PWD, we must design a digital filter to approximate the
linear phase operator (or phase shift operator) Z1p . The slope has an infinite range
[−∞, +∞]. In circle-interpolating PWD, there are two linear phase operators Z1p1
and Z2p2 , related to the respective directions. Both the slopes p1 , p2 have a finite
range [−r, r].
Following (6), the phase shift operators can be approximated by the following
maxflat fractional delay filter (18):
H1 (Z1 ) =
where
B(Z1 ) =

B(1/Z1 )
≈ Z1p ,
B(Z1 )
N
X

(3)

bk1 Z1−k1 ,

(4)

k1 =−N

N is the filter order and coefficients bk1 are polynomial functions of local slopes p (3):
(2N )!(2N )!
bk1 (p) =
(4N )!(N + k1 )!(N − k1 )!

N −1−k
Y 1

(m − 2N + p)

m=0

N −1+k
Y 1

(m − 2N − p).

(5)

m=0

In Figure 3, we show the phase approximating performances of the maxflat fractional delay filters for different slopes. For small slope p = 0.2, the approximations
are good, but when the slopes become large, the phases get wrapped. It is obvious
that the phase wrapping comes when and only when p > 1. The larger the slope p,
the more narrow the linear-phase frequency bands become.
As mentioned above, in line-interpolating PWC, the slope p is in the infinite
interval [−∞, +∞]. For steep structures, where the slope p becomes larger than 1,
there may be phase wrapping in the linear phase approximator. However, in circleinterpolating PWC, the ranges of p1 , p2 can be easily controlled by the radius r. If
we choose r ≤ 1, the circle-interpolating can avoid phase wrapping completely for all
dip angles.

2D LINEAR PHASE APPROXIMATION
Similar to the line-interpolating PWD, the 2D phase shift operator Z1p1 Z2p2 can be
approximated by the following 2D allpass system:
H2 (Z1 , Z2 ) =
where
F (Z1 , Z2 ) =

N
X

F (1/Z1 , 1/Z2 )
,
F (Z1 , Z2 )
N
X

k1 =−N k2 =−N

fk1 k2 Z1−k1 Z2−k2 .

(6)

(7)
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p=1.2

0.5

Phase: (π)

p=0.2
0.0
−0.5
−1.0
−1.5
0.0

ideal
N=1
N=2

0.1

0.2
0.3
0.4
Normalized frequency: (cycles/sample)

Figure 3: Phase approximating performances of the maxflat fractional delay filter
H1 (Z1 ) when p = 0.2, 1.2, 5.2: dash lines denote first-order filter and dotted lines
denote second-order filter. opwd/wrap wrap
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2D maxflat condition
The frequency response of the objective phase shift operator is Z1p1 Z2p2 = ej(w1 p1 +w2 p2 ) ,
where, w1 , w2 are frequencies in radius in vertical and horizontal directions. We must
design the coefficients fk1 k2 so that the allpass system H2 (Z1 , Z2 ) can obtain a similar
linear phase response. The frequency response of H2 (Z1 , Z2 ) is
F ∗ (ejw1 , ejw2 )
= e−j2θF (w1 ,w2 ) ,
F (ejw1 , ejw2 )

H2 (ejw1 , ejw2 ) =

(8)

where θF (w1 , w2 ) is the phase of F (Z1 , Z2 ), which takes the following form:
N
X

θF (w1 , w2 ) = − tan−1

N
X

fk1 k2 sin(k1 w1 + k2 w2 )

k1 =−N k2 =−N
N
X

N
X

.

(9)

fk1 k2 cos(k1 w1 + k2 w2 )

k1 =−N k2 =−N

The phase approximating error is w1 p1 + w2 p2 + 2θF (w1 , w2 ). In order to obtain
an analytical fk1 k2 , we remove tan−1 and redefine the phase approximating error as
N
X

N
X

w 1 p1 + w 2 p2
k =−N k2 =−N
)− 1N
(w1 , w2 ) = tan(
N
2
X X

fk1 k2 sin(k1 w1 + k2 w2 )
fk1 k2 cos(k1 w1 + k2 w2 )

k1 =−N k2 =−N
N
X

N
X

fk1 k2 sin[w1 (

k1 =−N k2 =−N

=

2 p2
cos( w1 p1 +w
)
2

N
X

p1
p2
− k1 ) + w2 ( − k2 )]
2
2

N
X

.

(10)

fk1 k2 cos(k1 w1 + k2 w2 )

k1 =−N k2 =−N

The sine function in the numerator can be expressed by 2D Taylor’s expansion as
p2
p1
sin(w1 ( − k1 ) + w2 ( − k2 ))
2
2
∞ X
∞
p1
X
( − k1 )2j1 +1 ( p22 − k2 )2j2 +1 2j1 +1 2j2 +1
=
w2
.
(−1)j1 +j2 2
w1
(2j
+
1)!(2j
+
1)!
1
2
j =0 j =0
1

2

We use the maxflat phase criterion (18), which means that the filter has a phase
response as flat as the desired linear response. In the 2D case, the criterion is equivalent to the mathematical expression that the partial derivatives of the error function
should be as small as possible. We set them to be zero:
∂ j1 +j2 (w1 , w2 )
=0
∂w1j1 ∂w2j2

j1 , j2 = 0, 1, . . . ,

(11)
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which is equivalent to the following 2D maxflat condition:
N
X
k1

N
X
p2
p1
( − k1 )2j1 +1 ( − k2 )2j2 +1 fk1 k2 = 0.
2
2
=−N k =−N

(12)

2

Additional constraint
The above maxflat condition is a linear system with (2N +1)2 unknown variables fk1 k2 .
In order to obtain a non-zero solution, we use only the first 4N 2 +4N equations, which
zeros the partial derivatives with order less than (2N + 1)2 , and impose an additional
constraint on the filter coefficients,
N
X

N
X

fk1 k2 = 1.

(13)

k1 =−N k2 =−N

This additional constraint yields a unit amplitude response at zero frequency,
similarly to the 1D maxflat approximation (3).

Directional separability
The combined linear system can be solved analytically. It is based on the property
that fk1 k2 can be decoupled into the product of two terms, as shown in the appendix,
fk1 k2 (p1 , p2 ) = bk1 (p1 )bk2 (p2 ),

(14)

where bk1 (p1 ) and bk2 (p2 ) denote coefficients of the 1D maxflat fractional delay filter
used to approximate Z1p1 and Z2p2 respectively. Equation 14 implies that the 2D
maxflat filter H2 (Z1 , Z2 ) is equivalent to a cascade of two 1D maxflat filters,
H2 (Z1 , Z2 ) =

B1 (1/Z1 ) B2 (1/Z2 )
.
B1 (Z1 ) B2 (Z2 )

(15)

B1 (Z1 ) and B2 (Z2 ) can be designed in the same way as for the line-interpolating
PWD, whose coefficients are given by equation 5. H2 (Z1 , Z2 ) can be implemented by
applying the 1D maxflat filter on each direction independently.
This separability of the maxflat linear phase filter extends to 3D and higher dimensions.

Frequency responses
We show the magnitude responses of the infinite impulse response (IIR) omnidirectional PWD (OPWD) 1 − H2 (Z1 , Z2 ) when N = 2 in Figure 4d-f. Compared with the
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ideal responses in Figure 2, it has good approximations for all the three dip angles in
most of the frequency band. There are distortions in the high frequency bands, due
to phase approximation errors in H2 (Z1 , Z2 ) for high frequencies. They are not significant in practice, because the frequency band of seismic data is temporally limited.

Figure 4: Magnitude responses of the IIR implementation of LPWD 1 − Z2 H1 (Z1 )
(top) and OPWD 1 − H2 (Z1 , Z2 ) (bottom): from left to right θ = 20◦ , 50◦ , 80◦ .
opwd/freq liir20,liir50,liir80,oiir20,oiir50,oiir80
When θ = 20◦ or 50◦ , the omnidirectional PWD has a low-frequency response
similar to that of line-interpolating PWD (LPWD) shown in Figure 4a-b. When
θ = 80◦ , the LPWD has aliasing in low-frequency bands (Figure 4c), while the OPWD
exhibits a more desirable low-frequency response (Figure 4f).
Following (6), the IIR LPWD 1 − Z2 H1 (Z1 ) can be approximated by the following
finite impulse response (FIR) filter:
H3 (Z1 , Z2 ) = B(Z1 ) − Z2 B(1/Z1 ).

(16)

Similarly, the IIR OPWD filter 1 − H2 (Z1 , Z2 ) can also be approximated by an
FIR implementation:
H4 (Z1 , Z2 ) = F (Z1 , Z2 ) − F (1/Z1 , 1/Z2 ).

(17)

The frequency responses of these two FIR approximations are shown in Figure
5. Similar to the IIR implementation, the FIR OPWD (Figure 5d-f) can obtain
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Figure 5: Magnitude response of the FIR approximation of LPWD H3 (Z1 , Z2 )
(top) and OPWD H4 (Z1 , Z2 ) (bottom): from left to right θ = 20◦ , 50◦ , 80◦ .
opwd/freq lfir20,lfir50,lfir80,ofir20,ofir50,ofir80
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an expected low-frequency response for all three dip angles. While the FIR LPWD
cannot obtain a good low-frequency response when θ = 80◦ (Figure 5c). Compared
with the IIR implementations, the FIR approximations of both LPWD and OPWD
have less desirable high-frequency responses.

APPLICATIONS
Omnidirectional dip estimation
Dip estimation by OPWD is equivalent to the parameter estimation of the OPWD
filter in equation 17. The desired parameters p1 , p2 minimize the predictive error:
H4 (Z1 , Z2 , p1 , p2 )U ≈ 0,

(18)

p21 + p22 = r2 .

(19)

with

We solve the above equation set by Newton’s search. At each iteration, the increments ∆p1 , ∆p2 are calculated from the following linearization:



 

∂H4
∂H4
−H4 U
 ∂p1 U ∂p2 U  ∆p1 ≈
.
(20)
∆p2
r2 − p21 − p22
2p1
2p2
Both p1 and p2 are updated until the residual of OPWD becomes less than a specified
tolerance. Similarly to the line-interpolating PWD, when we are solving for ∆p1 and
∆p2 , either Tikhonov’s regularization (6) or shaping regularization (7) can be applied
to obtain a robust estimation.
In order to test the performance of OPWD, we generate a 2D synthetic image in
polar coordinates using the following equation:
u(r) = e−αr sin(2π(f0 + βr)r).

(21)

Structures in this image have constant dip angles along radial directions, but the
frequency and magnitude vary with radius. Figure 6a shows a test example with
f0 = 0.02 , α = 0.01, β = 0.0005. We apply the first-order (N = 1) OPWD filter to
this test image. With the starting dip θ0 = π4 , we obtain an estimation result in 10
iterations, as shown in Figure 6b. Obviously, dip estimation by OPWD is effective
for both horizontal and vertical structures.
We compare the proposed OPWD with LPWD by estimating errors in Figures
6c and 6d. As the test image is noise-free, we do not need to use any smoothing
regularization in both of these methods. In this case, the modeling errors are the
dominate factor of the final estimating errors. Obviously, the LPWD cannot detect
the vertical structure accurately, while the OPWD can.
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Figure 6: An omnidirectional dip estimation example: (a) test image; (b) dip angles
estimated by the OPWD filter; (c) estimation error of OPWD; (d) estimation error
of LPWD. opwd/circle circle,odip,oerr,lerr
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Improved predictive picking
Event picking is a useful tool for interpretation. However, when there are salt bodies and buried hills in our images, picking becomes difficult. Using some additional
information, such as cross-correlation analysis (19), high-order statistics (17) or local
slope fields (8), automatic picking tools can be improved. A challenge for automatic
picking is therefore the robust estimation of the statistics or slope fields. This challenge is especially difficult near boundaries of salt bodies and buried hills because of
steep structures. In this paper, we use the slope-based predictive painting method
(8) to pick events. We use the proposed OPWD to estimate the slope field, and show
how it improves event-picking results.
In Figure 9(a), we show a profile of a post-stack dataset from an oilfield in China.
We can see a buried hill in this area, and there are several steep boundaries and
faults near the buried hill. The slope field estimated by OPWD is shown in Figure
8a. Compared with the slope by LPWD in Figure 8b, the OPWD yields a larger
estimated slope near the 360-th trace and the 475-th trace. As shown in Figure 9(a),
there exist faults and steep buried-hill boundaries at these two positions, respectively.
In this application, we use the shaping regularization with 25-points window size. We
choose the 400-th and 560-th traces as two reference traces and use the two slope
fields in 2D predictive painting. Painting results are shown in Figure 9a and Figure
9b. Meanwhile, we pick some of the events, as shown in Figure 10. Compared with
the painting and picking results based on the LPWD, the OPWD provides more
reasonable results near the fault (360-th trace) and near the buried-hill boundaries
(475-th trace).

Figure 7: Field data example: steep structures and faults are rich in this selected
area. opwd/pick data

CONCLUSIONS
We have addressed the problem of steep slope estimation by introducing a novel
circle-interpolating method in plane-wave construction, which leads to omnidirectional plane-wave destruction. Frequency analysis demonstrates the ability of the
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Figure 8: Slope field estimated by OPWD (a) and LPWD (b). In both the two
methods, we choose N = 2 and use 25 points regularization window in each directions.
opwd/pick odip,dip

Figure 9: Predictive painting results using the OPWD slope (a) and LPWD slope (b):
the reference traces are the 400-th and 560-th traces. opwd/pick pred-odip,pred-dip

Figure 10: Predictive picking results using the OPWD slope (a) and LPWD slope
(b). opwd/pick pick-odip,pick-dip
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proposed method to handle steep structures. We presented both synthetic and field
data examples to show the performance of the omnidirectional dip estimation. The
new estimation method can also be used in other applications that require slope fields
for steep structures, such as attribute analysis on a migrated image or a time slice.
As a byproduct, we proved that the high-dimensional maxflat fractional delay filter
is separable in all directions. A typical m−dimensional n−th order (n = 2N + 1 in
this paper) linear-phase approximating system is supported by nm coefficients. Using
the separability property, the maxflat linear-phase approximating system has only
mn coefficients. It is useful in applications that require high-dimensional linear-phase
approximations.
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APPENDIX: SEPARABILITY OF THE 2D MAXFLAT
FILTER
Following (18), the maxflat condition of 1D fractional delay filter B1 (1/Z1 )/B1 (Z1 )
is expressed as
N
X
p1
( − k1 )2j1 +1 bk1 (p1 ) = 0 ,
2
k =−N

j1 = 0, . . . , 2N − 1.

(A-1)

1

With the additional constraint (3)
N
X

bk1 (p1 ) = 1,

(A-2)

k1 =−N

we can obtain the unique bk1 (p1 ). Similarly, bk2 (p2 ) satisfies the following linear
system:
 N
X p2



( − k2 )2j2 +1 bk2 (p2 ) = 0 , j2 = 0, . . . , 2N − 1


2
k2 =−N
.
(A-3)
N
X




bk2 (p2 ) = 1

k2 =−N

Substituting bk1 (p1 )bk2 (p2 ) into the 2D maxflat equation 12, for all j1 , j2 = 0, . . . , 2N −
1, we obtain
N
N
X
X
p1
p2
2j1 +1
( − k1 )
bk1 (p1 )
( − k2 )2j2 +1 bk2 (p2 ) = 0.
2
2
k =−N
k =−N
1

2

(A-4)
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Also, for j1 = 2N , and j2 = 0, . . . , 2N − 1 or j2 = 2N , and j1 = 0, . . . , 2N − 1,
equation 12 still holds true.
Substituting bk1 (p1 )bk2 (p2 ) into the additional constraint in Equation 13,
N
X
k1 =−N

bk1 (p1 )

N
X

bk2 (p2 ) = 1.

(A-5)

k2 =−N

In other words, bk1 (p1 )bk2 (p2 ) is a solution of the combined linear system of equation
12 and 13. This linear system must have a unique solution, therefore
fk1 k2 (p1 , p2 ) = bk1 (p1 )bk2 (p2 ).

(A-6)

REFERENCES
[1] Bardan, V., 1987, Trace interpolation in seismic data processing: Geophysical
Prospecting, 35, 343–358.
[2] Barnes, A. E., 1996, Theory of 2-D complex seismic trace analysis: Geophysics,
61, 264–272.
[3] Chen, Z., S. Fomel, and W. Lu, 2013, Accelerated plane-wave destruction: Geophysics, 78, V1–V9.
[4] Claerbout, J. F., 1992, Earth soundings analysis: Processing versus inversion:
Blackwell Scientific Publications.
[5] Davis, S., 1991, Low-dispersion finite difference methods for acoustic waves in a
pipe: The Journal of the Acoustical Society of America, 90, 2775–2781.
[6] Fomel, S., 2002, Applications of plane-wave destruction filters: Geophysics, 67,
1946–1960.
[7] ——–, 2007, Shaping regularization in geophysical-estimation problems: Geophysics, 72, R29–R36.
[8] ——–, 2010, Predictive painting of 3D seismic volumes: Geophysics, 75, A25–A30.
[9] Fomel, S., and A. Guitton, 2006, Regularizing seismic inverse problems by model
reparameterization using plane-wave construction: Geophysics, 71, A43–A47.
[10] Fomel, S., E. Landa, and M. T. Taner, 2007, Poststack velocity analysis by
separation and imaging of seismic diffractions: Geophysics, 72, U89–U94.
[11] Hale, D., 2007, Local dip filtering with directional Laplacians: CWP Report,
567.
[12] Harlan, W. S., J. F. Claerbout, and F. Rocca, 1984, Signal/noise separation and
velocity estimation: Geophysics, 49, 1869–1880.
[13] Marfurt, K. J., 2006, Robust estimates of 3D reflector dip and azimuth: Geophysics, 71, P29–P40.
[14] Marfurt, K. J., V. Sudhaker, A. Gersztenkorn, K. D. Crawford, and S. E. Nissen,
1999, Coherency calculations in the presence of structural dip: Geophysics, 64,
104–111.
[15] Noye, B., 2000, Explicit finite difference methods for variable velocity advection
in the presence of a source: Computers & Fluids, 29, 385 – 399.

TCCS

OPWD

405

[16] Schleicher, J., J. C. Costa, L. T. Santos, A. Novais, and M. Tygel, 2009, On the
estimation of local slopes: Geophysics, 74, P25–P33.
[17] Srinivasan, K., and L. T. Ikelle, 2001, Short note: Applications of third-order
statistics for the automatic time picking of seismic events: Geophysical Prospecting,
49, 155–158.
[18] Thiran, J., 1971, Recursive digital filters with maximally flat group delay: IEEE
Transactions on Circuit Theory, 18, 659–664.
[19] Yung, S. K., and L. T. Ikelle, 1997, An example of seismic time picking by
third-order bicoherence: Geophysics, 62, 1947–1952.
[20] Zhang, X., 2009, Maxflat fractional delay IIR filter design: IEEE Transactions
on Signal Processing, 57, 2950 –2956.

406

Chen, Fomel & Lu

TCCS

Texas Consortium for Computational Seismology, TCCS, March 25, 2015

Time-to-depth conversion and seismic velocity
estimation using time-migration velocity
Maria Cameron∗ , Sergey Fomel† , and James Sethian‡∗

ABSTRACT
The objective of this work is to build an efficient algorithm (a) to estimate seismic
velocity from time-migration velocity, and (b) to convert time-migrated images to
depth. We establish theoretical relations between the time-migration velocity and
the seismic velocity in 2-D and 3-D using paraxial ray tracing theory. The relation
in 2-D implies that the conventional Dix velocity is the ratio of the interval seismic
velocity and the geometrical spreading of the image rays. We formulate an inverse
problem of finding seismic velocity from the Dix velocity and develop a numerical
procedure for solving it. This procedure consists of two steps: (1) computation
of the geometrical spreading of the image rays and the true seismic velocity in
the time-domain coordinates from the Dix velocity; (2) conversion of the true
seismic velocity from the time domain to the depth domain and computation of
the transition matrices from time-domain coordinates to depth.
For step 1, we derive a partial differential equation (PDE) in 2-D and 3-D relating the Dix velocity and the geometrical spreading of the image rays to be
found. This is a nonlinear elliptic PDE. The physical setting allows us to pose
a Cauchy problem for it. This problem is ill-posed. However we are able to
solve it numerically in two ways on the required interval of time. One way is a
finite difference scheme inspired by the Lax-Friedrichs method. The second way
is a spectral Chebyshev method. For step 2, we develop an efficient Dijkstra-like
solver motivated by Sethian’s Fast Marching Method.
We test our numerical procedures on a synthetic data example and apply them to
a field data example. We demonstrate that our algorithms give significantly more
accurate estimate of the seismic velocity than the conventional Dix inversion.
Our velocity estimate can be used as a reasonable first guess in building velocity
models for depth imaging.

∗

e-mail: sergey.fomel@beg.utexas.edu
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INTRODUCTION
Time-domain seismic imaging is a robust and efficient process routinely applied to
seismic data (19; 15). Rapid scanning and determination of time-migration velocity
can be accomplished either by repeated migrations (20) or by velocity continuation
(6). Time migration is considered adequate for seismic imaging in areas with mild
lateral velocity variations. However, even mild variations can cause structural distortions of time-migrated images and render them inadequate for accurate geological
interpretation of subsurface structures.
To remove structural errors inherent in time migration, it is necessary to convert
time-migrated images into the depth domain either by migrating the original data
with a prestack depth migration algorithm or by depth migrating post-stack data after
time demigration (10). Each of these options requires converting the time migration
velocity to a velocity model in depth.
The connection between the time- and depth-domain coordinates is provided by
the concept of image ray, introduced by (8). Image rays are seismic rays that arrive
normal to the Earth’s surface. Hubral’s theory explains how a depth velocity model
can be converted to the time coordinates. However, it does not explain how a depth
velocity model can be converted to the time-migration velocity. Moreover, image-ray
tracing is a numerically inconvenient procedure for achieving uniform coverage of the
subsurface. This may explain why simplified image-ray-tracing algorithms (11; 7)
did not find widespread application in practice. Other limitations of image rays are
related to the inability of time migration to handle large lateral variations in velocity
(1; 15).
The objective of the present work is to find an efficient method for building a velocity model from time-migration velocity. We establish new ray-theoretic connections
between time-migration velocity and seismic velocity in 2-D and 3-D. These results
are based on the image ray theory and the paraxial ray tracing theory (14; 4; 13).
Our results can be viewed as an extension of the Dix formula (5) to laterally inhomogeneous media. We show that the Dix velocity is seismic velocity divided by the
geometrical spreading of the image rays. Hence, we use the Dix velocity instead of
time migration velocity as a more convenient input. We develop a numerical approach
to find (a) seismic velocity from the Dix velocity, and (b) transition matrices from
the time-domain coordinates to the depth-domain coordinates. We test our approach
on synthetic and field data examples.
Our approach is complementary to more traditional velocity estimation methods
and can be used as the first step in a velocity model building process.

TIME MIGRATION VELOCITY
Kirchhoff prestack time migration is commonly based on the following travel time
approximation (19). Let s be a source, r be a receiver, and x be the reflection sub-
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surface point. Then the total travel time from s to x and from x to r is approximated
as
T (s, x) + T (x, r) ≈ T̂ (x0 , t0 , s, r)
(1)
where x0 and t0 are effective parameters of the subsurface point x. The approximation
T̂ usually takes the form of the double-square-root equation
s
s
2
|x
−
s|
|x0 − r|2
0
+ t20 + 2
,
(2)
T̂ (x0 , t0 , s, r) = t20 + 2
vm (x0 , t0 )
vm (x0 , t0 )
where x0 and t0 are the escape location and the travel time of the image ray (8) from
the subsurface point x. Regarding this approximation, let us list four cases depending
on the seismic velocity v and the dimension of the problem:
2-D and 3-D, velocity v is constant. Equation 2 is exact, and vm = v.
2-D and 3-D, velocity v depends only on the depth z. Equation 2 is a consequence of the truncated Taylor expansion for the travel time around the surface
point x0 . Velocity vm depends only on t0 and is the root-mean-square velocity:
s Z
1 t0 2
vm (t0 ) =
v (z(t))dt.
(3)
t0 0
In this case, the Dix inversion formula (5) is exact. We formally define the Dix
velocity vDix (t) by inverting equation 3, as follows:
r
d
2 (t )) .
vDix (t) =
(t0 vm
(4)
0
d t0
2-D, velocity is arbitrary. Equation 2 is a consequence of the truncated Taylor
expansion for the travel time around the surface point x0 . Velocity vm (x0 , t0 ) is
a certain kind of mean velocity, and we establish its exact meaning in the next
section.
3-D, velocity is arbitrary. Equation 2 is heuristic and is not a consequence of
the truncated Taylor expansion. In order to write an analog of travel time
approximation 2 for 3-D, we use the relation (9)
Γ = [v(x0 )R(x0 , t0 )]−1 ,

(5)

where Γ is the matrix of the second derivatives of the travel times from a
subsurface point x to the surface, R is the matrix of radii of curvature of the
emerging wave front from the point source x, and v(x0 ) is the velocity at the
surface point x0 . For convenience, we prefer to deal with matrix K ≡ Γ−1 ,
which, according to equation 5 is
K(x0 , t0 ) ≡ v(x0 )R(x0 , t0 ).

(6)
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The travel time approximation for 3-D implied by the Taylor expansion is
T̂ (x0 , t0 , s, r)
p
2
t + t0 (x0 − s)T [K(x0 , t0 )]−1 (x0 − s)
=
p 0
+
t20 + t0 (x0 − r)T [K(x0 , t0 )]−1 (x0 − r).

(7)

The entries of the matrix t10 K(x0 , t0 ) have dimension of squared velocity and
can be chosen optimally in the process of time migration. It is possible to show,
however, that one needs only the values of


∂
det
K(x0 , t0 )
(8)
∂t0
to perform the inversion. This means that the conventional 3-D prestack time
migration with traveltime approximation 2 provides sufficient input for our inversion procedure in 3-D. The determinant in equation 8 is well approximated
by the square of the Dix velocity obtained from the 3-D prestack time migration
using the approximation given by equation 2.
One can employ more complex and accurate approximations than the double-squareroot equations 2 and 7, i.e. the shifted hyperbola approximation (18). However, other
known approximations also involve parameters equivalent to vm or K.

SEISMIC VELOCITY
In this section, we will establish theoretical relationships between time-migration
velocity and seismic velocity in 2-D and 3-D.
The seismic velocity and the Dix velocity are connected through the quantity Q,
the geometrical spreading of image rays. Q is a scalar in 2-D and a 2 × 2 matrix in
3-D. The simplest way to introduce Q is the following. Trace an image ray x(x0 , t).
x0 is the starting surface point, t is the traveltime. Call this ray central. Consider a
small tube of rays around it. All these rays start from a small neighborhood dx0 of
the point x0 perpendicular to the earth surface. Thus, they represent a fragment of a
plane wave propagating downward. Consider the fragment of the wave front defined
by this ray tube at time t0 . Let dq be the fragment of the tangent to the front at
the point x(x0 , t0 ) reached by the central ray at time t0 , bounded by the ray tube
dq
. In 3-D, Q is the matrix
(Figure 1). Then, in 2-D, Q is the derivative Q(x0 , t0 ) = dx
0
dqi
of the derivatives Qij (x0 , t0 ) = dx0j , i, j = 1, 2, where derivatives are taken along
certain mutually orthogonal directions e1 , e2 (14; 4; 13).
The time evolution of the matrices Q and P is given by

 


d
0
v02 I
Q
Q
=
,
− v10 V 0
P
dt P

(9)
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Figure 1: Illustration for the definition of geometrical spreading. time2depth/. Qdef

where v0 it the velocity at the central ray at time t, V =



∂2v
∂qi ∂qj



, and I is the
i,j=1,2

2 × 2 identity matrix. The absolute value of det Q has a simple meaning: it is the
geometrical spreading of the image rays (14; 4; 13). The matrix Γ, introduced in the
previous section, relates to Q and P as Γ = PQ−1 . Hence, K = QP−1 .
In (3), we have proven that
r
vDix (x0 , t0 ) ≡

∂
v(x(x0 , t0 ), z(x0 , t0 ))
2 (x , t )) =
(t0 vm
0 0
∂t0
|Q(x0 , t0 )|

(10)

in 2-D, where vm (x0 , t0 ) is the time-migration velocity, and
−1
∂
(K(x0 , t0 )) = v(x(x0 , t0 )) Q(x0 , t0 )QT (x0 , t0 )
∂t0

(11)

in 3-D, K is defined by equation 6 and can be determined from equation 7.

PARTIAL DIFFERENTIAL EQUATIONS FOR THE
GEOMETRICAL SPREADING OF IMAGE RAYS
In this section, we derive the partial differential equations for Q in 2-D and 3-D.
From now on, we will denote the square of the Dix velocity by f in 2-D and the
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corresponding matrix by F in 3-D, to avoid the subscript:
F≡

∂
(K(x0 , t0 )) .
∂t0

(12)

Furthermore, we imply that t0 denotes the one-way traveltime along the image rays.
Finally, we assume that our domain does not contain caustics, i.e., the image rays do
not cross on the interval of time we consider.

2-D case
Consider a set of image rays coming to the surface. Suppose we are tracing them
all backwards in time together with the quantities Q and P . Let us eliminate the
unknown velocity v in system 9 using equation 10. Moreover, let us eliminate the
differentiation in q using the definition of Q and rewrite it in the time-domain coordq
d
0
, hence dq
= dxd0 dx
= Q−1 dxd0 . Therefore, system 9
dinates x0 , t0 ). Indeed, Q = dx
dq
0
becomes


(f Q)x0
1
2
Qt0 = (f Q) P,
.
(13)
Pt0 = −
fQ
Q
x0
Eliminating P in system 13, we get the following partial differential equation (PDE)
for Q




Qt0
(f Q)x0
1
.
(14)
=−
f 2 Q2 t0
fQ
Q
x0
The initial conditions are Q(x0 , 0) = 1, Qt0 (x0 , 0) = 0. Equation 14 simplifies in
terms of the negative reciprocal of Q. Introduce y = − Q1 . Then equation 14 becomes
  !
 
f
yt0
y
=
y
.
(15)
f 2 t0
f
y x0
x0

In the expanded form, equation 15 is
yx20
yt0 ft0
f x0 x0
yt0 t0
f x0
−2 3 =y
− yx0
− y x0 x0 +
.
f2
f
f
f
y

(16)

3-D case
Equation 11 can be rewritten in the following form
p
v = 4 det F(det Q)2 ,

(17)

where F is the left-hand side of equation 11. As in 2-D, we rewrite system 9 in the
time-domain coordinates (x0 , t0 ). Then we get
Qt0 = v 2 P,
T i
1 −1 h
−1
∇ Q ∇v
Q,
Pt0 = − Q
v

(18)
(19)
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where v is given by equation 17, and the gradients are taken with respect to x0 . Then
the PDE for Q is


T i
1 −1 h
1
−1
Q
∇
Q
∇v
Q.
(20)
Q
=
−
t
v 2 0 t0
v
√
The initial conditions are Q(x0 , 0) = I2 , Qt0 (x0 , 0) = 0. The required input det F is
well-approximated by the squares of the Dix velocity obtained from the 3-D prestack
time migration. We emphasize that despite the fact that Q is a matrix in 3-D, scalar
data are enough for its computation.

Cauchy problem for elliptic equations
Equations 14 and 20 reveal the nature of the instabilities in the problem in hand.
These PDEs are elliptic, while the physical setting allows us to pose only a Cauchy
problem for them, which is well-known to be ill-posed. Furthermore, the fact that the
PDEs involve not only the Dix velocity itself, but also its first and second derivatives,
leads to high sensitivity of the solutions to input data.
Nonetheless, we found two ways for solving these PDEs numerically on the required, and relatively short, interval of time: namely, a finite difference scheme inspired by the Lax-Friedrichs method and a spectral Chebyshev method. A detailed
analysis of the problem shows that our methods work thanks to
1. the special input vDix , corresponding to a positive finite seismic velocity;
2. the special initial conditions Q(x0 , t0 = 0) = 1, Qt (x0 , t0 = 0) = 0 corresponding
to the image rays;
3. the fact that our finite difference method contains error terms which damp the
high harmonics; truncation of the polynomial series in the spectral Chebyshev
method which is similar to truncation of the high harmonics; and
4. the short interval of time, in which we need to compute the solution, so that
the growing low harmonics fail to develop significantly.
Items 1 and 2 say that the exact solutions of our PDEs for the hypothetical perfect Dix
velocity given by equations 10 and 11 are finite and nonzero. Items 3 and 4 say that
the numerical methods take care of the imperfection of the data and computations
on a short enough time interval.

INVERSION METHODS
Our numerical reconstruction of true seismic velocity v(x) in depth-domain coordinates from the Dix velocity given in the time-domain coordinates (x0 , t0 ) consists of
two steps:
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Step 1. Compute the geometrical spreading of the image rays in the time-domain
coordinates from the Dix velocity by solving equation 14 in 2-D and 20 in 3-D.
Then find v(x0 , t0 ) from equation 10 in 2-D and equation 17 in 3-D.
Step 2. Convert the seismic velocity v(x0 , t0 ) in the time-domain coordinates to
the depth-domain coordinates x using the time-to-depth conversion algorithm,
which was presented by (3). It is a fast and robust Dijkstra-like solver motivated
by the Fast Marching method (16; 17).
We performed step 1 in two ways: a finite difference method and a spectral Chebyshev method.

Finite difference method
This method was inspired by the Lax-Friedrichs method for hyperbolic conservation
laws (12) due to its total variation diminishing property. We use the “Lax-Friedrichs
averaging” and the wide 5-point stencil in space. The scheme is given by
 n
n 
n
n
− vjn vjn − vj−2
Pj+1
+ Pj−1
∆t 1 vj+2
n+1
−
−
,
(21)
Pj
=
2
4∆x vjn
Qnj+1
Qnj−1

1
1
∆t
− n+1 = − n +
(fjn )2 Pjn + (fjn+1 )2 Pjn+1 ,
(22)
Qj
2
Qj
where v ≡ f Q. We impose the following boundary conditions Qn0 = Qnnx−1 = 1, P0n =
n
= 0 corresponding the straight boundary rays. We set the initial conditions
Pnx−1
0
Qj = 1, Pj0 = 0 corresponding to the initial conditions for the image rays traced
backward: Q = 1, P = 0.

Spectral Chebyshev method
Alternatively, we solve our PDE in the form given by equation 15 by a spectral Chebyshev method (2). Using cubic splines, we define the input data at Ncoef Chebyshev
points. We compute the Chebyshev coefficients and the coefficients of the derivatives in the right-hand side of equation 15. Then we use a smaller number Neval of
the coefficients for function evaluation. We need to do such Chebyshev differentiation
twice. Finally we perform the time step using the stable third-order Adams-Bashforth
method (2), which is


23 n 4 n−1
5 n−2
n+1
n
u
= u + ∆t
F − F
+ F
,
(23)
12
3
12
where F n ≡ F (un , x, tn ) is the right-hand side. In numerical examples, we tried
Ncoef ≥ 100 and Neval ≤ 25. This method allows larger time steps than the finite
difference, and has the adjustable parameter Neval .
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For step 2, we use a Dijkstra-like solver introduced in (3). It is an efficient timeto-depth conversion algorithm motivated by the Fast Marching Method (16). The
input for this algorithm is v(x0 , t0 ) and the outputs are the seismic velocity v(x, z)
and the transition matrices from time-domain to depth-domain coordinates x0 (x, z)
and t0 (x, z). We solve the eikonal equation with an unknown right-hand side coupled
with the orthogonality relation
|∇t0 | =

1
,
v(x0 (x, z), t0 (x, z))

∇t0 · ∇x0 = 0.

(24)

The orthogonality relation means that the image rays are orthogonal to the wavefronts. Such time-to-depth conversion is very fast and produces the outputs directly
on the depth-domain grid.

EXAMPLES
Synthetic data example
Figure 2(a) shows a synthetic velocity model. The model contains a high velocity
anomaly that is asymmetric and decays exponentially. The corresponding Dix velocity
mapped from time to depth is shown in Figure 2(b). There is a significant difference
between both the value and the shape of the velocity anomaly recovered by the Dix
method and the true anomaly. The difference is explained by taking into account
geometrical spreading of image rays. Figure 2(c) shows the velocity recovered by our
method and the corresponding family of image rays. An analogous 3-D example is
provided in (3).

Field data example
Figure 3, taken from (6), shows a prestack time migrated image from the North Sea
and the corresponding time-migration velocity obtained by velocity continuation. The
most prominent feature in the image is a salt body which causes significant lateral
variations of velocity. Figure 4 compares the Dix velocity converted to depth with
the interval velocity model recovered by our method. As in the synthetic example,
there is a significant difference between the two velocity caused by the geometrical
spreading of image rays. The middle part of the velocity model may not be recovered
properly. The true structure should include a salt body visible in the image. The
inability of our method to recover it exactly shows the limitation of the proposed
approach in the areas of significant lateral velocity variations, which invalidate the
assumptions behind time migration (15). Figure 5 compares three images: post-stack
depth-migration image using Dix velocity, post-stack depth-migration image using
the velocity estimated by our method, and prestack time-migration image converted
to depth with our algorithm. The evident structural improvements in Figure 5(b)
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Figure 2: Synthetic test on interval velocity estimation. (a) Exact velocity model. (b)
Dix velocity converted to depth. (c) Estimated velocity model and the corresponding image rays. The image ray spreading causes significant differences between Dix
velocity and estimated velocity. time2depth/msyn2 ve,vd2,vf2
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Figure 3: (a) Seismic image from North Sea obtained by prestack time migration
using velocity continuation (Fomel, 2003). (b) Corresponding time-migration velocity.
time2depth/masha2 elf-fmg2
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Figure 4: Field data example of interval velocity estimation. (a) Dix velocity converted to depth. (b) Estimated velocity model and the corresponding image rays.
The image-ray spreading causes significant differences between Dix velocity and true
velocity. time2depth/masha2 vels,elfvxz

in comparison with Figure 5(a), in particular near salt flanks, and a good structural
agreement between Figures 5(b) and 5(c) serve as an indirect evidence of the algorithm
success. An ultimate validation should come from prestack depth migration velocity
analysis, which is significantly more expensive.

CONCLUSIONS
We have applied the recently established theorem that the Dix velocity obtainable
from the time-migration velocity is the true interval velocity divided by the geometrical spreading of image rays to pose the corresponding inverse problem. We have
suggested a set of numerical algorithms for solving the problem numerically. We have
tested these algorithms on a synthetic data example with laterally heterogeneous velocity and demonstrated that they produce significantly better results than simple Dix
inversion followed by time-to-depth conversion. Moreover, the Dix velocity may qualitatively differ from the output velocity. We have also tested our algorithm on a field
data example and validated it by comparing prestack time migration image mapped
to depth with post-stack depth migrated images. Our approach is complementary to
velocity estimation methods that work directly in the depth domain. Therefore, it
can serve as an efficient first step in seismic velocity model building.
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Figure 5: Migrated images of the field data example. (a) Poststack migration using
Dix velocity. (b) Poststack migration using estimated velocity. (c) Prestack time migration converted to depth with our algorithm. time2depth/masha2 img0,img,fmg2
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A 1-D time-varying median filter for seismic
random, spike-like noise elimination
Yang Liu∗† , Cai Liu∗ , Dian Wang∗∗

ABSTRACT
Random noise in seismic data affects the signal-to-noise ratio, obscures details,
and complicates identification of useful information. We present a new method
for reducing random, spike-like noise in seismic data. The method is based on a
1-D stationary median filter (MF) – the 1-D time-varying median filter (TVMF).
We design a threshold value that controls the filter window according to characteristics of signal and random, spike-like noise. In view of the relationship
between seismic data and the threshold value, we chose median filters with different time-varying filter windows to eliminate random, spike-like noise. When
comparing our method with other common methods, e.g., the band-pass filter and
stationary MF, we found that the TVMF strikes a balance between eliminating
random noise and protecting useful information. To demonstrate the feasibility
of our method in reducing seismic random, spike-like noise, we present results for
one synthetic dataset. Results of applying the method to seismic land data from
Texas demonstrate that the TVMF method is effective in practice.

INTRODUCTION
Random noise in prestack seismic data can come from various sources, such as wind
motion, poorly planted geophones, or electrical noise, and some of this seismic random
noise invariably exhibits spike-like characteristics. Although stacking can at least
partly suppress random noise in prestack data, residual random noise after stacking
will decrease the accuracy of final data interpretation. In recent years, several authors
have developed effective methods of eliminating random noise. For example, (5)
used the noncausal prediction filter for random-noise attenuation, (12) compared
several adaptive filters, which they applied in an attempt to reduce random noise in
geophysical data. (6) applied complex-trace analysis to seismic data for random-noise
suppression, recommending it for low-fold seismic data, and some transform methods
were also used to eliminate seismic random noise, e.g., seislet transform (3; 4), discrete
cosine transform (9), and curvelet transform (11).
On the other hand, the median filter, a well-known method that can effectively
suppress spike-like noise, refers to nonlinear signal processing. (1) and (2) found the
∗
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method to be both simple and effective for seismic prospecting. More recently, new
median filters have been proposed. (10) incorporated median-filter noise reduction
into standard Kirchhoff time migration. (13) used a hyperbolic median filter to suppress multiples. (7) advocated random-noise attenuation using the 2-D multistage
median filter (MLM).
Because the median filter is a nonlinear filter, filter-window length needs to be
adjusted before its characteristics can be changed. The stationary filter, on the other
hand, maintains a fixed window length, retaining useful information and random
noise at the same scale. An unsuitable filter-window choice would therefore end up
in useful information being destroyed or noise remaining. Here we propose a timevarying median filter that adjusts to different filter-window lengths by threshold,
making value judgments on useful information versus noise throughout the process.
We show that the time-varying window is more powerful than the stationary window.
In this paper, a new nonlinear filter called the time-varying median filter (TVMF)
is presented, which we designed by defining a threshold value. After adjustment of the
filter window in the time domain, this filter eliminates random noise in seismic data.
We compare TVMF with other common methods. We use numerical examples, along
with synthetic and field data, to demonstrate the validity of the proposed method in
practice.

THEORETICAL BASIS
In contrast to useful information, random, spike-like noise in seismic data is neither
continuous nor correlative, and a 1-D stationary median filter, having a large filterwindow length, can easily remove such noise. However, signal can be damaged by
such a filter.
The 1-D TVMF is based on the 1-D stationary median filter. We propose to
measure the local noise content of the data and to adjust the filter length adaptively.
If a threshold value that judges random noise and estimates noise intensity can be
chosen, a filter having a large filter-window length can eliminate random noise while
processing useful information by using a small filter-window length. Such a filter can
thus effectively eliminate random noise while maximizing preservation of a detailed
structure of useful information.

1-D stationary median filter (MF)
The 2-D seismic record can be represented by the following data sequence:
xi,j

(i = 1, · · · , m, · · · , Nx ; j = 1, · · · , n, · · · , Nt ) ,

(1)

where i is the spatial sample index, j is the temporal sample index, and Nx and Nt
are the numbers of spatial and temporal samples. When filter-window length, C, of
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the stationary median filter is defined (normally C is odd), the result after filtering
at the point on the mth trace and the nth sample can be found by
1. Setting the center point at the mth trace and the nth sample, and choosing C
samples in the mth trace,
2. Sorting the C samples from smaller to larger, and then
3. Picking the center value, after sequencing, as the output at the point on the
mth trace and the nth sample.
Repetition of the process on all data achieves 1-D stationary median filtering of
the seismic record. The 1-D stationary median filter can be expressed as median[xi,j ].

Signal-to-noise ratio (SNR) estimation using the stack method
A simple definition of the SNR was introduced by (8). Window D, a part of the
seismic record, can be chosen for SNR analysis:
(0 < M ≤ Nx , 0 < N ≤ Nt ) .

D = [xi,j ]M ×N

(2)

Further assumptions are: waveform, amplitude, and phase of seismic wavelet in window D keep stable in respect to distance “i”; noise is “zero mean” randomly distributed, along with survey-line direction being independent (decorrelated) of the
signal, so that
xi,j = sj + ni,j
(3)
M
X

ni,j = 0 ,

(4)

i=1

where sj is amplitude of signal, and ni,j is amplitude of noise. These assumptions
generally imply a limitation to this method, but they can be satisfied if the local
window is chosen in the stable signal region of the seismic section. So if the signal
energy in the window is
ES = M

N
X

s2j =

j=1

N
M
1 XX
(
xi,j )2 ,
M j=1 i=1

(5)

the noise energy can be calculated by
EN =

N X
M
X

x2i,j − ES .

(6)

j=1 i=1

Finally, a decibel expression of the SNR is estimated as


N
M
X
X
2
xi,j




ES
j=1
i=1


SN R =
= 10 log10 
.
N
N
M
M
 XX

EN
X X

2
M
x2i,j −
xi,j 
j=1 i=1

j=1

i=1

(7)

424

Liu etc.

GEO-2007-0338

1-D time-varying median filter (TVMF)
Using the above definitions, a TVMF can be designed. We use the following three
steps to determine its parameters:
1. Choose the reference median filter length.
At point xm,n , where the filter-window length of the reference median filter is
chosen as C, output can be expressed as
C
Ym,n
= median[xi,j ]

(i = m; j = n − (C − 1)/2, · · · , n + (C − 1)/2) ,

(8)

where filter-window length C is a large odd number so that random noise could be
eliminated as much as possible. C is determined by using the SNR estimation method,
which will be discussed later.
2. Choose the threshold value.
Using the reference median filter with its large filter-window length, we processed
C
. Then we applied the absolute mean value to
the seismic data first to find Ym,n
calculate the threshold value, which is shown as
Nx X
Nt
X
1
|Y C | ,
T =
Nx × Nt i=1 j=1 i,j

(9)

We can evaluate random-noise data versus useful signal data by using the threshold
C
| < T , the point is judged to be random noise, whereas when
value. When |Yi,j
C
|Yi,j | ≥ T , the point should be signal data. We can therefore use the threshold value
C
| ≥ T should be processed by the median
as a judgment norm – data in which |Yi,j
filter having windows smaller than C to protect the detailed signal structure. Data
C
in which |Yi,j
| < T should be processed by the median filter having windows larger
than C to strengthen its ability to eliminate random noise.
3. Choose the time-varying filter windows.
Choices involving time-varying windows abound after the threshold value has been
chosen. We can define four scales of windows. Detailed time-varying window length
Ci,j is defined as

C
C + α, 0 < |Yi,j
| < T /2



C
C + β, T /2 < |Yi,j
|<T
Ci,j =
,
(10)
C
C − γ, T ≤ |Yi,j | < 2T



C
C − δ, |Yi,j
| ≥ 2T
where α, β, γ, and δ are constant even numbers, and α > β and δ > γ. Specific
values for these parameters will be discussed in the next section. Using the above
definition, we distinguish between random noise and useful signal, such that we can
process the seismic data using different filter scales.
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SYNTHETIC DATA TESTS
To choose reference filter windows and time-varying filter windows, we analyzed the
characteristics of our TVMF formulation using synthetic data. Referring to the velocity model (Table 1), note the synthetic common-shot record with a dominant
frequency of 40 Hz shown in Figure 1a. A 5%-density white spike noise was then
added to the model. Three different noise peaks (noise amplitude is half, one, and
two times the maximum value of the reflections, and the corresponding noise intensity
is 1/2, 1, and 2) were chosen to separately test the TVMF. Only noise with twice the
maximum value of the reflected wave is displayed in Figure 1b. Energy attenuation
has not been taken into account, nor has spherical spreading or AVO. Here, the signal
has been drowned out by noise.
Stratum thickness (m)
Stratum velocity (m/s)

500
2500

1739 2069
3162 4138

4500

Table 1: Velocity model
Definitions of signal energy (equation 8), noise energy (equation 9), and SNR
(equation 10) were used to analyze characteristics of the reference median filter. We
chose the stationary MF with different filter-window lengths of from 3 to 19 points,
comparing various signal energies (Figure 2a), noise energies (Figure 2b), and the
SNR’s (Figure 2c) after filtering. To meet the assumptions of the SNR model, we
chose five traces near the zero offset, where seismic events are approximately invariant
across the five traces. Note that in the figures, curves of the three noise intensities
(1/2, 1 and 2) appear to have similar tendencies. Both signal energy and noise energy
decrease as filter-window length increases, but the SNR displays a wiggle shape. The
energy levels of signals are stable after filter-window length reaches 11 points, but
the energy levels of noise are stable after filter-window length reaches 15 points. And
because the curves show a different rate of descent, the SNR has a different tendency.
It reaches a peak at the 5-point filter window and decreases afterward because signal
energy attenuates faster than noise energy. The SNR then reaches the minimum
near 11 points, where the signal energy is stable, and next, the SNR improves again
because the noise energy still decreases. Finally, the SNR reaches stability, however,
the signal has been barely damaged.
In the noisy model (Figure 1b), the SNR is -10.7 dB. After stationary MF filtering,
even the minimum SNR remains much larger than -10.7 dB, illustrating that all
stationary median filters can improve the SNR in the noisy model. We can select
large filter windows of reference median filters to keep noise energy to a minimum
when threshold T is well able to separate signal from noise, but at the same time we
can define time-varying filter windows on the basis of reference filter windows so that
the reference filter window will be limited. Three basic principles should be satisfied:
1. The reference filter window can be chosen as a large value to separate signal
from noise when noise energy is small.
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2. Time-varying filter windows at signal positions should be small values to protect
the signal when removing noise.
3. Time-varying filter windows at noise positions should be large values to attenuate noise energy.
In Figure 2, reference filter window C should be larger than the stable signal point
(11 points), and time-varying filter windows C −γ and C −δ at signal positions should
be in the range of from 5 to 7 points in order to preserve signal energy. Time-varying
filter windows C + α and C + β should be limited in range from 11 to 13 points in
order to attenuate noise energy and save calculation time. To meet all principles, C
can be 11 points, with α = 2, β = 0, γ = 4, and δ = 6. After more tests on synthetic
and real data it became clear that these filter parameter choices work for most real
data.

Figure
1:
Synthetic
model
medianfilter/model model,noise0

(a)

and

white-noise

model

(b).

We used the TVMF, with defined reference and time-varying filter windows, to
process the noise model (Figure 1b), the result of which is shown in Figure 3a. When
assumptions can be met, the SNR estimation using the stack method can be used
to compare results. After TVMF processing, the SNR is 19.7 dB. To compare, we
also used the low-pass filter for preserving the signal in the dominant frequency band
(Figure 3b, the SNR is -7.4 dB). After TVMF processing, white spike noise attenuated
well, but the result after low-pass filtering became a signal with band-limited noise,
and a great deal of low-frequency noise remained. Next, we also used the TVMF
to process the band-limited noise model (Figure 3b). SNR analysis shows that the
parameters of TVMF only change a little, so the same parameters can be used for
processing. The TVMF cannot eliminate all band-limited noise, like white noise, but
the energy of the noise has been degraded. At the same time, the TVMF introduces
a few high-frequency noise components having low energy, but these can be easily
removed by using a high-cut filter. Figure 4a shows the result after TVMF and highcut filtering; the SNR is 0.5 dB. The low-pass filter does nothing about band-limited
noise. The 11-point stationary MF (Figure 4b, the SNR is -8.4 dB) can be used
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Figure 2: Comparison of different noise levels (Intensity (1/2, 1, and 2) is the amplitude ratio between noise and reflections). Signal energy (a), noise energy (b), and
SNR (c). medianfilter/window es,en,snr
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to compare with the TVMF. The stationary MF can remove most of the noise, but
useful information is also destroyed. After comparing the result of the TVMF with
those of the stationary MF and the band-pass filter, we conclude that the TVMF is
superior when processing random, spike-like noise.
We can compare results of using different methods by analyzing their spectra as
well. We chose spectra of the trace at a distance of 4 km, corresponding to the
pertinent parts of Figures 1, 3, and 4. Results in Figure 5 show that spectral values
of random noise are larger than those of the signal at every frequency and that
reflected waves have been masked by random noise (Figure 5b). The low-pass filter
can eliminate noise in the high-frequency band, but it does nothing in the dominantfrequency band (Figure 5c). After the band-limited model is processed by the TVMF
using an 11-point reference filter window, most spectral components in the dominantfrequency band can be recovered. An additional high-cut filter was used to remove
high-frequency noise introduced by the TVMF (Figure 5d). The corresponding time
profile is shown in Figure 4a.

Figure 3: Denoised result after 11-point TVMF filtering (a) and denoised result (bandlimited noise model) after low-pass filtering (b). medianfilter/model w11tvmf,noise1

Given the result of model filtering, the TVMF can easily remove spike-like noise,
especially noise having a white spectrum. When the TVMF is used to attenuate
band-limited, spike-like noise, its filter ability decreases, although it can still work
better than other common methods.

PROCESSING OF FIELD DATA
A real-data example involves land prestack data from Texas (Figure 6a), from which
we show one common midpoint gather that has 59 traces and an average group
interval of 42 m. The sample frequency is 4 ms, and the sample number is 500. In
Figure 6a, noise is mainly random noise caused by the surface condition of this area;
the 60-Hz electrical interference with high amplitude is especially serious. According

GEO-2007-0338

1-D time-varying median filter

429

Figure 4: Denoised band-limited noise model using different methods (the result of
Figure 3b was input to these tests); 11-point TVMF followed by a high-cut filter (a)
and 11-point stationary MF (b). medianfilter/model cb11tvmf,c11mf

Figure 5: Comparison of amplitude spectra (trace at distance of 4 km) before and after
processing. Amplitude spectra in Figure 1a (a), corresponding spectra in Figure 1b
(b), corresponding spectra in Figure 3b (c), and corresponding spectra in Figure 4a
(d). medianfilter/model smodel,snoise0,snoise1,scb11tvmf
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to the amplitude spectra, the dominant frequency of the real data is about 25 Hz; the
60-Hz electrical interference thus exhibits high-frequency, spike-like characteristics
when compared with the useful signal. In the time domain (Figure 6a, especially at
locations “A,” “B,” and “C”), this spike-like characteristic of electrical interference
can also be observed. To meet the assumptions of SNR estimation using the stack
method, a rectangle region “D” that has 9 traces and 125 samples is chosen, and,
after calculating, the SNR in the original data is found to be -7.3 dB. First, we
apply a low-pass filter to remove the random noise (Figure 6b); the frequency is
limited to 60 Hz. The low-pass filter can partly eliminate random noise, and the
corresponding SNR is improved to 0.4 dB, but it cannot attenuate the noise in the
dominant-frequency band. We can thus still see lots of random noise after filtering.
The 11-point stationary MF is also used to compare with the TVMF, and the result
is shown in Figure 6c. After processing, there is still some spike-like noise left, and
part of the signal has been attenuated. The SNR is 1.9 dB, and a larger filter window
will further destroy the useful signal. By using the SNR analysis introduced in the
theory section, we are choosing the parameters about the TVMF in window “D.”
The TVMF with the same parameters as for the synthetic examples, C = 11, α = 2,
β = 0, γ = 4, and δ = 6, is applied to the prestack data (Figure 6d). Figure 6e
shows the difference section, in which the processed data using the TVMF have been
subtracted from the original data. After TVMF processing, continuity of events and
information of the reflected waves are all enhanced, and there is little noise left. Note
that the 60-Hz electrical interference in particular can be completely removed. The
SNR reaches 4.7 dB. In the difference section it can be seen that the TVMF eliminates
major spike-like noise and that there is little useful information beyond the spike-like
noise, showing that the TVMF can effectively eliminate spike-like noise and protect
useful information at the same time. Because the TVMF is based on the stationary
MF that can filter noise spikes, the TVMF can effectively eliminate spike-like noise.
And because the TVMF can separate useful information from spike-like noise, it can
protect useful information and perform better overall than other potential methods
in spike-like noise attenuation.
We chose a trace from the original data and corresponding traces in processed
data and got the amplitude spectra of four traces (Figure 7). After low-pass filtering,
high-frequency noise can be removed thoroughly, but some noise in the dominantfrequency band can remain; electrical interference in particular must be eliminated
by other methods (Figure 7b). Stationary MF can eliminate enough noise, but spectra
of useful signals have been distorted (Figure 7c). In Figure 7d, the TVMF can attenuate noise in the entire frequency band and protect the useful-information frequency
components.
Next we obtained stacked sections corresponding to Figure 6b and 6d; the stacking
fold is 59. A rectangular region, “H,” was chosen to calculate the local SNR. Events
of the stacked section using low-pass processing were discontinuous (Figure 8a), the
SNR is -7.8 dB, and the continuity of events in the stacked section using TVMF
processing was improved, especially at locations “E,” “F,” and “G” (Figure 8b), and
the corresponding SNR is -3.1 dB. Because the TVMF can eliminate spike-like noise

GEO-2007-0338

1-D time-varying median filter

431

Figure 6: Real land data (a), denoised result after low-pass filtering (b), denoised result after stationary MF filter (c), denoised result after TVMF filtering
(d), and difference between original data and result after TVMF processing (e).
medianfilter/dragon dragon1,band,11mf,11tvmf,diff

432

Liu etc.

GEO-2007-0338

Figure 7: Comparison of amplitude spectra (trace at distance of 1.8 km) before
and after processing. Amplitude spectra in Figure 6a (a), corresponding spectra in
Figure 6b (b), corresponding spectra in Figure 6c (c), and corresponding spectra in
Figure 6d (d). medianfilter/dragon dspec,bspec,mfspec,fspec
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in prestack data, it is advantageous to apply to such data.

CONCLUSION
We have proposed and tested the time-varying median filter (TVMF) for attenuating
prestack random, spike-like noise. We used a signal-to-noise ratio estimation to design
the reference filter window and time-varying filter windows, in which the filter can
adapt filter-window length to meet the intensity of the random, spike-like noise. The
ability of this method to eliminate random noise while protecting desired signal further
attests to the strength of the method. Our experiments show that in field data
the TVMF can eliminate random noise enough to enhance the continuity of events.
Spectral analysis also shows that the TVMF can effectively suppress random, spikelike noise in the whole frequency band. Comparison of different methods shows that
the TVMF is more effective than the stationary median filter for eliminating spikelike noise, and it can enhance results of band-pass filtering by attenuating spike-like
noise within the pass band.
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Velocity-independent time-domain seismic imaging
using local event slopes
Sergey Fomel ∗

ABSTRACT
I show that, by estimating local event slopes in prestack seismic reflection data,
it is possible to accomplish all common time-domain imaging tasks, from normal
moveout to prestack time migration, without the need to estimate seismic velocities or any other attributes. Local slopes contain complete information about
the reflection geometry. Once they are estimated, seismic velocities and all other
moveout parameters turn into data attributes and are directly mappable from
the prestack data domain into the time-migrated image domain. I develop an
analytical theory for this method and demonstrate its applicability on synthetic
and field data examples.

INTRODUCTION
The conventional approach to seismic data analysis (38) consists of two main steps:
estimating seismic velocities (the subsurface macromodel) and seismic imaging (mapping of the reflected seismic energy to the reflector positions). The two steps can
be repeated when the velocity model gets refined by imaging. Estimating velocities
remains one of the most labor-intensive and time-consuming tasks in seismic data
processing although several approaches have been developed to partially automate
and simplify it (1; 33; 25). In time-domain imaging, effective seismic velocities are
picked from semblance scans. More than just a single parameter (such as seismic
velocity) needs to be picked to use higher-order traveltime approximations such as
those suggested by the multifocusing approach (26; 20).
The idea of velocity-independent time-domain seismic imaging belongs to (28),
who considered decomposing seismic data into a range of local slopes. (37) observed
that it is possible to perform moveout analysis by estimating local data slopes in the
prestack data domain using an automatic method such as plane-wave destruction
(13). In this paper, I extend Ottolini’s idea of velocity-independent imaging and
show that extracting local event slopes in prestack data is sufficient for accomplishing
all common time-domain imaging tasks, from hyperbolic and non-hyperbolic normal
moveout corrections to dip moveout and prestack time migration. Rather than being
a prerequisite for seismic imaging, seismic velocities turn into data attributes that
can be extracted from the input data simultaneously with imaging.
∗

e-mail: sergey.fomel@beg.utexas.edu
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The idea of using local event slopes estimated from prestack seismic data goes
back to the work of (30) and (29). It was used later by (36) and extended in the
method of stereotomography (4; 3; 24; 23). In the depth imaging context, local data
slopes were also utilized by (2) for anti-aliased Kirchhoff migration and by (21) in
the method of parsimonious depth migration. In this paper, I extend and formalize
the application of these ideas to time-domain imaging. By analogy with the oriented
wave equation, which describes wave propagation in the space of local orientations
(14), I use the term oriented when referring to local slopes.
The analysis proceeds from normal moveout (NMO) to dip moveout (DMO) and
prestack time migration. I derive analytical expressions for mapping the data attributes to the imaging domain and demonstrate their use with synthetic and field
data tests.

ORIENTED TIME-DOMAIN IMAGING
Let us start with a simple hyperbolic moveout correction and then consider a progression of time-domain imaging operators with increasing complexity.

Normal moveout
Let us consider the classic hyperbolic model of reflection moveout:
s
l2
,
t(l) = t20 + 2
vn (t0 )

(1)

where t0 is the zero-offset traveltime, t(l) is the corresponding traveltime recorded at
offset l, and vn (t0 ) is the stacking or RMS velocity. As follows from equation 1, the
traveltime slope p = dt/dl is given by
p=

l
t vn2 (t0 )

.

(2)

Knowing the local slope p(t, l) in a common-midpoint gather, one can effectively eliminate the velocity v(t0 ) from equations 1 and 2 arriving at the velocity-independent
moveout equation (28)
p
t0 = t2 − t p(t, l) l .
(3)
Equation 3 describes a direct mapping from prestack data to the zero-offset time.
This equation constitutes an oriented normal moveout correction. As follows from
equation 2, the velocity is mapped as follows:
1
t
= p(t, l) .
2
vn
l

(4)
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Unlike its role in the conventional normal moveout (NMO), velocity is not a requirement for the moveout correction but rather a data attribute derived from the local
slopes and mappable directly to the appropriate zero-offset time.
A simple synthetic example is shown in Figure 1. The synthetic data (Figure 1a)
were generated by applying inverse NMO with time-variable velocity and represent
perfectly hyperbolic events. Figure 1b shows local event slopes measured from the
data using the plane-wave destruction algorithm of (13). Plane-wave destruction (6)
works by making a prediction of each seismic trace from the neighboring trace along
local slopes and then minimizing the prediction error by an iterative regularized leastsquares optimization. Regularization controls smoothness of the estimated slope field.
In this work, I use shaping regularization (16) for an optimal smoothness control.
Figure 1c shows the output of oriented NMO using equation 3. As expected, all
events are perfectly flattened after NMO.

Figure 1: a: A synthetic CMP gather composed of hyperbolas. b: Estimated local
event slopes. c: The output of oriented velocity-independent NMO. pmig/nmo synt
In conventional NMO processing, one scans a number of velocities, performs the
corresponding number of moveout corrections, and picks the velocity trend from velocity spectra. In oriented processing, velocity becomes, according to equation 4, a
data attribute rather than a prerequisite for imaging. Figure 2 shows a comparison
between velocity spectra used for picking velocities in the conventional NMO processing and the velocity attribute mapped directly from the data space using equations 3
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and 4. A noticeably higher resolution of the oriented map follows from the fact that
only the true signal slopes are identified by the slope estimation algorithm. The slope
uncertainty, unlike the velocity uncertainty, is not taken into account.

Figure 2: a: Velocity spectra using conventional velocity scanning. In the conventional NMO processing, the velocity trend is picked from velocity spectra prior to
NMO. b: Velocity mapped from the data space using oriented NMO. The input for
both plots is the synthetic CMP gather shown in Figure 1a. The red line indicates
the exact velocity used for generating the synthetic data. pmig/nmo svsc
Figure 3 shows a field data example. The data are taken from a historic Gulf of
Mexico dataset (7). Analogously to the synthetic case, a CMP gather (Figure 3a)
is properly flattened (Figure 3c) by an application of oriented NMO using the local
event slopes (Figure 3b) measured directly from the data. A comparison between
conventional velocity spectra and the velocity mapping with oriented NMO is shown
in Figure 4. Again, a significantly higher resolution is observed.

τ -p NMO
One can choose to perform normal moveout in the slant-stack (τ -p) domain rather
than the original t-x domain. In the τ -p domain, hyperbolas turn into ellipses but the
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Figure 3: a: A CMP gather from the Gulf of Mexico. b: estimated local event slopes.
c: the output of oriented velocity-independent NMO. pmig/mig pnmo
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Figure 4: a: Velocity spectra using conventional velocity scanning. In the conventional NMO processing, the velocity trend is picked from velocity spectra prior to
NMO. b: Velocity mapped from the data space using oriented NMO. The input for
both plots is the CMP gather shown in Figure 3a. The red curve is an automatic
pick of the velocity trend shown for comparison. pmig/mig bvsc
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moveout correction problem remains (34). Differentiating the τ -p moveout equation
p
τ (p) = τ0 1 − p2 vn2 (τ0 )
(5)
leads to

p v 2 (τ0 ) τ02
dτ
=− n
,
(6)
dp
τ
which resolves in the oriented velocity-free moveout equation analogous to equation 3
p
τ0 = τ 2 − τ r(τ, p) p .
(7)
r=

Combining equations 5 and 7 produces the corresponding velocity mapping equation
r(τ, p)
.
(8)
vn2 = 2
p r(τ, p) − p τ

Non-hyperbolic moveout
The hyperbolic model 1 is not accurate at large offsets in the case of non-hyperbolic
moveouts, caused by vertical or lateral heterogeneity, reflector curvature, or anisotropy
(17). One popular model for describing non-hyperbolic moveouts was developed by
(27) and has the form of a shifted hyperbola (9; 5; 32)
s


1
l2
1
+
t20 + S(t0 ) 2
,
(9)
t(l) = t0 1 −
S(t0 )
S(t0 )
vn (t0 )
Equation 9 contains an additional parameter S, which is related to heterogeneity and
anisotropy of seismic velocities. We can eliminate this parameter by differentiating the
equation twice and defining the second derivative q = ∂p/∂l = ∂ 2 t/∂l2 . Eliminating
both vn and S from equation 9 and equations
l
,
(10)
p =
[t0 + S(t0 ) (t − t0 )] vn2
t20
q =
(11)
[t0 + S(t0 ) (t − t0 )]3 vn2
leads to the velocity-independent non-hyperbolic moveout equation
pl
q .
t0 = t −
(12)
1 + qpl
If moveout parameters vn and S are required for subsequent interpretation, one can
easily extract them as special data attributes
s
1
p3
=
t
,
(13)
0
vn2
q l3
S = 1+

p (t − p l) − q l t
p
.
q p3 l3

(14)

One could estimate the function q(t, l) in practice by numerically differentiating the
local slope field p(t, l).
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Dix inversion
Not only moveout velocities but also interval velocities can be estimated by using
the local slope information. Employing the Dix inversion approach (10) and defining
pt = ∂p/∂t, one can deduce from equations 3 and 4 an expression for the interval
velocity vi , which becomes another attribute directly mappable from the data, as
follows:
vi2 =

l p l(p + t pt ) − 2pt t2
.
p2 t 2 t − l (p + t pt )

(15)

Equation 15 shows that then the interval velocity can be regarded as another attribute
mappable directly from the data. The derivation is detailed in Appendix A.
Figure 5 shows the interval velocity mapping according to equation 15 for the
synthetic data example shown in Figure 1a. The exact interval velocity profile (red
curve) is recovered perfectly. An analogous example for the field dataset from Figure 3
is shown in Figure 6. The field data result is noisy because of the instability of
numerical differentiation but clearly shows the overall range of interval velocities.
Equation 15 enables direct mapping from data slope attributes into interval velocities. Thus, it provides an analytical solution to the stereotomography problem (4)
for the special case of horizontal reflection layers and vertically variable velocities.

Migration to zero offset
NMO correction accomplishes mapping to zero offset in the case of horizontal reflectors. Taking account of the reflector dip effect requires dip moveout (18). Combined
with NMO, dip moveout maps the input data in time-offset-midpoint coordinates
{t, h, y} to time-midpoint coordinates {t0 , y0 } at the zero-offset section. The corresponding oriented mapping, derived in Appendix B, is
(t − h ph )2 − h2 p2y
= t
(t − h ph )3
h2 py
= y−
,
t − h ph


t20
y0

2
,

(16)
(17)

where h = l/2, and ph = ∂t/∂h and py = ∂t/∂y are prestack slopes.
The full 2-D dataset and the estimated prestack slopes are shown in Figures 6(a)
and 8, respectively. The output of migration to zero offset and stack is shown in Figures 9 (before stack) and 10 (after stack). All major events are properly transformed
to the appropriate zero-offset positions.

GEO-2007-0338

Seismic imaging using local event slopes

445

Figure 5: Oriented mapping to interval velocity for the synthetic data set shown in
Figure 1a. The exact interval velocity profile is shown by a red curve. pmig/nmo svin
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Figure 6: Oriented mapping to interval velocity for the field data set shown in Figure 3a. pmig/mig bvint
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Figure 7: A field 2-D dataset from the Gulf of Mexico used for numerical experiments.
The display in this and other 3-D figures is composed of three sections from the cube
indicated by vertical and horizontal lines. pmig/mig bei
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Figure 8: Prestack data slopes estimated from the dataset. a: Offset slope ph . b:
Midpoint slope py . pmig/mig hdip,ydip
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Figure 9: Output of oriented migration to zero offset. pmig/mig bei-mzo
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Figure 10:
Seismic stack obtained by oriented migration to zero offset.
pmig/mig bei-mzo2
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Oriented prestack time migration
Mapping prestack data to the reflector position expressed in vertical traveltime is
the task of prestack time migration. Analogously to dip moveout, prestack migration
moves events not only across offsets but also across different midpoints provided that
the reflectors are not flat. Using the oriented approach, mapping from the prestack
domain {t, h, y} to the time-migrated image domain {τ, x} is defined by the following
equations derived in Appendix B:


2
2 2 2
t
p
(t
−
h
p
)
−
h
p
h
h
y
,

τ2 =
(t − h ph )2 t ph + h (p2y − p2h )
h t py
x = y−
.
t ph + h (p2y − p2h )

(18)
(19)

Here {τ, x} are the time-migrated image coordinates that correspond to the vertical
ray traveltime and location (22).
Under the assumption of a hyperbolic diffraction moveout, the migration velocity
becomes, analogously to equation 4, a data attribute completely defined by prestack
slopes, as follows:


t t ph + h (p2y − p2h )
4
=
.
(20)
v2
h (t − h ph )
Equations 18 and 20 transform to equations 3 and 4 when py = 0, which corresponds
to horizontal reflectors. Equations analogous to 18, 19, and 20 were derived previously
by (3) in a different way and in the depth imaging context.
Figures 11 and 12 show the output of prestack migration before and after stack.
The result is comparable to that of conventional processing (7) but obtained two
orders of magnitude faster, since each data point transforms directly to the image
space through a one-to-one mapping instead of being spread along a wide migration
impulse response, as in conventional prestack time migration.

DISCUSSION
The main advantage of the oriented approach is speed. The cost of velocity scanning
in conventional processing (excluding the manual picking labor involved) can be estimated roughly as the number of scanned velocities Nv times the input data size. The
cost increases dramatically in the case of non-hyperbolic approximations when more
than one parameter needs to be picked. The cost of local slope estimation with the
plane-wave destruction method is roughly the data size times the number of iterations
Ni times the filter size Nf . Typically, Ni ≈ 10 and Nf = 6, which is approximately
equivalent in cost to scanning Nv = 60 velocities. The next step, however, is dramatically different. Since each data point is mapped directly to the image instead of
being spread into a wide impulse response, we save the factor in cost proportional
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Figure 11: Output of oriented prestack time migration. pmig/mig bei-mig
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Figure 12:
Seismic image obtained by oriented prestack time migration.
pmig/mig bei-mig2
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to the size (in samples) of the migration impulse response. The prestack migration
result shown in Figure 11 was accomplished in under 10 seconds on a single-node PC.
The cost savings will be reduced somewhat if we take into account more than
one local slope (crossing reflection events, diffractions, multiple reflections, etc.) The
plane-wave destruction algorithm (13) can be applied for estimating several interfering
data slopes simultaneously. In order to take full advantage of it, data decomposition
into local slope components may be required. The curvelet transform (19; 12) suggests
a possible data decomposition approach. To extend the method of curvelet imaging
developed by (11), each local slope component would need to be imaged separately
by an oriented approach with its contribution stacked into the final image.
Seismic imaging and velocity estimation is inherently an uncertain process because
of limitations in the data acquisition geometry and signal bandwidth. In the oriented
approach, the uncertainty in the velocity estimation and in the positioning of seismic
reflectors comes directly from the uncertainty in estimating local event slopes. Such
uncertainty is much easier to estimate and analyze in the oriented rather than in
the traditional approach thanks to the explicit time-domain imaging equations 18
and 19 that transform uncertainties in the local event slopes ph and py directly into
uncertainties of the image point positioning.

CONCLUSIONS
Local slopes of seismic events contain complete information about the reflection geometry. Once they are estimated, one can turn seismic velocities and all other moveout
parameters into data attributes directly mappable from the prestack data domain
into the time-migrated image domain. In this paper, I have developed the analytical
theory for this transformation and demonstrated its applicability with examples.
Extensions of oriented imaging from time to depth migration are provided in
parsimonious migration (21) using a ray tracing formalism and in the theory of the
oriented wave equation (14) using a wave equation formalism.
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APPENDIX A
MATHEMATICAL DERIVATION OF ORIENTED DIX
INVERSION
The famous Dix inversion formula (10) can be written in the form
vi2 =


d  2
t0 v (t0 ) ,
d t0

(A-1)

where vi is the interval velocity corresponding to the zero-offset traveltime t0 and v(t0 )
is the vertically-variable root-mean-square velocity. By a straightforward application
of the chain rule, I rewrite the Dix equation in the form
vi2 =

d [t0 (t) v 2 (t)] /d t
.
d t0 /d t

(A-2)

Substituting t0 (t) and v(t) dependences from equations 3 and 4 and doing algebraic
simplifications yields
l p l(p + t pt ) − 2pt t2
d [t0 (t) v 2 (t)]
= 2
,
dt
p t
2 t0
d t0
2 t − l (p + t pt )
=
,
dt
2 t0

(A-3)
(A-4)

where pt = ∂p/∂t. Substituting equations A-3 and A-4 into A-2 produces equation 15
in the main text.

APPENDIX B
MATHEMATICAL DERIVATION OF ORIENTED
TIME-DOMAIN IMAGING OPERATORS
The mathematical derivation of oriented time-domain imaging operators follows geometrical principles. Consider the reflection ray geometry in Figure B-1. Making a
hyperbolic approximation of diffraction traveltimes used in seismic time migration
is equivalent to assuming an effective constant-velocity medium and straight-ray geometry. The geometrical connection between the effective dip angle α, the effective
reflection angle θ, the effective velocity v, half-offset h, and the reflection traveltime t
is given by the equation
2 h cos α
t=
,
(B-1)
v sin θ
which follows directly from the trigonometry of the reflection triangle (8; 15). Additionally, the two angles are connected with the traveltime derivatives ph = ∂t/∂h and
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py = ∂t/∂y according to equations
2 cos α sin θ
,
v
2 sin α cos θ
=
.
v

ph =

(B-2)

py

(B-3)

Using equations B-1, B-2, and 7, one can explicitly solve for the effective parameters
α, θ, and v expressing them in terms of the data coordinates t and h and event slopes
ph and py . The solution takes the form
h p2y
tan α =
,
ph (t − h ph )
h ph
,
sin2 θ =
t
4 h (t − h ph )

.
v2 =
t t ph + h (p2y − p2h )
2

(B-4)
(B-5)
(B-6)

Note that equation A-9 is equivalent to equation 20 in the main text. It reduces to
equation 4 in the case of a horizontal reflector (py = 0).
With the help of equations A-8, B-5, and A-9, one can transform all other geometrical quantities associated with time-domain imaging into data attributes. The
vertical two-way time is (31)
τ =t

cos2 α − sin2 θ
,
cos α cos θ

(B-7)

which turns, after substituting equations A-8 and B-5, into equation 18 in the main
text. The separation between the midpoint and the vertical is (31)
y−x=h

sin α cos α
,
sin θ cos θ

(B-8)

which turns, after substituting equations A-8 and B-5, into equation 19 in the main
text. Additionally, the zero-offset traveltime is (using equation B-7)
t0 =

τ
cos2 α − sin2 θ
=t
,
cos α
cos2 α cos θ

(B-9)

which turns into equation 16. Finally, the separation between the midpoint and the
zero-offset point is (using equations B-1 and B-8)
y − y0 = y − x −

vτ
tan α = h tan α tan θ ,
2

(B-10)

which turns into equation 17. In the case of a horizontal reflector (α = 0), y = y0 = x,
t0 = τ , and the zero-offset traveltime reduces to the NMO-corrected traveltime in
equation 3.
Non-hyperbolic and three-dimensional generalizations of this theory are possible.
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Random noise attenuation using local
signal-and-noise orthogonalization
Yangkang Chen and Sergey Fomel ∗

ABSTRACT
We propose a novel approach to attenuate random noise based on local signaland-noise orthogonalization. In this approach, we first remove noise using one of
the conventional denoising operators, and then apply a weighting operator to the
initially denoised section in order to predict the signal-leakage energy and retrieve
it from the initial noise section. The weighting operator is obtained by solving
a least-squares minimization problem via shaping regularization with a smoothness constraint. Next, the initially denoised section and the retrieved signal are
combined to form the final denoised section. The proposed denoising approach
corresponds to orthogonalizing the initially denoised signal and noise in a local
manner. We evaluate denoising performance by using local similarity. In order to
test the orthogonalization property of the estimated signal and noise, we calculate
the local similarity map between the denoised signal section and removed noise
section. Low values of local similarity indicate a good orthogonalization and thus
a good denoising performance. Synthetic and field data examples demonstrate
the effectiveness of the proposed approach in applications to noise attenuation
for both conventional and simultaneous-source seismic data.

INTRODUCTION
Most random noise attenuation techniques necessitate a control of the trade-off between preservation of useful signal and removal of random noise. F -x deconvolution
and projection (5; 26), also known as f -x predictive filtering (3; 8), is a common
technique for random noise attenuation thanks to its convenient implementation and
high efficiency. Commonly a prediction filter length is modified in order to increase or
decrease the ability of f -x deconvolution to remove random noise, at the expense of
decreasing or increasing the preservation of useful signal. When the data character is
complex, the filter length should be long enough to capture certain amounts of useful
signal, but at the same time to attenuate a limited amount of noise. Otherwise, a
portion of useful signal can be lost because of a large number of dip components in
the data (8). For certain specific types of random noise, such as blending noise in
simultaneous-source seismic data (2; 4; 1; 7), median filtering (MF) can be particularly effective (19; 6; 9). However, the ability of MF to remove spike-like blending
∗
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noise strongly depends on the length of the filtering window. A longer filter leads
to a more powerful attenuation for blending noise, but at the same time causes a
possible loss of useful energy. In contrast, when the length of the filtering window is
small, MF may eliminate less useful energy but also will be less able to remove spiky
noise. Removing spiky noise without losing too much useful signal becomes a difficult
trade-off.
Suppose that the seismic data d is composed of signal strue and noise ntrue , a
successful random noise attenuation will give accurate signal and noise estimation:
s0 ≈ strue and n0 ≈ ntrue , where s0 and n0 are the estimated signal and noise.
However, the ideal situation may not occur in practice for two main possible reasons:
incorrect parameter selection or inadequacy of denoising assumptions. When those
assumptions are not met, the conventional denoising approaches may not achieve the
optimal performance. For most noise attenuation approaches, the noise section will
contain a certain amount of useful signal, which can be called signal-leakage energy.
Sometimes, the leakage energy is negligible, whereas in other cases, this loss of energy
may result in a decrease in resolution.
Local seismic attributes measure seismic signal characteristics neither instantaneously, at each signal point, nor globally, across a data window, but locally in the
neighborhood of each point (10). One of the most useful local attributes is local similarity, which has found numerous successful applications in different areas of seismic
data processing: multicomponent image registration (14; 10), time-lapse registration
(15; 27), time-frequency analysis (22), structure-enhancing filtering (25), phase estimation (17), etc. By using a weighted stacking of seismic data according to local
similarity to the reference trace, a seismic image with an increased signal-to-noise ratio
can be obtained (23; 21). In this paper, we introduce a new local seismic attribute:
local orthogonalization weight (LOW) in order to perform local orthogonalization.
LOW appeared previously in the definition of local similarity and can be obtained
by solving a minimization problem using shaping regularization with a smoothness
constraint.
In order to compensate for the loss of useful signal in traditional noise attenuation approaches, because of incorrect parameter selection or inadequacy of denoising
assumptions, we employ a weighting operator on the initially denoised section for the
retrieval of useful signal from the initial noise section. The new denoising process
corresponds to local orthogonalization of signal and noise based on the assumption
that final estimated signal and noise should be orthogonal to each other in the timespace domain. The orthogonality assumption is similar as assuming that the signal
and noise do not correlate with each other. Thus, the orthogonality assumption is
assumed to be valid for all kinds of noise that do not correlate with the useful signal,
e.g., random noise. The proposed local-orthogonalization approach can be considered
as a specific case of previously proposed nonstationary matching filtering (12) for
one-point filter length. The proposed approach is not very sensitive to the parameter
selection, and thus is robust in practice. We use two synthetic examples and three
field data examples to demonstrate successful performance of the proposed approach
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in applications to both conventional and simultaneous-source seismic data.

METHOD
Compensating for the signal-leakage energy by weighting
For many random noise attenuation approaches, the leakage energy is not negligible.
We can attempt to retrieve the leaking signal from the noise section by applying a
simple nonstationary weighting operator to the initially denoised signal assuming that
the leakage energy can be predicted by weighting the useful signal:
s1 = w ◦ s0 .

(1)

Here s1 is the retrieved signal, w ◦ s0 = diag(w)s0 = diag(s0 )w, which denotes
Hadamard (or Schur) product, and diag(·) denotes the diagonal matrix composed of
an input vector. The weighting vector w can be estimated by solving the following
minimzation problem:
s0
n
z}|{
z }|0 {
(2)
min k d − P[d] −w ◦ P[d] k22 ,
w

where d denotes the observed noisy data, and P denotes the initial random noise
attenuation operator. Equation 2 uses a weighted (scaled) signal s0 to match the
leakage energy in the initial noise section (n0 ) in a least-squares sense. In the next
section, we will introduce an approach to calculate the weighting vector w using local
orthogonalization.

Local orthogonalization
Based on the assumption that final estimated signal s and noise n should be orthogonal to each other, we can orthogonalize the estimated signal and estimated noise
by
n̂ = n0 − ws0 ,
ŝ = s0 + ws0 ,

(3)
(4)

where w is the global orthogonalization weight (GOW) defined by
w=

nT0 s0
.
sT0 s0

(5)

Here [·]T denotes transpose. Appendix A provides a demonstration and proof for the
global orthogonalization process as denoted by equations 3, 4 and 5. The orthogonality assumption is similar as assuming that the signal and noise do not correlate
with each other, which implies the kinds of noise that do not correlate with the useful
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signal, e.g., random noise. The orthogonality assumption is assumed to be valid in
the original time-space domain, but also has the possibility of being applied in other
transformed domains. Instead of using GOW, we propose to use nonstationary local
orthogonalization weight (LOW). One possible definition of LOW is:
t+m/2

X
wm (t) =

s0 (i)n0 (i)

i=t−m/2

,

t+m/2

X

(6)

s20 (i)

i=t−m/2

where wm (t) denotes the LOW for each temporal point t with a local window length
m. s0 (t) and n0 (t) here denotes the initially estimated signal and noise for each point
t.

Solving LOW by shaping regularization
In order to better control the locality and smoothness of LOW, we follow the localattribute scheme introduced by (10). Simplifing equation 2, and adding a localsmooth constraint to the optimization problem, we obtain:
w = arg min k n0 − S0 w k22 +R(w).
w

(7)

Here, w is the LOW, S0 is a diagonal matrix composed of the initial estimated signal
s0 : S0 = diag(s0 ). R denotes a smoothing regularization operator. Then we solve
the least-squares problem 7 with the help of shaping regularization (11) using a localsmoothness constraint:
w = [λ2 I + T (ST0 S0 − λ2 I)]−1 T ST0 n0 ,

(8)

where T is a triangle smoothing operator and λ is a scaling parameter set as λ =
kST0 S0 k2 . Inserting w into equation 1, we can obtain a new denoising approach:
s = s0 + s1 = P[d] + w ◦ P[d] = (I + diag(w))P[d],
n = n0 − s1 = d − P[d] − w ◦ P[d] = d − (I + diag(w))P[d].

(9)
(10)

Here, s and n are the final estimated signal and noise.
The controlling parameter for calculating LOW is the width of the triangle smoother,
or the smoothing radius (SR). Figure 1 shows the calculated LOWs that correspond
to the second synthetic example (Figure 3) with different smoothing radii. The LOW
are calculated by solving the equation 7 with the initial denoised signal and initial
removed noise set as Figures 3(d) and 3(e), respectively, using the approach shown
in equation 8. As we can see from the comparison, LOW is robust with respect to
the choice of the smoothing radius (e.g., from 25 samples to 20 samples, or from 10
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Figure 1: LOWs using different smoothing radii for the example as shown in
Figure 3. (a) Vertical and lateral smoothing radii are 25 samples. (b) Vertical and lateral smoothing radii are 20 samples. (c) Vertical and lateral smoothing radii are 10 samples. (d) Vertical and lateral smoothing radii are 5 samples.
ortho/orthocomplex low1,low2,low3,low4

466

Chen & Fomel

TCCS-9

samples to 5 samples), but may differ a lot for significantly different smoothing radii
(e.g., from 25 samples to 5 samples). We can also conclude from the comparison that
as the smoothing radius increases, the temporal and spatial resolutions decrease, but
the anti-noise ability increases. Note that the orthogonalization equations 2 and 7
can also be understood as one-point nonstationary matching filtering (12).

SYNTHETIC EXAMPLES
We use two synthetic examples to test the performance of the proposed denoising
algorithm. For consistency, we use denoising to denote random noise attenuation
for regular seismic data, and deblending to denote blending noise attenuation for
simultaneous-source seismic data. The first example is a deblending test, similar to
the one used by (19). The second example is a denoising test that contains four
crossing linear events. In order to test the improvement in the signal-to-noise ratio
of these two synthetic examples, we utilize the following measurement:
SN R = 10 log10

kstrue k22
.
kstrue − sk22

(11)

In addition to SNR, we also propose to use local similarity (10) as a convenient
measure to evaluate denoising performance. Appendix B gives a brief review of local
similarity. After the local similarity map between the denoised data and removed noise
is calculated, we can judge from the local similarity if there is leakage energy in the
noise. When the clean data is unknown for field data denoising tests, the SNR based
evaluation becomes unavailable. Besides, the SNR is not always the best measurement
for denoising performance because it does not measure the signal leakage. However,
the local similarity map can always be used to evaluate the denoising performance.
Figure 2 shows the deblending performance using a conventional MF and the
proposed denoising approach. The original clean, unblended data are shown in Figure
2(a). After blending using a simple random-dithering method (7), we obtained the
noisy data containing spike-like blending noise (5(a)). Figure 2(d) demonstrates a
denoised section after using MF. The noise section corresponding to MF is shown
in Figure 2(e) and contains a certain amount of signal leakage in the form of linear
events. Using the proposed denoising approach, we obtained a denoised section with
stronger-amplitude linear events. In the corresponding noise section, any coherent
linear events are barely noticeable, suggesting a nearly perfect deblending. In this
example, because the noise are spike-like blending noise, we did smooth too much
during shaping regularization. In this example, the vertical and lateral smoothing
radii are both 2 samples. Figures 2(f) and 2(i) show local similarity of the noise section
to the denoised section before and after using the proposed approach. After applying
the proposed method, the noise section exhibits low similarity with the denoised
section. Although structure-oriented median filtering can handle the dipping reflector,
they can only work well for relative simpler structures where the dip estimation can be
precisely obtained, in which case there will be no need to use the proposed approach.
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Figure 2: Comparison of using the local-orthogonalization-based random noise
attenuation approach for deblending test before and after. (a) Unblended section. (b) Blending noise section. (c) Blended section. (d) Deblended result
using MF. (e) Noise section using MF. (f) Local similarity map between (d)
and (e). (g) Deblended result using the proposed method. (h) Noise section using the proposed method. (i) Local similarity map between (g) and (h).
ortho/orthocsimul huo,huo-noise,huos,huos-mf,huosdiff-mf,huos-simi,huos-ortho,huosdiff-ortho,huos-sim
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However, when the dip estimation is not accurate, or there are conflicting dips in
a processing window, the structure-oriented median filtering may not work well, in
which case we can use the proposed approach for retrieving the leaked useful energy.
Figure 3 shows the denoising performance based on the conventional f -x deconvolution (5). The clean data is shown in Figure 3(a) and the noise section, corresponding
to f -x deconvolution, is shown in Figure 3(f); it contains some horizontal and low-dipangle signals. The coherent leakage energy is also visible in the local similarity map
(Figure 3(f)). Applying the proposed denoising approach, we obtained a denoised section with stronger-amplitude horizontal events. The corresponding noise section does
not contain any coherent signal. In this example, the vertical and lateral smoothing
radii are both 25 samples. Figures 3(f) and 3(i) denote local similarity of the noise
section to the denoised section before and after using the proposed approach. The
similarity decreases significantly after applying local orthogonalization.
The SNR comparison before and after using local-orthogonalization approach is
summarized in Table 1.
Test
Original (dB)
Initially denoised (dB)
Orthogonalized (dB)

Deblending denoising
1.173
-1.72
17.65
21.21
20.95
25.30

Table 1: Comparison of SNR before and after using the proposed approach.

FIELD EXAMPLES
In this section, we use three field data sets to evaluate the proposed method. The
first example is a simulated deblending test and the latter two examples are common
denoising tests.
Figure 4(a) shows the unblended data for the first test, which is a deep-water common receiver section containing events that are nearly flat. After numerical blending
using the same blending approach as in the first synthetic example, the blended data
(shown in Figure 4(c)) demonstrate strong interference. Figure 4(d) shows the deblended data after the use of f -x deconvolution. When checking the noise section in
Figure 4(e), we found many coherent signals, suggesting a significant leakage of useful signal energy. The denoised section after using the proposed approach is shown
in Figure 4(g). The noise section no longer contains coherent useful signals while
the removed blending noise appears nearly unchanged. In this example, we set the
vertical and lateral smoothing radii to 25 samples. The similarity maps before and
after application of the proposed method are shown in Figure 4(f) and 4(h). The
SNR using the previous criteria of the blended data is 0.04. After the initial deblending using f -x deconvolution, SNR improves to 7.44. Further, after the proposed
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Figure 3: Comparison of using the local-orthogonalization-based random noise attenuation approach for denoising test before and after. (a) Clean section. (b)
Random noise section. (c) Noisy section. (d) Denoised result using f -x deconvolution. (e) Noise section using f -x deconvolution. (f) Local similarity map between (d) and (e). (g) Denoised result using the proposed method. (h) Noise
section using the proposed method. (i) Local similarity map between (g) and (h).
ortho/orthocomplex c,n,cn,cfx,cdifffx,csimi-difffx,cfx2,cdifffx2,csimi-difffx2
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retrieving-signal process, SNR improves to 10.08. It is worth to be mentioned that
the preservation of useful signal is of significant importance in deblending, and thus
the proposed approach is particularly attractive in its application to deblending.
The second field data test is for a land seismic section, which was used previously
by (10) and (24). The input image is shown in Figure 5. The shallow part of the
section is noisy, which may make interpretation difficult. After a conventional f x deconvolution, a much cleaner section is obtained (Figure 6(a)). Some coherent
signal is left in the noise section shown in Figure 6(d), especially around 0.75s and
the 350th trace. After local signal-and-noise orthogonalization, we obtained a clean
denoised section but with strong amplitude in some regions and almost no loss of
useful component in the noise section (Figure 6(d)). In this example, the vertical and
lateral smoothing radii are both 2 samples. Unlike the synthetic data test and the
previous field data test, for this field data test, the clean signal is unknown, so the
SNR measurement cannot be applied in this case. The two corresponding similarity
maps are shown in Figure 7. The local similarity after applying the proposed approach
is nearly zero along the whole seismic section.
The third field data example is borrowed from (20). The noisy data is shown in
Figure 9(a). The initial signal and noise models are prepared using f − x regularized
nonstationary autoregression (RNAR). Following the approach of (20), the initially
denoised data are shown in Figure 9(a). The corresponding noise section is shown
in Figure 9(c). The general denoising approach shows good performance considering
the clean denoised image and random removed noise. However, we can find small
useful signals from the noise section, as indicated by the frame boxes in Figure 9(c).
The denosied image using the proposed approach is shown in Figure 9(b). After
using local orthogonalization to retrieve useful signal, the coherent signal disappears
in the final noise section (Figure 9(d)), as indicated by the frame boxes. The zoomed
sections corresponding to frame boxes A and B in Figure 9 are shown in Figure 10. In
this example, we chose the vertical and lateral smoothing radius as 5 samples. Before
using the proposed approach, the local similarity map between the denoised data and
removed noise (Figure 11(a)) showed some high-similarity anomalies. After applying
the proposed approach, the similarity map is nearly zero everywhere across the whole
section.

CONCLUSIONS
Conventional methods for noise attenuation may cause some leakage of signal energy in the noise section as a result of incorrect parameter selection or inadequacy
of denoising assumptions. We have shown that it is possible to retrieve the leakage
energy by applying a weighting operator to the initial signal and adding the retrieved
signal energy to the initially denoised data to obtain the final denoised data. In order to design an optimized weighting operator, we introduce a new local attribute,
called local orthogonalization weight (LOW). LOW can be obtained by solving a
least-square minimization problem using shaping regularization with a smoothness
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Figure 4: Comparison of using the local-orthogonalization-based random noise
attenuation approach for deblending test before and after. (a) Unblended section (not clean, also containing random noise). (b) Blending noise section.
(c) Blended section. (d) Deblended result using f − x deconvolution. (e)
Noise section using f − x deconvolution. (f) Local similarity map between
(d) and (e). (g) Deblended result using the proposed method. (h) Noise section using the proposed method. (i) Local similarity map between (g) and (h).
ortho/orthofair fairunblended2,fair-noise,fairblended2,fairdeblended2fx2,fairdeblended2dif-fx2,fairdif-s
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Figure 5: Noisy post-stack land field data (13). ortho/orthonine pp

Figure 6:
(a) Denoised section using f − x deconvolution.
(b) Denoised section using the proposed approach.
(c) Noise section using
f − x deconvolution.
(d) Noise section using the proposed approach.
ortho/orthonine pp-fx,pp-ortho,ppdiff-fx0,ppdiff-ortho0
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Figure 7: Comparison of similarity between noise section and denoised section with
and without using the proposed random noise attenuation approach. (a) Similarity
map using f − x deconvolution. (b) Similarity map using the proposed method.
ortho/orthonine pp-simi,pp-simi-ortho

Figure 8: Noisy post-stack field data (20). ortho/orthorna data
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Figure 9: (a) Denoised section using f − x RNAR. (b) Denoised section using the
proposed approach. (c) Noise section using f − x RNAR. (d) Noise section using the
proposed approach. ortho/orthorna npre,rna-ortho,nprediff0,rnadiff-ortho0
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Figure 10: (a) Zoomed section using f -x RNAR (frame box A shown in Figure
9). (b) Zoomed section using the proposed approach (frame box A shown in Figure 9). (c) Zoomed section using f -x RNAR (frame box B shown in Figure 9).
(d) Zoomed section using the proposed approach (frame box B shown in Figure 9).
ortho/orthorna zoom-rnadif-a,zoom-orthodif-a,zoom-rnadif-b,zoom-orthodif-b
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Figure 11: Comparison of similarity between noise section and denoised section
with and without using the proposed random noise attenuation approach. (a) Similarity map using f − x RNAR. (b) Similarity map using the proposed method.
ortho/orthorna rna-simi,rna-simi-ortho

constraint. The proposed denoising approach corresponds to locally orthogonalizing
signal and noise. Once the initial signal and noise models are given, the proposed
approach can help retrieve the residual signal in the noise section. The local orthogonalization approach to random noise attenuation is applicable to processing of
blended simultaneous-source seismic data, in which the preservation of useful signal is
particularly important. Although the examples were 2-D, the method applies equally
well in 3-D and in any other number of dimensions.
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APPENDIX A: SIGNAL-AND-NOISE
ORTHOGONALIZATION
As shown schematically in Figure A-1, the initially estimated signal and noise are
denoted by s0 and n0 , respectively. By projecting n0 to the direction of s0 , we can
get the projection ws0 . The other component of n0 is the final estimated noise, as
shown in equation 3. The final estimated signal is thus the summation of the initially
estimated signal s0 and the projection component ws0 .
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n0
n̂
s0
ws0

Figure A-1: Demonstration of signal-and-noise orthogonalization. ortho/. demo

When w =

nT
0 s0
,
sT
0 s0

the following equation holds:

n̂T ŝ = (n0 − ws0 )T (s0 + ws0 ) = nT0 s0 − wsT0 s0 + wnT0 s0 − w2 sT0 s0
 T 2
n0 s0
nT0 s0 T
nT0 s0 T
T
sT0 s0 = 0
= n0 s0 − T s0 s0 + T n0 s0 −
s0 s0
s0 s0
sT0 s0

(A-1)

Here, ŝ and n̂ denote the final estimated signal and noise, respectively, and appear
orthogonal to each other. This orthogonalization approach is also known as GramSchmidt orthogonalization (18). Note that w defined above can be obtained by solving
the least-squares optimization problem:
min kws0 − n0 k22 ,
w

(A-2)

which we extend to equation 7 in the main text.

APPENDIX B: REVIEW OF LOCAL SIMILARITY
(10) defined local similarity between vectors a and b as:
c=

q
cT1 c2

(B-1)
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where c1 and c2 come from two least-squares minimization problems:
c1 = arg min ka − Bc1 k22 ,

(B-2)

c2 = arg min kb − Ac2 k22 ,

(B-3)

c1
c2

where A is a diagonal operator composed from the elements of a: A = diag(a) and B
is a diagonal operator composed from the elements of b: B = diag(b). Least-squares
problems B-2 and B-3 can be solved with the help of shaping regularization with a
smoothness constraint:
c1 = [λ21 I + T (BT B − λ21 I)]−1 T BT a,
c2 =

[λ22 I

+ T (A A −
T

λ22 I)]−1 T

T

A b,

(B-4)
(B-5)

where T is a smoothing operator, and λ1 and λ2 are two parameters controlling the
physical dimensionality and enabling fast convergence when inversion is implemented
iteratively. These two parameters can be chosen as λ1 = kBT Bk2 and λ2 = kAT Ak2
(10). The definition of c1 and c2 are equivalent to definition of LOW in this paper.
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Post-stack velocity analysis by separation and
imaging of seismic diffractions
Sergey Fomel∗ , Evgeny Landa† , and M. Turhan Taner‡∗

ABSTRACT
Small geological features manifest themselves in seismic data in the form of
diffracted waves, which are fundamentally different from seismic reflections. Using two field data examples and one synthetic example, we demonstrate the possibility of separating seismic diffractions in the data and imaging them with
optimally chosen migration velocities. Our criterion for separating reflection and
diffraction events is the smoothness and continuity of local event slopes that
correspond to reflection events. For optimal focusing, we develop the local varimax measure. The objectives of this work are velocity analysis implemented in
the post-stack domain and high-resolution imaging of small-scale heterogeneities.
Our examples demonstrate the effectiveness of the proposed method for highresolution imaging of such geological features as faults, channels, and salt boundaries.

INTRODUCTION
Diffracted and reflected seismic waves are fundamentally different physical phenomena
(14). Most seismic data processing is tuned to imaging and enhancing reflected waves,
which carry most of the information about subsurface. The value of diffracted waves,
however, should not be underestimated (13). When seismic exploration focuses on
identifying small subsurface features (such as faults, fractures, channels, and rough
edges of salt bodies) or small changes in seismic reflectivity (such as those caused by
fluid presence or fluid flow during reservoir production), it is diffracted waves that
contain the most valuable information.
In this paper, we develop an integrated approach for extracting and imaging of
diffracted events. We start with stacked or zero-offset data as input and produce timemigrated images with separated and optimally focused diffracted waves as output.
The output of our processing flow can be compared to coherence cubes (1; 18). While
the coherence cube algorithm tries to enhance incoherent features, such as faults, in
the migrated image domain, we perform the separation in unmigrated data, where
these features appear in the form of diffracted waves.
∗
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We also introduce diffraction-event focusing as a criterion for migration velocity
analysis, as opposed to the usual “flat-gather” criterion used in seismic imaging.
Focusing analysis is applicable not only to multi-coverage prestack data but also to
post-stack or single-coverage data.
The idea of extracting information from seismic diffractions is not new. (11) used
forward modeling and local slant stacks for estimating velocities from diffractions;
(15) used common-diffraction-point sections for imaging of diffraction energy and
detecting local heterogeneities; (22) simulated diffraction responses for enhancing
velocity analysis. (20) incorporated diffraction imaging in wave-equation migration
velocity analysis.
The novelty of our approach is in integration of two essential steps:

1. Separating diffracted and reflected events in the data space,
2. Focusing analysis for automatic detection of migration velocities optimal for
imaging diffractions.

We explain both steps
datasets.

and illustrate their application with field and synthetic

SEPARATING DIFFRACTIONS
The underlying assumption that we employ for separating diffracted and reflected
events is that, in a stacked data volume, background reflections correspond to strong
coherent events with continuously variable slopes. Removing those events reveals
other coherent information, often in the form of seismic diffractions. We propose to
identify and remove reflection events with the method of plane-wave destruction (2;
5). Plane-wave destruction estimates continuously variable local slopes of dominant
seismic events by forming a prediction of each data trace from its neighboring traces
with optimally compact non-stationary filters that follow seismic energy along the
estimated slopes. Minimizing the prediction residual while constraining the local
slopes to vary smoothly provides an optimization objective function analogous to
differential semblance (23). Iterative optimization of the objective function generates
a field of local slopes. The prediction residual then contains all events, including
seismic diffractions, that do not follow the dominant slope pattern. An analogous idea,
but with implementation based on prediction-error filters, was previously discussed
by (3) and (21). Although separation of reflection and diffraction energy can never
be exact, our method serves the practical purpose of enhancing the wave response
of small subsurface discontinuities.
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IMAGING DIFFRACTIONS
How can one detect the spatially-variable velocity necessary for focusing of different
diffraction events? A good measure of focusing is the varimax norm used by (25) for
minimum-entropy deconvolution and by (17) for zero-phase correction. The varimax
norm is defined as
N
X
N
s4i
φ=

i=1
N
X

!2 ,

(1)

s2i

i=1

where si are seismic signal amplitudes inside a window of size N . Varimax is simply
related to kurtosis of zero-mean signals.
Rather than working with data windows, we turn focusing into a continuously variable attribute using the technique of local attributes (8). Noting that the correlation
coefficient of two sequences ai and bi is defined as
N
X

ai b i

i=1

c[a, b] = v
u N
N
uX X
t
2
ai
b2i
i=1

(2)

i=1

and the correlation of ai with a constant is
N
X

ai

,
c[a, 1] = v i=1
u
N
u X
tN
a2i

(3)

i=1

one can interpret the varimax measure in equation 1 as the inverse of the squared
correlation coefficient between s2i and a constant: φ = 1/c[s2 , 1]2 . Well-focused signals
have low correlation with a constant and correspondingly high varimax.
Going further toward a continuously variable focusing attribute, notice that the
squared correlation coefficient can be represented as the product of two quantities
c[s2 , 1]2 = p q, where
N
N
X
X
2
si
s2i
p=

i=1

N

,

q=

i=1
N
X
i=1

.
s4i

(4)
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Furthermore, p is the solution of the least-squares minimization problem
min
p

N
X

s2i − p

2

,

(5)

i=1

and q is the solution of the least-squares minimization
min
q

N
X

1 − q s2i

2

.

(6)

i=1

This allows us to define a continuously variable attribute φi by using continuously
variable quantities pi and qi , which are defined as solutions of regularized optimization
problems
!
N
X

2
min
s2i − pi + R [pi ] ,
(7)
pi

min
qi

i=1
N
X

!

2 2

1 − q i si

+ R [qi ]

,

(8)

i=1

where R is a regularization operator designed to avoid trivial solutions by enforcing a desired behavior (such as smoothness). Shaping regularization (9) provides a
particularly convenient method for enforcing smoothing in an iterative optimization
scheme.
We apply the local focusing measure to obtain migration-velocity panels for every
point in the image. First, we follow the procedure outlined in the previous section
to replace a stacked or zero-offset section with a section containing only separated
diffractions. Next, we migrate the data multiple times with different migration velocities. This is accomplished by velocity continuation (6), a method that performs
time-migration velocity analysis by continuing seismic images in velocity with the
process also called “image waves” (12). The velocity continuation theory (7) shows
that one can accomplish time migration with a set of different velocities by making
differential steps in velocity similarly to the method of cascaded migrations (16) but
described and implemented as a continuous process. While comparable in theory to
an ensemble of Stolt migrations (10; 19), velocity continuation has the advantage of
working directly in the image domain. It is implemented with an efficient and robust
algorithm based on the Fast Fourier Transform.
Finally, we compute φi for every sample point in each of the migrated images.
Thus, N in equations 4 and 5 refers to the total number of sample points in an
image. The output is focusing image gathers (FIGs), exemplified in Figure 1. A
FIG is analogous to a conventional migration-velocity analysis panel and suitable for
picking migration velocities. The main difference is that the velocity information is
obtained from analysis of diffraction focusing as opposed to semblance of flattened
image gathers used in prestack analysis.
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EXAMPLES
Three different examples illustrate applications of our method to imaging of geological
faults and irregular salt boundaries.

Fault detection

Figure 1: Focusing image gathers (FIG) for post-stack migration velocity analysis by
diffraction focusing. Red colors indicate strong focusing. Superimposed black curves
are slices of the picked migration velocity shown in Figure 3(b). diffr/fault panel
The data for our first example are shown in Figure 2(a), which displays a stacked
section of a vintage Gulf of Mexico dataset (4). Diffractions caused by irregular
fault boundaries are preserved in the stack thanks to dip moveout processing but are
hardly visible underneath strong reflection responses. Figure 2(b) shows the dominant
slope of reflection events estimated by the plane-wave destruction method. Numerous
diffractions were separated from reflections by plane-wave destruction and are shown
in Figure 3(a).
Figure 3(b) shows the migration velocity picked from focusing common-image
gathers (FIGs). Example FIGs are shown in Figure 1. Figure 4(a) is the image of
diffracted events, which collapse to collectively form fault surfaces. Figure 4(b) is the
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Figure 2: First test example. (a) Stacked section from a Gulf of Mexico dataset. (b)
Local slopes estimated by plane-wave destruction. diffr/fault bei-stk2,bei-dip
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Figure 3: Diffraction separation. (a) Diffraction events separated from data in Figure 2(a). (b) Migration velocity picked from local varimax scans after velocity continuation of diffractions. diffr/fault bei-pwd,bei-pik

488

Fomel, Landa, & Taner

TCCS-9

Figure 4: Migrated images. (a) Migrated diffractions from Figure 3(a). (b) Initial data from Figure 2(a) migrated with velocity estimated by diffraction imaging.
diffr/fault bei-slc,bei-slc2
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image obtained by migrating the original stack with velocities estimated from diffraction focusing analysis. In this final image, fault surfaces align with discontinuities in
seismic reflectors. The image compares favorably with images of the same dataset
from the conventional processing shown by (4).

Salt detection

Figure 5: Second test example. (a) Near-offset section from a Gulf of Mexico dataset.
(b) Local slopes estimated by plane-wave destruction. diffr/gom gom,gom-dip
Figure 5(a) shows another example, also from the Gulf of Mexico. We used
the nearest-offset section for diffraction analysis. Plane-wave destruction estimates
dominant slopes of continuous reflection events [Figure 5(b)] and reveals numerous
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Figure 6: Diffraction separation. (a) Diffraction events separated from data in Figure 5(a). (b) Migration velocity picked from local varimax scans after velocity continuation of diffractions. diffr/gom gom-pwd,gom-pik
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Figure 7: Migrated images. (a) Migrated diffractions from Figure 6(a). (b) Initial data from Figure 5(a) migrated with velocity estimated by diffraction imaging.
diffr/gom gom-slc,gom-slc2
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diffractions generated by rough edges of a salt body [Figure 6(a)]. We used shaping regularization (9) with the smoothing radius of 40-by-10 samples to constrain the
slope-estimation process. Focusing analysis generates a time migration velocity [Figure 6(b)] suitable for collapsing diffractions [Figure 7(a)]. Both sharp edges of the
salt body and continuous specular reflections appear in the final image [Figure 7(b)].
Inevitably, prestack depth migration (as opposed to time migration) is required to
properly position the salt boundary in depth. Time migration, however, provides a
reasonable first-order approximation computed at a small fraction of the cost.

Channel detection
The third example is a 3-D synthetic dataset. The velocity model was designed
to simulate a complex sand channel geometry in a deep-water clastic reservoir (Figure 8(a)). Including an overburden with stochastically generated velocity fluctuations
on top of the reservoir model, we generated zero-offset data shown in Figure 8(b).
The data contain reflections from continuous parts of the model and numerous diffractions generated by the channel edges. Separating diffractions using in-line plane-wave
destruction (Figure 9), we compare depth-migrated images of the original data and
of the separated diffractions (Figure 10). The fine details of the stacked channel
geometry are revealed by diffraction imaging.

CONCLUSIONS
We have developed a method of efficient migration velocity analysis based on separation and imaging of seismic diffractions. The efficiency follows from the fact that the
proposed analysis is applied in the post-stack domain as opposed to the conventional
prestack velocity analysis. We used continuity of dominant reflections in the zerooffset or stacked sections as a criterion for separating reflections from diffractions. We
then imaged separated diffractions using local focusing analysis for picking optimal
migration velocities. A prestack extension of our approach was presented by (24).
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Figure 8: 3-D synthetic test. (a) Synthetic velocity model for a channelized reservoir.
(b) Modeled zero-offset data. diffr/chan3d zovel,zovol
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Figure 9: Diffraction separation for the 3-D synthetic test from Figure 8. (a) Dominant in-line slope estimated by plane-wave destruction. (b) Diffractions separated
from the data. diffr/chan3d xdip,xpwd
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Figure 10: Depth migration of the 3-D synthetic test data. (a) Migrated data. (b)
Migrated diffractions. diffr/chan3d zomig,pwmig
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Stacking seismic data using local correlation
Guochang Liu∗† , Sergey Fomel† , Long Jin‡ , Xiaohong Chen∗∗

ABSTRACT
Stacking plays an important role in improving signal-to-noise ratio and imaging
quality of seismic data. However, for low-fold-coverage seismic profiles, the result
of conventional stacking is not always satisfactory. To address this problem, we
have developed a method of stacking in which we use local correlation as a weight
for stacking common-midpoint gathers after NMO processing or common-imagepoint gathers after prestack migration. Application of the method to synthetic
and field data showed that stacking using local correlation can be more effective
in suppressing random noise and artifacts than other stacking methods.

INTRODUCTION
Stacking as one of the three crucial techniques (deconvolution, stacking, and migration) plays an important role in improving signal-to-noise ratio (S/R) in seismic data
processing (22). Conventional stacking, which is performed by averaging an NMOcorrected data set or migrated data set, is optimal only when noise components in
all traces are uncorrelated, normally distributed, stationary, and of equal magnitude
(14; 15). Therefore, different stacking technologies have been proposed, along with
improvements in optimizing weights of seismic traces.
(18) proposes using an S/N-based weighted stack to further minimize noise. Using cross-correlation of seismic traces and normalized cross-correlation processing,
(4) proposes preserved frequency stacking. (19) proposes optimum weighted stack
for multiple suppression, with weight determined by solving a set of optimization
equations. (15) propose a stack-and-denoise method called SAD, which exploits the
structure of seismic signals to obtain an enhanced stack. (23) present a high-order
correlative weighted stacking technique on the basis of wavelet transformation and
high-order statistics. By estimating the probability distribution of noise, (21) applies
a maximum-likelihood estimator to stacking. To eliminate artifacts in angle-domain
common-image gathers (CIGs) caused by sparsely sampled wavefields, (20) presents
a selective stacking approach that applies local smoothing of envelope function to
achieve the weighting function. (17) proposes smart stacking, which is based on optimizing seismic amplitudes of the stacked signal by excluding harmful samples from
the stack and applying larger weight to the central part of the sample population.
∗
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The global correlation coefficient can measure the similarity of two signals, but
it is not a local attribute. Not only does the sliding-window global-correlation approach need many parameters to be specified, but this approach cannot smoothly
characterize thin layers well. (8) uses shaping regularization, which controls locality and smoothness to define local correlation (7). Local correlation is applied to
multicomponent seismic image registration (9; 7) and time-lapse image registration
(10).
In this paper,we present a new stacking method using local correlation. This
method applies time-dependent smooth weights (which are taken as local correlation coefficients between reference traces and prestack traces), stacks the commonmidpoint (CMP) gather, and effectively discards parts of the data that least contribute to stacked reflection signals. Using synthetic and field data examples, we
show that, compared with other stacking methods, this method can greatly improve
the S/N and suppress artifacts.

METHODOLOGY
Review of local correlation
The global uncentered correlation coefficient between two discrete signals ai and bi
can be defined as the functional
N
X

ai bi

i=1

,
γ=v
u N
N
uX X
t
a2
b2
i

i=1

(1)

i

i=1

where N is the length of a signal. The global correlation in equation 1 supplies only
one number for the whole signal. For measuring the similarity between two signals
locally, one can define the sliding-window correlation coefficient
t+w/2

X

ai bi

i=t−w/2

,
γw (t) = v
u t+w/2
X
u X 2 t+w/2
t
ai
b2i
i=t−w/2

(2)

i=t−w/2

where w is window length.
(7) proposes the local correlation attribute that identifies local changes in signal
similarity in a more elegant way. In a linear algebra notation, the correlation coefficient in equation 1 can be represented as a product of two least-squares inverses γ1
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and γ2 :
γ 2 = γ1 γ2 ,

(3)

γ1 = arg min k b − γ1 a k2 = (aT a)−1 (aT b) ,

(4)

γ2 = arg min k a − γ1 b k2 = (bT b)−1 (bT a) ,

(5)

γ1

γ2

where a and b are vector notions for ai and bi . Let A and B be two diagonal operators
composed of the elements of a and b. Localizing equations 4 and 5 amounts to adding
regularization to inversion. Using shaping regularization (8), scalars γ1 and γ2 turn
into vectors c1 and c2 , defined as
c1 = [λ2 I + S(AT A − λ2 I)]−1 SAT b ,

(6)

c2 = [λ2 I + S(BT B − λ2 I)]−1 SBT a ,

(7)

where λ scaling controls relative scaling of operators A and B and where S is a shaping
operator such as Gaussian smoothing with an adjustable radius. The component-wise
product of vectors c1 and c2 defines the local correlation measure. Local correlation
is a measure of the similarity between two signals. An iterative, conjugate-gradient
inversion for computing the inverse operators can be applied in equations 6 and 7.
Interestingly, the output of the first iteration is equivalent to the algorithm of fast
local cross-correlation proposed by (13).

Stacking using local correlation
The problem of combining a collection of seismic traces into a single trace is commonly
referred to as stacking in seismic data processing. This process is used to attenuate
random noise and simultaneously amplify the coherent signal in the gather. Typically,
the desired stacked trace is estimated by averaging traces from the CMP gather (14):
N
1 X
ai,j (t),
āj (t) =
N i=1

j = (1, 2, 3, . . . , M ) ,

(8)

where N is the fold of the stack and ai,j (t) is the sample value on trace i from the
jth CMP gather at two-way time t. Such a technique provides the optimal unbiased
estimate of a¯j (t). (18) proposes weighted stacking of seismic data:
N
X
1
āj (t) = N
wi,j · ai,j (t),
X
i=1
wi,j

j = (1, 2, 3, . . . , M ) ,

(9)

i=1

where wi,j denotes the weight of the ith trace from the jth CMP gather, which is
2
determined by noise variances wi,j = 1/σi,j
. However, it is difficult to estimate noise
variances reliably in practice. (15) use an iterative algorithm called “leave me out”

502

Liu etc.

GEO-2009

(LMO) to estimate noise variances from data. The desired signal is assumed to be flat
with constant amplitude across all the traces within a gather in the LMO method.
For using time-dependent smooth weights in the stacking process, we choose the
local correlation coefficient from the previous section as weights to stack seismic data.
We find that local correlation better characterizes local similarity between prestack
and reference traces than the sliding-window method.
Consider the two noisy signals with Gaussian random noise but different noise
levels in Figure 1c and 1d. The signals are derived from adding noise on convolution of the Ricker wavelet (Figure 1a) with synthetic reflectivity (Figure 1b). The
distribution of noise in (Figure 1c) is N (µ, σ) = N (0, 10−6 ), where µ and σ are
mean and variance of noise, respectively. The distribution of noise in (Figure 1d) is
N (µ, σ) = N (0, 0.07). The sliding-window correlation and local correlation between
Figure 1c and Figure 1d are shown in Figure 1e and Figure 1f, respectively. Note
that local correlation coefficients (Figure 1f) are smooth and better distinguish the
thin layer, represented by the first two reflectivities in Figure 1b. In application to
stacking, the prestack trace is analogous to Figure 1d with larger variance noise, and
the reference trace is analogous to Figure 1c with smaller variance noise.
To implement seismic data stacking using local correlation, we first apply the
equal-weight stack to the NMO-corrected CMP gather to obtain the reference trace.
Then we compute the local correlation coefficients between the reference trace and the
NMO-corrected CMP gather and apply soft thresholding (6) to all local correlation
coefficients. Finally, we apply the weighted stack to the CMP gather using local
correlation to get the final stacked trace. Mathematically, stacking using the local
correlation approach modifies equation 9 to
N

X
1
wi,j · ai,j (t),
āj (t) =
Kj Hj (t) j=1

wi,j (t) =

where ε is the threshold value, Kj =

j = (1, 2, 3, . . . , M ) ,

ηi,j (t) − ε, ηi,j > ε
,
0,
ηi,j ≤ ε
t X
N
X
t=0 i=0

(10)

(11)

wi,j (t) is the sum of weights of the jth

CMP gather, Hj (t) is the number of samples with wi,j · ai,j (t) 6= 0 for a given two-way
time, and ηi,j (t) is the local correlation between the ith prestack trace from jth gather
and the reference trace. The local correlation ηi,j (t) can be computed using equations
6 and 7. The reference trace is derived from averaging all the traces of one CMP
gather. Here we assume that the equal-weight stacked trace is close to the desired
trace. Because the weights are a function of two-way traveltime and offset, recovery
scalar Kj has the same value for the same CMP gather. Meanwhile, the samples with
wi,j (t) · ai,j 6= 0 at a given two-way time are assumed to be full noise or null value
such as muting parts; we therefore use Hj (t) to scale the stacked trace.
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Figure 1:
(a) Zero-phase Ricker wavelet.
(b) Reflection coefficient.
−6
(c) Noisy signal with N (µ, σ) = N (0, 10 ).
(d) Noisy signal with
N (µ, σ) = N (0, 0.07). (e) Sliding-window correlation. (f) Local correlation.
simistack/similarity ricker,ref,signal1,signal2,wcorr,simi
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Changes occurring between equation 9 and equations 10 and 11 result from timedependent smooth weights for the stack and application of thresholding to the weights.
All local correlation coefficients below a specified threshold are discarded, and the
rest, with values above the threshold, are included. We thus stack only those parts
of prestack data whose similarity to the reference trace is comparatively large. Equations 10 and 11 implicitly estimate the noise variance by analyzing local cross-correlations
between prestack trace and the reference trace. This operation can be understood as
a nonlinear filter that enhances the coherency of events. We perform this operation
for all gathers using this method to improve the stack profile.
When applied after angle-domain migration, normalization provided by soft thresholding is analogous to true-amplitude illumination compensation from the so-called
Beylkin determinant (1; 3). Local correlation normalizes the image by the number of
strongly illuminated angles in angle-domain CIGs.
In the following, we discuss the distinctions between seismic stacking using local
correlation and other methods. Our method creates time-dependent smooth weights
without depending on sliding windows, as compared to other weighted stacking methods such as statistically optimal stacking (18; 15) and the semblance method (22).
In contrast to smart stacking, proposed by (17) and based on sign difference between sample point and the alpha-trimmed mean to remove frequency distortions,
our method applies waveform similarity between prestack trace and mean to make
the stacking selective.

EXAMPLES
To illustrate the proposed method using synthetic and field data, we apply our approach to three examples. The first example is a simple case involving a fivefold
prestack gather (Figure 2a) with a timeshifted-upward trace, which might be distortion by poor static correction. The peak of the signal in this gather is one.We add
Gaussian random noise with distribution N (µ, σ) = N (0, 0.01) on the five traces. The
result of an equal-weight stack is shown in Figure 2c. The upside wing in Figure 2c
is distorted because of the first time-shift trace. Then we use three weighted stacking
methods to stack the five traces.
Figure 2d and Figure 2e illustrates results of smart stacking (17) and LMO-based
weighted stacking in which the weights are computed by the LMO method (18; 15).
Figure 2f shows the result of stacking using local correlation with weights (Figure 2b)
determined by the similarity between the prestack trace (Figure 2a) and the reference
(Figure 2c). Because the waveform in the first trace in Figure 2a is most likely noise
or artifact, it is reasonable that the weight in the stack procedure is lower. Use of
local correlation as weights of prestack traces lets us select those portions, which are
more similar to the reference trace to contribute to the stack.
Comparing the three methods, one can find that smart stacking and LMO-based
weighted stacking can remove upside wing distortion cleanly, but stacking using local
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Figure 2: Simple stacking test with fivefold gather. (a) Prestack gather. (b)Weights
used in local-correlation weighted stacking. (c) Conventional equal-weight stacking method (S/N=8.4). (d) Smart stacking method (S/N=9.2). (d) LMO-based
weighted method (S/N=10.2). (f) Local-correlation weighted stacking (S/N=13.5).
simistack/simple compare
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correlation removes more random noise than the other two methods and meanwhile
corrects upside wing distortion.
To judge the effect of denoising quantitatively between different methods, we apply
equal-weight stacking on the last four traces without any noise to get the exact desired
stacked trace dj (t), which can be regarded as a signal trace. The S/N of the jth CMP
can therefore be estimated as


X
[d2j (t)]


t
 ,
X
(12)
S/Nj = 10 log10 

2
[dj (t) − āj (t)]
t

where āj (t) is the stacked trace from different stacking methods. In the first simple
example Figure 2, the S/N of equal-weight stacking is 8.4 dB and the other three
weighted methods are, respectively, 9.2, 10.2, and 13.5 dB. Stacking using local correlation can improve S/N greatly.
The second example is a 2D synthetic model that includes four reflectors. Synthetic data are generated with Kirchhoff modeling. The peak of the data set is one
and Gaussian random noise with distribution N (µ, σ) = N (0, 0.05) is added. We
show the results of stacking one CMP gather (Figure 3a) by three methods in Figure 3c-e. Compared to other methods, our method is the most effective in denoising.
The stacked profile of all CMP gathers is shown in Figure 4. We use equation 12
to compute the S/N of the stacked profile (Figure 4). The S/Ns of three methods are
7.1, 9.6, 10.9 dB, respectively. Noise is attenuated more effectively in the stacking
result using local correlation (Figure 4c).
The third example involves a historic 2D line from the Gulf of Mexico (5). The
stacked sections, using three different methods, are shown in Figure 5. Figure 6
shows the local correlation cube between prestack and reference traces. Similar cubes
have been used in multicomponent seismic image registration (9; 7) and time-lapse
image registration (10). For synthetic data, the exact desired stacked section can be
calculated by stacking prestack traces without any noise. But for field data, the S/N is
difficult to estimate using equation 12. We therefore use singular value decomposition
(SVD) (2) to evaluate different stacking methods. The SVD of stacked section matrix
gives
M = UΣVT .
(13)
The diagonal elements σr of Σ are the singular values of M. The S/N can be
estimated as (11; 16; 12)


R
X
1
2
σr2 
 σ1 − R−1


r=2
 ,
(14)
S/N = 10 log10 


R
X


1
σr2
R−1
r=2
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Figure 3: (a) One CMP gather from synthetic data set. (b) NMO-corrected gather.
(c) Result of conventional equal-weight stacking. (d) Result of LMO-based weighted
stacking. (e) Result of local-correlation weighted stacking. simistack/flat4 onestack1

Figure 4: Comparison among three stacking methods including all synthetic CMP
gathers. (a) Conventional equal-weight stacking (S/N=7.1). (b) LMO-based
weighted stacking (S/N=9.6). (c) Local-correlation weighted stacking (S/N=10.9).
simistack/flat4 stackss
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where R is the number of all singular values. The S/Ns of stacked sections resulting
from three stacking methods are, respectively, 27.4, 29.2, and 33.9 dB. Comparing
Figure 5a-c, we can find also that random noise is attenuated and coherent reflections
are enhanced better using local correlation (e.g., 0.5–1.5-s range).

Figure 5: Results of (a) conventional equal-weight stacking (S/N=27.4), (b) LMObased weighted stacking (S/N=29.2) and (c) local-correlation weighted stacking
(S/N=33.9). simistack/bei field

CONCLUSION
We have developed a new method of stacking NMO-corrected or migrated seismic
data using local correlation. We substitute local correlation for the weight value in
statistically weighted stacking and then use soft thresholding to make the stacking selective. Because weights are derived from the input data, our method can be regarded
as a nonlinear filter. Synthetic and field data examples confirm that our approach
can be significantly more effective than other weighted stacking methods in improving
S/N and suppressing distortions resulting from prestack processing. Seismic stacking
using local correlation can give a poor result if the quality of the reference trace is
very poor. Because the coherency enhancement from local correlation is not based on
physics, one should use this approach with caution when aiming to preserve physically
meaningful amplitudes.
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Figure 6: Local correlation cube of the field-data example. simistack/bei weight
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Local skewness attribute as a seismic phase
detector
Sergey Fomel∗ and Mirko van der Baan†∗

ABSTRACT
We propose a novel seismic attribute, local skewness, as an indicator of localized phase of seismic signals. The proposed attribute appears to have a higher
dynamical range and a better stability than the previously used local kurtosis.
Synthetic and real data examples demonstrate the effectiveness of local skewness in detecting and correcting time-varying, locally-observed phase of seismic
signals.

INTRODUCTION
Wavelet phase is an important characteristic of seismic signals. Physical causal systems exhibit minimum-phase behavior (20). For purposes of seismic interpretation, it
is convenient to deal with zero-phase wavelets with minimum or maximum amplitudes
centered at the horizons of interest because it leads to the highest resolution as well
as more accurate estimates of both reflection times and spacings (21). Zero-phase
correction is therefore a routine procedure applied to seismic images before they are
passed to the interpreter (1).
It is important to make a distinction between phases of propagating and locally observed wavelets (25; 24). The former is the physical wavelet that propagates through
the Earth, thereby sampling the local geology. It is subject to geometric spreading,
attenuation, and concomitant dispersion. The latter is the wavelet as observed at a
certain point in space and time. Its immediate shape results from its interaction (convolution) with the reflectivity of the Earth and the current shape of the propagating
wavelet. For instance, a thin layer with a positive change in seismic impedance has
opposite polarities of seismic reflectivities at the top and the bottom interface, which
make it act like a derivative filter and generate a wavelet with the locally observed
phase subjected to a 90◦ rotation (31). In the absence of well log information, it is
usually difficult to separate unambiguously the locally observed phase from the phase
of the propagating wavelet. Nevertheless, measuring the local phase can provide a
useful attribute for analyzing seismic data (23; 10; 24; 30).
(14) proposed a method of phase detection based on maximization of the varimax
norm or kurtosis as an objective measure of zero-phaseness. By rotating the phase and
∗
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measuring the kurtosis of seismic signals, one can detect the phase rotations necessary
for zero-phase correction (22). (23) applied local kurtosis, a smoothly nonstationary
measure (9), and demonstrated its advantages in measuring phase variations as compared with kurtosis measurements in sliding windows. Local kurtosis is an example
of a local attribute (5) defined by utilizing regularized least-squares inversion.
In this paper, we revisit the problem of phase estimation and propose a novel
attribute, local skewness, as a phase detector. Analogous to local kurtosis, local
skewness is defined using local similarity measurements via regularized least squares.
This attribute is maximized when the locally observed phase is close to zero. Advantages of the new attribute are a higher dynamical range and a better stability,
which make it suitable for picking phase corrections. Using synthetic and field-data
examples, we demonstrate properties and applications of the proposed attribute.

LOCALIZED PHASE ESTIMATION
Our goal is to estimate the time-variant, localized phase from seismic data. What
objective measure can indicate that a certain signal has a zero phase? One classic
measure is the varimax norm or kurtosis (29; 14; 28). Varimax is defined as
N
φ[s] =

N
X

s4n

n=1
N
X

!2 ,

(1)

s2n

n=1

where s = {s1 , s2 , . . . , sN } represents a vector of seismic amplitudes inside a window
of size N . Varimax is simply related to kurtosis of zero-mean signals.
The statistical rationale behind the Wiggins algorithm and its variants is that
convolution of any filter with a time series that is white with respect to all statistical orders makes the outcome more Gaussian. The optimum deconvolution filter
is therefore one that ensures the deconvolution output is maximally non-Gaussian
(4). The constant-phase assumption made by (14) and (28) reduces the number of
free parameters to one, thereby stabilizing performance compared with the Wiggins
method. Wavelets derived in seismic-to-well ties often have a near-constant phase,
thus justifying this assumption.
Noticing that the correlation coefficient of two sequences an and bn is defined as
N
X

an bn

γ[a, b] = v n=1
u N
N
uX X
t
2
an
b2n
n=1

n=1

(2)
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and the correlation of an with a constant is
N
X

an

n=1

γ[a, 1] = v
,
u
N
u X
tN
a2n

(3)

n=1

(9) interpreted the kurtosis measure in equation 1 as the inverse of the squared
correlation coefficient between s2n and a constant, φ[s] = 1/γ 2 [s2 , 1]. Well-focused or
zero-phase signals exhibit low correlation with a constant and correspondingly higher
kurtosis (Figure 1). This provides an alternative interpretation to the goal of making
the deconvolution outcome maximally non-Gaussian for desired phase estimation.
Note that equation 10 is usually applied to zero-mean sequences a and b. This is
neglected in the derivation of expression 3.

Figure 1: (a) Squared 0◦ -phase Ricker wavelet compared with a constant. (b) Squared
90◦ -phase Ricker wavelet compared with a constant. The 90◦ -phase signal has a higher
correlation with a constant and correspondingly a lower kurtosis. phase/signal kur
In this paper, we suggest a different measure, skewness, for measuring the apparent
phase of seismic signals. Skewness of a sequence sn is defined as (2)

κ[s] =

N
1 X 3
s
N n=1 n
!3/2 .
N
X
1
s2
N n=1 n

(4)

In statistics, skewness is used for measuring asymmetry of probability distributions.
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Figure 2: (a) 0◦ -phase Ricker wavelet compared with its square. (b) 90◦ -phase Ricker
wavelet compared with its square. The 0◦ -phase has a stronger correlation with its
square and correspondingly a higher skewness. phase/signal sqr

Simple algebraic manipulations show that skewness squared can be represented as
!2 N
N
N
X
X X
s2n · sn
s4n
12
γ 2 [s2 , s]
n=1
n=1
κ2 [s] = Nn=1 N
=
= φ[s] γ 2 [s2 , s] .
(5)
!2
2 [s2 , 1]
N
γ
X X
X
s4n
s2n
s2n
n=1

n=1

n=1

In other words, squared skewness is equal to the kurtosis measure modulated by
the squared correlation coefficient between the signal and its square. Zero-phase
signals tend to exhibit higher correlation with the square and correspondingly higher
skewness (Figure 2). Following experiments with synthetic and field data, we find it
advantageous to use sometimes the inverse skewness
γ 2 [s2 , 1]
1
=
.
κ2 [s]
γ 2 [s2 , s]

(6)

Unlike kurtosis which measures non-Gaussianity, skewness is related to asymmetry. Whereas convolution of two non-Gaussian sequences makes the outcome more
Gaussian, convolution of two asymmetric series becomes more symmetric. Both phenomena are a consequence of the central limit theorem. A zero-phase wavelet is
more compact than a nonzero phase one (21), and therefore also more asymmetric.
Skewness-based criteria can thus detect the appropriate wavelet phase by applying
a series of constant phase rotations to the data and then evaluating the angle that
produces the most skewed distribution.
The two measures do not necessarily agree with one another, which is illustrated in
Figures 3 and 4. For an isolated positive spike convolved with a compact zero-phase
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wavelet, the two measures agree in the picking of the zero-phase result as having
both a high kurtosis and a high skewness (Figure 3). For a slightly more complex
case of a double positive spike convolved with the same wavelet (Figure 4), the two
measures disagree: kurtosis picks a signal rotated by 90◦ whereas skewness picks the
original signal. Note that, in both examples, skewness exhibits a significantly higher
dynamical range, which makes it more suitable for picking optimal phase rotations.

Figure 3: (a) Ricker wavelet rotated through different phases.
(b) Skewness (solid line) and kurtosis (dashed line) as functions of the phase rotation angle. (c) Inverse skewness (solid line) and inverse kurtosis (dashed line)
as functions of the phase rotation angle. The two measures agree in picking the signal at 0◦ and 180◦ . Note the higher dynamical range of skewness.
phase/zero ricker-all,ricker-sq-corr,ricker-sq-corr-inv

DEFINING SKEWNESS AS A LOCAL ATTRIBUTE
The method of local attributes (5) is a technique for extending stationary or instantaneous attributes to smoothly varying or nonstationary attributes by employing a
regularized least-squares formulation. In particular, the scalar correlation coefficient
γ in equation 10 is replaced with a vector, c, defined as a componentwise product of
vectors c1 and c2 , where
 2
−1
λ I + S AT A − λ2 I
S AT b ,
 2

−1
= λ I + S BT B − λ2 I
S BT a .

c1 =

(7)

c2

(8)

In equations 7-8, a and b are vectors composed of an and bn , respectively; A and B
are diagonal matrices composed of the same elements; and S is a smoothing operator.
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Figure 4: (a) Ricker wavelet convolved with a double impulse and rotated through
different phases. (b) Skewness (solid line) and kurtosis (dashed line) as functions
of the phase rotation angle. (c) Inverse skewness (solid line) and inverse kurtosis
(dashed line) as functions of the phase rotation angle. The two measures disagree
by 90◦ in picking the optimal phase. The skewness attribute picks a better focused
signal. phase/zero ricker2-all,ricker2-sq-corr,ricker2-sq-corr-inv

We use triangle smoothing (3) controlled by specifying the smoothing radius, which
can be different in vertical and horizontal directions.
Regularized inversion appearing in equations 7 and 8 is justified in the method of
shaping regularization (6). The corresponding local similarity attribute has been used
previously to align multicomponent and time-lapse images (5; 8; 13; 32), to detect
focusing of diffractions (9), to enhance stacking (15; 17), to create time-frequency
distributions (16), and to perform zero-phase correction with local kurtosis (23). In
this paper, we apply it to zero-phasing seismic data using local skewness.
We illustrate the proposed zero-phase correction procedure in Figure 5. The input
synthetic trace contains a set of Ricker wavelets with a gradually variable phase
(Figure 5(a)). We start with a number of phase rotations with different angles, each
time computing the local skewness. The result of this step is displayed in Figure 5(b)
and shows a clear high-similarity trend. After picking the trend, adding 90◦ to it,
and performing the corresponding nonstationary trace rotation, we end up with the
phase-corrected trace, shown in Figure 5(c). All the original phase rotations are
clearly detected and removed. The radius of the regularization smoothing in this
example was 100 samples or 0.4 s.

GEO-2009

Local skewness

517

Figure 5: (a) Input synthetic trace with variable-phase events. (b) Inverse local
skewness as a function of the phase rotation angle. Red colors correspond to high
inverse similarity. (c) Synthetic trace after non-stationary rotation to zero phase using
picked phase. phase/nonstat trace,tskew,trace0

APPLICATION EXAMPLE
.
The input dataset for our field-data example is the Boonsville dataset from the
Fort Worth Basin in North-Central Texas, USA (11; 12). The formations of interest are the Ellenburger Carbonates, the Barnett Shale and the Bend Conglomerates
(see Figure 6 for a stratigraphic column). The Ellenburger Carbonates are of Ordovician age. Their karstification due to post-Ellenburger carbonate dissolution and
subsequent cavern collapses has created sags in the overlying formations, affecting
sedimentation patterns and structures in the overlying Barnett Shales and Bend Conglomerates. The collapse features look like vertical chimneys with roughly circular
cross-sections, extending up to 600-760 m above the Ellenburger Carbonates (11),
sometimes even reaching into the Strawn Group above the Bend Conglomerates.
The Barnett Shales are of Mississippian age. They are the target of much current
exploitation in Texas as these are tight-shale reservoirs (19). Zones with karst-induced
cavern collapses form a drilling and completion hazard for the mainly horizontal
drilling programs in these tight-shale reservoirs and must be mapped. They may
affect local fracture densities and thus permeabilities and reservoir drainage positively
but can also lead to fluid barriers due to reservoir compartmentalization.
The shallower clastic Bend Conglomerates are of Middle Pennsylvanian (Atokan)
age. The formation has a thickness of 300-360 m in this area with depths between
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Figure 6: Stratigraphic column of the Fort Worth Basin where the Boonsville dataset
is located, after (19). Karstification in the Ellenburger Carbonates has caused local
sags in the overlying Barnett and Bend Conglomerate formations, creating reservoir
compartmentalization. phase/. barnett-strat
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Figure 7: Input data: a section of the Boonsville dataset phase/boon boon
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Figure 8: Inverse local skewness as a function of the phase rotation angle, with
application to the section from Figure 7. Red colors correspond to high inverse
similarity. phase/boon bfoc
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1370 to 1830 m. It was targeted throughout the 1980s and 1990s as it contains
several gas and oil-bearing reservoirs in a stacked fashion. (11; 12) describe how the
karstification has greatly impacted the system tracts and sedimentation patterns in
the Bend formation which were characterized by low accommodation space. Resulting
reservoir compartmentalization is a significant challenge for this formation and has
also affected the reflector character. Reflection near the base of this formation display
both reflector weakening and sometimes even polarity reversals in areas depressed due
to local sagging. Acquisition and processing of this dataset are described by (11). A
stacked section is shown in Figure 7. A zero-phase correction has been applied to the
data but has left regions with variable localized phase.
Our processing sequence is similar to the one used in Figure 5. First, we apply a
number of phase rotations with different angles and compute local skewness for each
rotation. The regularization lengths in this examples were 500 samples or 0.5 s in
time and 50 traces in space. The result is displayed in Figure 8. Next, we apply
automatic picking with the algorithm described by (7) to extract the nonstationary
phase rotation that maximizes the local skewness. Finally, the phase correction is
applied to the data, with the result displayed in Figure 9. A zoomed-in comparison
shows the effects of non-stationary phase correction: rotating major seismic events
to zero degrees and improving their continuity. These effects can be useful both for
improving structural interpretation and for improved matching of seismic data and
well logs.
We applied the local phase detection to the 3-D volume in a window centered on
the target horizon (Figure 10). The estimated local phase variation along the target
horizon is shown in Figure 11. Comparing the amplitude before and after phase
correction (Figure 12), we observe a noticeable improvement in event continuity. Once
the processing and interpretation are done on the zero-phase-corrected volume, it is
easy to restore the original phase by applying the inverse phase rotation.

DISCUSSION
The data example as well as the previous case studies by (25) underline how analysis
of the local phase can be used as a complementary attribute to spectral decomposition to highlight variations in wavelet character. There are two complimentary
applications, namely analysis of the propagating and locally observed wavelets. The
targeted wavelet type is determined by the chosen regularization length: the propagating wavelet is estimated by using long temporal regularization lengths, and the
locally observed one from shorter lengths. The underlying assumption is that, for
long regularization lengths, variations in the local geology are averaged out, revealing
only the propagating wavelet. In this paper, we used relatively short regularization
lengths as the aim is to highlight changes in the local reflection character.
Well-log analyses have demonstrated that the Earth’s reflectivity series is nonGaussian (27) and, to first order, white (26). In addition, impedances tend to in-
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Figure 9: Zoomed-in comparison of the data before phase correction (a) and after
phase correction (b). Nonstationary phase correction helps in identifying significant
horizons and increasing their resolution in time. phase/boon boon-win
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Figure 11: Local phase variation along the target horizon estimated from the data
shown in Figure 10. phase/boon3 mpik

Figure 12: Amplitude along the target horizon before and after phase rotation.
phase/boon3 ampl,ampr
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crease with depth, hence positive reflection coefficients are slightly more likely than
negative one, producing an asymmetric reflectivity distribution. Statistically, the
skewness-based criterion assumes that the Earth’s reflectivity series are white and
asymmetric. This is in contrast to kurtosis used previously by (23), which assumes a
non-Gaussian reflectivity series. Both the non-Gaussianity and asymmetry assumptions seem warranted but may fail if the local reflectivity series becomes respectively
purely Gaussian or symmetric.
The local skewness attribute has the advantage over kurtosis because of its higher
dynamic range, which facilitates picking. Variance is the second statistical order,
skewness is the third one, and kurtosis is related to the fourth order. Estimation
variances increases with the order of a moment (18). In other words, less samples are
needed to estimate skewness with the same accuracy as kurtosis. We hypothesize
that this contributes to the higher dynamic range of the skewness criterion.

CONCLUSIONS
We have presented a novel approach to nonstationary identification of apparent (locally observed) phase. Our approach is based on a new attribute, local skewness. In
synthetic and field-data examples, local skewness exhibits a tendency to pick focused
signals and a higher dynamical range than the previously used local kurtosis. Its computation involves a local similarity between the input signal and its square. Practical
applications of using local skewness for zero-phase correction of seismic signals should
be combined with well-log analysis in order to better separate the locally-observed
phase from the propagating-wavelet phase.

ACKNOWLEDGMENTS
We thank Milo Backus, Guochang Liu, Mike Perz, and Hongliu Zeng for stimulating
discussions.

526

Fomel & van der Baan

GEO-2009

REFERENCES
[1] Brown, A. R., 1999, Interpretation of three-dimensional seismic data: AAPG and
SEG.
[2] Bulmer, M., 1979, Principles of statistics: Dover Publications.
[3] Claerbout, J. F., 1992, Earth Soundings Analysis: Processing Versus Inversion:
Blackwell Scientific Publications.
[4] Donoho, D., 1981, On minimum entropy deconvolution, in Applied time series
analysis II: Academic Press, 565–608.
[5] Fomel, S., 2007a, Local seismic attributes: Geophysics, 72, A29–A33.
[6] ——–, 2007b, Shaping regularization in geophysical-estimation problems: Geophysics, 72, R29–R36.
[7] ——–, 2009, Velocity analysis using AB semblance: Geophysical Prospecting, 57,
311–321.
[8] Fomel, S., and L. Jin, 2009, Time-lapse image registration using the local similarity
attribute: Geophysics, 74, A7–A11.
[9] Fomel, S., E. Landa, and M. T. Taner, 2007, Post-stack velocity analysis by
separation and imaging of seismic diffractions: Geophysics, 72, U89–U94.
[10] Fomel, S., and M. van der Baan, 2010, Local similarity with the envelope as
a seismic phase detector, in 80th Ann. Internat. Mtg: Soc. of Expl. Geophys.,
1555–1559.
[11] Hardage, B. A., D. L. Carr, D. E. Lancaster, J. L. Simmons Jr, R. Y. Elphick,
V. M. Pendleton, and R. A. Johns, 1996a, 3-D seismic evidence of the effects of
carbonate karst collapse on overlying clastic stratigraphy and reservoir compartmentalization: Geophysics, 61, 1336–1350.
[12] Hardage, B. A., D. L. Carr, D. E. Lancaster, J. L. Simmons Jr, D. S. Hamilton,
R. Y. Elphick, K. L. Oliver, and R. A. Johns, 1996b, 3-D seismic imaging and
seismic attribute analysis of genetic sequences deposited in low-accommodation
conditions: Geophysics, 61, 1351–1362.
[13] Kazemeini, S. H., C. Juhlin, and S. Fomel, 2010, Monitoring CO2 response on
surface seismic data; a rock physics and seismic modeling feasibility study at the
CO2 sequestration site, Ketzin, Germany: Journal of Applied Geophysics, 71, 109–
124.
[14] Levy, S., and D. W. Oldenburg, 1987, Automatic phase correction of commonmidpoint stacked data: Geophysics, 52, 51–59.
[15] Liu, G., S. Fomel, and X. Chen, 2011a, Stacking angle-domain common-image
gathers for normalization of illumination: Geophysical Prospecting, 59, 244–255.
[16] ——–, 2011b, Time-frequency analysis of seismic data using local attributes:
Geophysics, 76, P23–P34.
[17] Liu, G., S. Fomel, L. Jin, and X. Chen, 2009, Stacking seismic data using local
correlation: Geophysics, 74, V43–V48.
[18] Mendel, J. M., 1991, Tutorial on higher-order statistics (spectra) in signal processing and system theory: Proc. IEEE, 79, 278–305.
[19] Pollastro, R. M., D. M. Jarvie, R. J. Hill, and C. W. Adams, 2007, Geologic
framework of the Mississipian Barnett Shale, Barnett-Paleozoic total petroleum

GEO-2009

Local skewness

527

system, Bend-arch–Fort Worth Basin, Texas: AAPG Bulletin, 91 (4), 405–436.
[20] Robinson, E. A., and S. Treitel, 2000, Geophysical signal analysis: Society Of
Exploration Geophysicists.
[21] Schoenberger, M., 1974, Resolution comparison of minimum-phase and zerophase signals: Geophysics, 39, 826–833.
[22] Van der Baan, M., 2008, Time-varying wavelet estimation and deconvolution
using kurtosis maximization: Geophysics, 73, V11–V18.
[23] Van der Baan, M., and S. Fomel, 2009, Nonstationary phase estimation using
regularized local kurtosis maximization: Geophysics, 74, A75–A80.
[24] Van der Baan, M., S. Fomel, and M. Perz, 2010a, Nonstationary phase estimation: A tool for seismic interpretation?: The Leading Edge, 29, 1020–1026.
[25] Van der Baan, M., M. Perz, and S. Fomel, 2010b, Nonstationary phase estimation
for analysis of wavelet character, in 72nd Conference and Exhibition: EAGE, D020.
[26] Walden, A. T., and J. W. J. Hosken, 1985, An investigation of the spectral
properties of primary reflection coefficients: Geophys. Prospect., 33, 400–435.
[27] ——–, 1986, The nature of the non-gaussianity of primary reflection coefficients
and its significance for deconvolution: Geophys. Prospect, 34, 1038–1066.
[28] White, R. E., 1988, Maximum kurtosis phase correction: Geophysical Journal,
95, 371–389.
[29] Wiggins, R., 1978, Minimum entropy deconvolution: Geoexploration, 16, 21–35.
[30] Xu, Y., P. Thore, and S. Duchenne, 2012, The reliability of the kurtosis-based
wavelet estimation, in SEG Technical Program Expanded Abstracts 2012: Society
of Exploration Geophysicists.
[31] Zeng, H., and M. M. Backus, 2005, Interpretive advantages of 90◦ -phase wavelets.
Part 1: Modeling: Geophysics, 70, C7–C15.
[32] Zhang, R., X. Song, S. Fomel, M. K. Sen, and S. Srinivasan, 2013, Time-lapse
seismic data registration and inversion for CO2 , sequestration study at Cranfield:
Geophysics, 78, B329–B338.

528

Fomel & van der Baan

GEO-2009

Texas Consortium for Computational Seismology, TCCS, March 25, 2015

A fast algorithm for 3D azimuthally anisotropic
velocity scan
Jingwei Hu, Sergey Fomel, and Lexing Ying ∗

ABSTRACT
Conventional velocity scan can be computationally expensive for large-size seismic data, particularly when the presence of anisotropy requires multiparameter
estimation. We introduce a fast algorithm for 3D azimuthally anisotropic velocity
scan, which is a generalization of the previously proposed 2D butterfly algorithm
for hyperbolic Radon transform. To compute the semblance in a two-parameter
residual moveout domain, the numerical complexity of our algorithm is roughly
O(N 3 log N ) as opposed to O(N 5 ) of the straightforward velocity scan, with N
being representative of the number of points in either dimension of data space or
parameter space. We provide both synthetic and field-data examples to illustrate
the efficiency and accuracy of the algorithm.

INTRODUCTION
Multiazimuth seismic data reveal the Earth’s seismic response along different azimuthal directions. Detecting and measuring the anisotropy in such data can be
useful for characterizing fractures or stress in the subsurface (14). When apparent
azimuthal anisotropy is present, conventional single-parameter isotropic velocity scan
and normal moveout are usually inadequate. To further flatten the events, a residual anisotropic moveout is necessary. This, however, brings several difficulties in the
implementation. First, the computational cost increases dramatically compared with
the single-parameter case. If we assume for simplicity that there are N sample points
in every dimension of data and model (parameter) domains, then the numerical complexity of a two-parameter velocity scan will be at least O(N 5 ); i.e., summing over
O(N 2 ) data points for each of O(N 3 ) values (time + two parameters). Second, the
simultaneous automatic picking from a high-dimensional semblance volume also poses
a challenge (1; 11; 2; 13).
In this work, we attempt to solve a fundamental problem related to the first
difficulty. Specifically, we introduce a fast algorithm to speed up the velocity-scan
process. The stacking procedure involved in computing the semblance can be regarded
as a generalized Radon transform (3). Following our previous work on the hyperbolic
Radon transform (9; 10), we formulate the time-domain summation as a discrete
∗
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oscillatory integral in the frequency domain, and apply the 3D version of the FIO
(Fourier integral operator) butterfly algorithm (5). As a result, complexity of the
velocity scan reduces to roughly O(N 3 log N ), where N is representative of the number
of points in either dimension of data space or model space. An alternative approach
was developed by (4), but may not be applicable for noisy data.

THEORY
As explained by (8), a pure-mode (P or S) reflection event in an effectively azimuthally
anisotropic medium can be described by
p
(1)
t = τ 2 + W11 x2 + W22 y 2 + 2W12 xy,
where t is two-way CMP traveltime, τ is two-way zero-offset traveltime, (x, y) is the
full source-receiver offset in surface survey coordinates, and


W11 W12
W=
(2)
W12 W22
is the slowness matrix. Equation 1 follows from a truncated 2D Taylor expansion.
Geometrically, it represents a curved surface that is hyperbolic in cross section and
elliptic in map view.
Ideally, one can perform a semblance scan (12) over the three parameters W11 ,
W22 , and W12 simultaneously to estimate the velocity and perform NMO correction.
However, this approach, if not impossible, is extremely expensive for large-size seismic
data. Furthermore, since these parameters are not orthogonal, the semblance plots
might appear to be extended and ambiguous, hence presenting difficulties for picking
(7).
(6) proposed a stable way of detecting azimuthal anisotropy using an orthogonal
parametrization of the moveout function, which is based on an equivalent reformulation of equation 1,
q
(3)
t = τ 2 + Wavg (x2 + y 2 ) + Wcos (x2 − y 2 ) + 2Wsin xy.
The cosine and sine dependent slownesses Wcos and Wsin are usually much smaller than
the averaged slowness Wavg . Therefore, a possible workflow for anisotropic velocity
analysis and NMO correction can proceed in three steps:
1. Perform an isotropic velocity scan to estimate Wavg and flatten seismic events.
2. Perform a residual anisotropic moveout to account for Wcos and Wsin dependent
terms simultaneously.
3. Convert orthogonal parameters to more intuitive anisot-ropy parameters. For
instance, the normal moveout velocity at azimuth α can be recovered by
−2
Vnmo
(α) = Wavg + Wcos cos 2α + Wsin sin 2α.

(4)
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In this procedure, the first two steps require a velocity-scan process. In fact, because
x and y are symmetric in Wavg (x2 + y 2 ), the single-parameter isotropic scan involved
in the first step can be handled efficiently by a 2D butterfly algorithm, as discussed in
our previous work (9; 10). Our goal in this paper is to speed up the more expensive,
two-parameter velocity scan in the second step.
To be specific, what we need for residual moveout is to compute a semblance as
follows (assuming that the Wavg part has been moved out from the previous step):
!2
X
d(t(x, y; τ, Wcos , Wsin ), x, y)
S(τ, Wcos , Wsin ) =

x,y

Nx Ny

X

d2 (t(x, y; τ, Wcos , Wsin ), x, y)

,

(5)

x,y

where d(t, x, y) is a 3D CMP dataset after isotropic moveout and
p
t(x, y; τ, Wcos , Wsin ) = τ 2 + Wcos (x2 − y 2 ) + 2Wsin xy.

(6)

Basic formulation
The right-hand side of equation 5 is a quotient of two (discrete) generalized Radon
transforms (3). They can be expressed in a unified way as (to simplify the notation,
we write p = Wcos , q = Wsin in this and next subsections)
X p
(Rg)(τ, p, q) =
g( τ 2 + p(x2 − y 2 ) + 2qxy, x, y),
(7)
x,y

where g is d or some composite function of d.
To construct the fast algorithm, we first rewrite equation 7 in the frequency domain
as
√
X
2πif τ 2 +p(x2 −y 2 )+2qxy
(Rg)(τ, p, q) =
e
ĝ(f, x, y),
(8)
f,x,y

where f is frequency and ĝ(f, x, y) is the Fourier transform of g(t, x, y) in time.
We next perform a linear transformation to map all discrete points in (f, x, y) and
(τ, p, q) domains to points in the unit cube [0, 1]3 ; i.e., a point (f, x, y) ∈ [fmin , fmax ] ×
[xmin , xmax ] × [ymin , ymax ] is mapped to k = (k1 , k2 , k3 ) ∈ [0, 1] × [0, 1] × [0, 1] = K via
f = (fmax − fmin )k1 + fmin ,
x = (xmax − xmin )k2 + xmin ,
y = (ymax − ymin )k3 + ymin ;
a point (τ, p, q) ∈ [τmin , τmax ]×[pmin , pmax ]×[qmin , qmax ] is mapped to x = (x1 , x2 , x3 ) ∈
[0, 1] × [0, 1] × [0, 1] = X via
τ = (τmax − τmin )x1 + τmin ,
p = (pmax − pmin )x2 + pmin ,
q = (qmax − qmin )x3 + qmin .
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If we define a phase function Φ(x, k) as
p
Φ(x, k) = f τ 2 + p(x2 − y 2 ) + 2qxy,

(9)

then equation 8 can be recast as
(Rg)(x) =

X

e2πiΦ(x,k) ĝ(k),

x∈X

(10)

k∈K

(throughout the paper, K and X are used to denote either sets of discrete points or
the cubic domains containing them).

Fast 3D butterfly algorithm
Equation 10 is the discretized form of a 3D oscillatory integral of the type
Z
e2πiΦ(x,k) v(k) dk, x ∈ X,
u(x) =

(11)

K

whose fast evaluation can be realized by a butterfly algorithm (5).
The overall structure of the 3D butterfly algorithm basically follows its 2D analogue. The idea is to partition the computational domains X and K recursively into
a pair of octrees, TX and TK , ending at level l = log N (see Figure 1(d) for an illustration). Here N is chosen as an integer power of two, which is on the order of
the maximum of |Φ(x, k)| for all possible x and k (so it is mainly determined by the
range of variables (f, x, y) and (τ, p, q)). A crucial property of this structure is that at
arbitrary level l, the side lengths w(A) of a box A in TX and w(B) of a box B in TK
always satisfy w(A)w(B) = 1/N . Then when x, k restricted in A and B respectively,
one can construct a low-rank, separated expansion for the kernel function e2πiΦ(x,k)
(via a Chebyshev interpolation):
e

2πiΦ(x,k)

−

r
X

αrAB (x)βrAB (k) < .

(12)

r=1

By embedding this approximation in the above tree structure and traversing TX from
top to bottom, TK from bottom to top, we arrive at a fast algorithm running in
complexity O(N 3 log N ) (there are N 3 pairs of boxes (A, B) on every level, and there
are log N levels in total). Detailed description of the algorithm can be found in
(10), where the difference between 2D and 3D formulations should be clear from the
context.
Considering the initial Fourier transform for preparing data in (f, x, y) domain, the
overall complexity of our algorithm is roughly O(Nx Ny Nt log Nt )+O(C1 (r )(Nf Nx Ny +
Nτ Np Nq )) + O(C2 (r )N 3 log N ) (r terms are due to low-rank approximations, and
C2 (r ) is bigger than C1 (r )).
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event
1
2
3
4

τ
0.7
1.8
2.6
3.4

Wavg
0.3
0.29
0.25
0.15

TCCS-8

Wcos
Wsin
0
0
0.021 0.021
-0.01 -0.017
0
0.02

Table 1: Parameters used to generate the seismic events in Figure 2.

By comparison, the conventional straightforward velocity scan requires at least
O(Nτ Np Nq Nx Ny ) computations, which may quickly become a bottleneck as the problem size increases. Yet the efficiency of our algorithm is controlled mainly by O(N 3 log N )
with an -dependent constant, where N is determined by the degree of oscillations in
the kernel e2πiΦ(x,k) . Generally speaking, N depends on the maximum frequency and
offset in the dataset, and the range of parameters in the model space. In practice, N
can often be chosen smaller than the grid size.
The significance of above analysis for the fast algorithm lies in the fact that the
input and output data sizes Nt Nx Ny and Nτ Np Nq have little impact on the final
computational cost; a dense sampling therefore becomes affordable.

NUMERICAL EXAMPLES
Example 1
We first consider a simple 3D synthetic CMP gather consisting of four isolated events,
each with a different degree of azimuthal anisotropy (Figure 2(a)). The moveout
parameters τ , Wavg , Wcos , and Wsin used to generate the events are specified in Table
1. Figure 1 shows the data after isotropic NMO using the exact Wavg . Except for the
first flattened isotropic event, the other three events clearly require an additional
moveout. The computed semblance by the fast algorithm is shown in Figure 3,
where manually picked parameters coincide well with exact values. Besides accuracy,
what is remarkable is that, even for this moderate-sized problem (Nt = Nτ = 1000,
Nx = Ny = NWcos = NWsin = 100), CPU time of the butterfly algorithm (for a single
Radon transform) is about 139 s, whereas the direct velocity scan takes 4681 s.

Example 2
We now further investigate the properties of the fast algorithm using a more realistic
3D synthetic CMP gather (Figure 9(a)). The semblance plot computed by the fast
algorithm is shown in Figure 5. Figure 6(a) is the isotropically NMO corrected data.
After residual moveout using picked velocities from the semblance, curved events are
flattened to the right position (Figure 6(b)).
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Figure 2: 3D synthetic CMP gather (a) before and (b) after isotropic NMO.
Nt = 1000, Nx = Ny = 100.
∆t = 0.004 s, ∆x = ∆y = 80 m.
scan3/fourevents cmp-before,cmp

Figure 3: Semblance plot (event 3) computed by the fast algorithm. Nτ = 1000,
NWcos = NWsin = 100. scan3/fourevents NMOsemb
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NWcos × NWsin
10 × 10
20 × 20
100 × 100
200 × 200

Direct
Fast butterfly
velocity scan
algorithm
1847 s
145 s
7394 s
146 s
∼ 184700 s
159 s
∼ 738800 s
196 s

TCCS-8

Speedup
factor
12.7
50.6
∼ 1162
∼ 3769

Table 2: CPU time of direct velocity scan and fast butterfly algorithm for different
NWcos and NWsin applied to the synthetic data in Figure 9(a).

We next fix Nt = Nτ = 1000, Nx = Ny = 400 and compare CPU time of the fast
algorithm and the direct velocity scan for different NWcos and NWsin (Table 2). When
NWcos and NWsin increase by a factor of 2, computation time of the direct velocity
scan increases nearly by a factor of 4, which is consistent with our previous discussion
on numerical complexity. On the other hand, CPU time of the fast algorithm is not
affected much by the size of output sampling, again confirming our expectations.

Figure 4: 3D synthetic CMP gather. Nt = 1000, Nx = Ny = 400. ∆t = 0.004 s,
∆x = ∆y = 25 m. scan3/noncwavg-1 data

Example 3
Finally we consider a field-data example. A subset of the McElroy dataset from West
Texas was formed in a supergather (Figure 7). This dataset was studied by (4),
in which they proposed a velocity-independent moveout correction to avoid costly
velocity scan. With the fast algorithm, we are now able to compute the semblance
efficiently: only 45 s for a single Radon transform when Nt = Nτ = 400, Nx =
Ny = 297, and NWcos = NWsin = 200; direct computation at this sampling would take
approximately 30 hours.
Although the original data have been isotropically NMO corrected, the time slice
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Figure 5: Semblance plot computed by the fast algorithm. Nτ = 1000, NWcos =
NWsin = 200. scan3/noncwavg-1 NMOsemb-1

Figure 6: Synthetic gather (a) before and (b) after residual moveout using picked
velocities from the semblance scan. scan3/noncwavg-1 NMOdatacut,RMOdatacut
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still shows a subtle directional trend to flatness (Figure 7). From the semblance plot
(Figure 8), we observe some nonzero values of anisotropic parameters.

Figure 7: An isotropically NMO-corrected supergather from the McElroy dataset,
West Texas. Nt = 400, Nx = Ny = 297. ∆t = 0.002 s, ∆x = ∆y = 25 m.
scan3/realdata super

Figure 8: Semblance plot computed by the fast algorithm. Nτ = 400, NWcos =
NWsin = 200. scan3/realdata semb

CONCLUSIONS
We have introduced a fast algorithm for 3D, azimuthally aniso-tropic velocity scan.
Our synthetic and field-data experiments show that the method can be orders of
magnitude faster than the conventional velocity scan, especially for large-size data
and dense parameter sampling.
To illustrate the idea, equation 3 was used throughout the paper. Applicability
of the butterfly algorithm is not limited to this form of the moveout function, as long
as the transform can be written in the form of equation 10.
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Stacking angle-domain common-image gathers for
normalization of illumination
Guochang Liu∗ , China University of Petroleum-Beijing and The University of Texas
at Austin; Sergey Fomel, The University of Texas at Austin; Xiaohong Chen, China
University of Petroleum-Beijing ∗

ABSTRACT
Unequal illumination of the subsurface highly impacts the quality of seismic imaging. Different image points of the media have different folds of reflection-angle
illumination, which can be caused by irregular acquisition or by wave propagation in complex media. To address this problem, we present a method of stacking
angle-domain common-image gathers (ADCIGs), in which we use local similarity
with soft thresholding to decide the folds of local illumination. Normalization by
local similarity regularizes local illumination of reflection angles for each image
point of the subsurface model. This approach can restore good fidelity of amplitude by selective stacking in the image space, whatever the cause of acquisition
or propagation irregularities. We use two synthetic examples to demonstrate
that our method can normalize migration amplitudes and effectively suppress
migration artifacts.

INTRODUCTION
The image of geology produced by Kirchhoff migration or wave-equation migration
often suffers from artifacts, especially in the case of irregular acquisition or complex
wave propagation (25; 32). Artifacts sometimes bury seismic reflectors, especially in
subsalt areas, and make interpretation and model building difficult. Developments
in acquisition technology (14; 20) have provided richer coverage and better illumination of the subsurface; however, areas with poor illumination still exist in complex
geological environments, such as subsalt zones.
(24; 17) used preconditioned inversion in the reflection angle domain to improve
imaging in complex media. (36; 13) proposed focusing on dip and AVA compensation in common-image gathers to suppress artifacts and improve signal-noise ratio in Kirchhoff migration. To compensate irregular illumination at image points,
(15) presented illumination-angle compensation in Kirchhoff migration, in which inclusion of an amplitude-weighting term can dramatically improve the migrated image. (6; 2) proposed a method of regularization of illumination in the multiangle
∗

e-mail: sergey.fomel@beg.utexas.edu
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domain for Kirchhoff migration, in which a hit-count technique is applied to suppress migration artifacts and balance migration amplitudes. (25) presented interactive dip-gather stacking for attenuating artifacts of Kirchhoff migration. (32) analytically demonstrated artifacts in angle-domain common-image gathers (ADCIGs)
by sparsely-sampled wavefields and proposed selective stacking on the basis of local
smoothing of the envelope function in shot-profile wave-equation migration. (19) proposed the MAZ-stack method for weighting signal in areas of poor illumination for
multiazimuth seismic data, in which weights of stacking were chosen as binary (zero
or one).
Local similarity is a local attribute measured between two signals (9) that has
been applied to multicomponent seismic image registration (11; 9) and time-lapse
image registration (12). In an earlier work (18), we also applied local similarity as a
weight for stacking common-midpoint gathers in order to improve signal-noise ratio
of seismic data.
In this paper, we present another application of local similarity in stacking ADCIGs in order to normalize illumination. Our method applies local similarity between initial image and ADCIGs using a soft threshold to normalize stacking. It can
attenuate migration artifacts and restore migration amplitudes. This method can
be regarded as true-amplitude illumination compensation arising from the so-called
Beylkin determinant (3; 1; 2).

ANGLE-DOMAIN COMMON-IMAGE GATHERS
ADCIGs can be produced both by Kirchhoff methods (36; 13) and wave-equation
methods (23; 21; 35; 27; 5). In wave-equation migration methods, angle gathers
can be produced either in the data space during imaging or in the image space after
imaging (8). These methods can be also applied in source-receiver migration (27),
shot-profile migration (26), and reverse-time migration (4; 37).
To extract ADCIGs, in wave equation migration we first compute subsurface
offset-domain common-image gathers (ODCIGs) using crosscorrelation imaging condition in space and time, followed by extraction at zero time (29):
I(m, h) =

X

Us (m − h, ω)Ur∗ (m + h, ω) .

(1)

ω

Here, I(m, h) is the subsurface-offset dependent image, m = [mx , my , mz ] is a vector of locations of image points, h = [hx , hy , hz ] is a vector of local source-receiver
separation in the image space, and ∗ means the conjugate.
In two dimensions, angle-domain common-image gathers I(m, θ) can be obtained
by a simple slant-stack operation on ODCIGs I(m, h) after migration (31; 33; 27).
For three dimensions, we can extract ADCIGs after applying imaging condition by
transforming local offset gathers in the depth domain (8; 28), in which local structural
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dips need to be estimated. In examples herein, we extract ADCIGs in the image space
after applying imaging conditions and test our proposed method on a 2D case.

MEASUREMENT OF LOCAL SIMILARITY
(9) defined the local similarity attribute using shaping regularization (10). The global
correlation coefficient between two discrete signals at and bt is defined as
PN
γ = qP
N

at bt
PN
2

i=1

i=1

at

i=1

.
bt

(2)

2

To locally measure correlation between two signals according to the definition of
local similarity (9; 12), local similarity γt can be represented as the product of two
least-squares inverses:
γt 2 = pt qt ,
(3)
!
X
pt = arg min
(at − pt bt )2 + R [pt ] ,
(4)
pt

t

!
qt = arg min
qt

X

(at − qt bt ) + R [qt ]
2

,

(5)

t

where R is a regularization operator designed to constrain the solution in a desired behavior, such as smoothness. Shaping regularization (10) can conveniently be applied
in solving inverse problems (4) and (5) iteratively. The local similarity can smoothly
measure the correlation between two signals locally. It is an estimate of waveform
similarity of two seismic signals.

STACKING USING LOCAL SIMILARITY FOR
NORMALIZATION OF ILLUMINATION
Once we obtain ADCIGs by migration, the final image of subsurface can be obtained
by stacking over the angle axis in ADCIGs. Assuming reflectivity is angle independent, we can write equal-weight stacking as
N
1 X
b
I(m, θ) .
I(m) =
N θ=1

(6)

where N is the number of samples in the reflection angle. To get rid of the artifacts
caused by poor sampling of the sources or receiver wavefield or complex structure,
(32) suggested stacking only angles with good illumination and dense sampling and
applied selective stacking using envelopes as weights of stacking.
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In this paper, we use local similarity with soft thresholding as weights to normalize
the stacking:
N
1 X
e
I(m) =
w(m, θ)I(m, θ) ,
(7)
KN θ=1

γ(m, θ) − α if s(m, θ) > α
w(m, θ) =
.
(8)
0
if s(m, θ) ≤ α
Here, γ(m, θ) is local similarity between initial imagecomputed Ib by equation refeq:e6 and ADCIGs I(m, θ). Local similarity can be computed by equations 3
through refeq:e5. Equation 8 is soft thresholding (7), which can define the fold of
local illumination for each image point, m. Normalizationis K the sum of weights.
Normalization N in equation 7, the number of samples with w(m, θ) 6= 0, can restore
migration amplitude by discarding some samples of angle, which are likely artifacts
or noise. We assume that the discarded samples in ADCIGs are entirely artifacts or
noise, probably caused by irregular acquisition or complex propagation in the complex
subsurface model.
In the following, we use a simple example to illustrate our method. Figure 1a is
a simple synthetic ADCIG with 30 samples of reflection angle, and we add Gaussian
random noise to the ADCIG. Assume that the reflection coefficients are equal and
angle independent. Note that the third and fourth reflectors are not entirely illuminated. The image created by directly stacking this ADCIG is shown in Figure 1d.
Third and fourth reflectors are not restored in equal-weight stacking because of poor
illumination. The local similarity between the direct equal-weight stacking image
(Figure 1c) and ADCIG (Figure 1a) computed by equations 3 through 5 is shown in
Figure 1b. Note that the local similarity can approximate local illumination of the
reflection angle. (34) presented a method of computing illumination distribution as
a function of reflection angle on the basis of one-way wave equation. We apply soft
thresholding in local similarity to select angles with good illumination to contribute
to the stacking. And then we use the number of samples of reflection angles with
good illumination to normalize the image. In comparing our method with the equalweight stacking method, note that the third and the fourth reflection coefficients are
balanced well and the signal-noise ratio is also improved by our method (Figure 1e).
Amplitudes in Figure 1e are almost the same as those of the ideal image (Figure 1c).
In Kirchhoff integral migration, Beylkin’s theory (3) shows how to take into account irregularities of illumination caused by acquisition irregularities or wave propagation in complex media (2). The Beylkin determinant estimates the local smooth
illumination density function by computation of traveltime between surface locations
and subsurface image point. In this paper, the local fold of illumination in the denominator of equation 7 is estimated by local similarity with soft thresholding. Because
this estimation of the fold of local illumination is computed after imaging, the method
can be thought of as postprocessing after migration.
When reflection coefficients are angle dependent (known as amplitude versus angle [AVA]), the proposed method can be regarded as an average effect of all angle-
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Figure 1: A simple example. (a) Synthetic ADCIGs with different folds; (b) local
similarity; (c) ideal reflectivity; (d) initial equal-weight stacking; (e) stacking with
normalization using local similarity. stackadcig/simple compare1
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dependent reflection coefficients. It can enhance the image and restore relative amplitudes. When considering the AVA effect in stacking processing, one should use the
accurate AVA inversion to obtain the reflection coefficient of the same reflection angle
for all image points (17), such as zero-reflection-angle reflectivity, or retrieve the map
of relative slowness perturbations from multishot seismic data (16).

EXAMPLES
Two synthetic examples illustrate the method of stacking ADCIGs for illumination
normalization.
The first example involves a simple constant-velocity model with three reflectors.
The reflecting interfaces are caused by density contrasts, which are chosen in such a
way that all reflection coefficients for all reflectors and reflection angles are identical.
A similar model was applied by (38) and (30). The synthetic dataset is generated
using Kirchhoff modeling. It includes 25 shots between 3,000 and 5,000 m, and range
of offset is -3,000 to 3,000 m. PSPI wave equation migration is performed for generating ADCIGs (Figure 2(a)). The three reflectors can be found to have different
folds caused by acquisition geometry. The parts that are not illuminated in ADCIGs
do not all have zero values; some are occupied by noise or artifacts. Therefore, appropriate normalization when stacking all reflection coefficients of different reflection
angles together must be ensured. The local similarity cube (Figure 2(b)) can provide normalization for stacking. By comparing equal-weight stacking and our method
(Figure 3), we find that image amplitudes are improved, especially on the sides of the
model, which are not entirely illuminated because of acquisition.

Figure 2: (a) ADCIGs for the simple synthetic example; (b) local similarity cube.
stackadcig/flat ppangtr-h,similtr
The second example involves the Sigsbee2A model (22). This dataset is known to
have illumination problems below the salt. Figure 4 shows the ADCIGs of Sigsbee2A
model. Figures 5(a) and 6(a), respectively, show images of 0 ◦ and 20 ◦ reflection
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Figure 3: (a) Equal-weight stack; (b) stack normalized by local similarity.
stackadcig/flat stack,simistack

angles. Figures 5(b) and 6(b), respectively, show the local similarity cube of 0 ◦ and
20 ◦ reflection angles. Comparing local similarity cubes of different reflection angles,
we can find that folds of local illumination are not equal for all image points. The
folds are closely uniform in areas with simple structures, but differences can be found
in complex media, such as in subsalt areas (Figures 5(b) and 6(b)). Figure 7 shows the
result of equal-weight stacking, and Figure 8 shows the result of our method. With
normalization, reflection coefficients are restored, such as below the salt (Figure 8).
Our method’s image beneath the salt is clearer than that of the conventional stacking
method, and amplitude of the base line, with strong reflectivity at the bottom of the
Sigsbee2A model, is more balanced. Note that fault and diffraction points below the
salt become clearer after normalization using local similarity.

CONCLUSIONS
We have presented a method for stacking angle-domain common-image gathers for
illumination normalization in which we use a local similarity cube between initial
image and ADCIGs as the approximate fold of local illumination for each image
point of the media. Normalization by local fold can restore migration amplitude
and attenuate artifacts possibly caused by irregular acquisition geometry or by wave
propagation in complex media. Our method is easy to implement and can be seen as
a postprocessing step after migration. Two synthetic examples show that this method
can be used to enhance migrated images and to restore migration amplitudes.
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Figure 4: ADCIGs of the Sigsbee2A Model. stackadcig/sigsbee angs

Figure 5: 0 ◦ angle image and (a) its local similarity (b) of the Sigsbee2A model.
stackadcig/sigsbee ang1,simil1
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Figure 6: 20 ◦ angle image and (a) its local similarity (b) of the Sigsbee2A model.
stackadcig/sigsbee ang2,simil2

Figure 7:
The image of Sigsbee2A using initial equal-weight stacking.
stackadcig/sigsbee sigstack
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Figure 8: The image of Sigsbee2A using stacking with normalization by local similarity. stackadcig/sigsbee sigsimistack
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Automated spectral recomposition with
application in stratigraphic interpretation
Yihua Cai∗† , Sergey Fomel† , and Hongliu Zeng†∗

ABSTRACT
Analyzing seismic attributes in the frequency domain is helpful for reservoir characterization. To analyze the reservoir interval of interest in detail, it is important
to capture the seismic response at each frequency subset. Spectral recomposition
can be used to extract significant components from the seismic spectrum. We
propose a separable nonlinear least-squares algorithm for spectral recomposition,
which estimates both linear and nonlinear parts automatically in separate steps.
Our approach is applied to estimate fundamental signal parameters, peak frequencies and amplitudes, with which the seismic spectrum can be reconstructed.
Automated spectral recomposition helps us visualize frequency-dependent geological features on both cross sections and time slices by extracting significant
frequency components. Spectral recomposition can also indicate how frequency
contents attenuate with time.

INTRODUCTION
Frequency-domain seismic attributes can be useful in stratigraphic and hydrocarbon
reservoir characterization (3; 10). If the seismic response can be captured at each
frequency subset, the reservoir interval of interest can then be scrutinized in greater
detail. Spectral decomposition is a technique that was developed at Amoco in the
1990’s (16). Various time-frequency analysis methods have been employed for frequency decomposition since then. (7) applied short-time Fourier transform, which
unfortunately suffers from a time-frequency resolution limit (4). (12) and (5) applied
spectral decomposition in the time domain by decomposing the input seismogram into
constituent wavelets and then summing the Fourier spectra of individual wavelets.
This approach experiences difficulties when the frequency range is large, because it
relies on the accuracy of wavelet decomposition, whose residuals commonly introduce
bias into “frequency gathers” (5). (11) and (12) implemented spectral decomposition
by time-frequency analysis using an iterative inversion framework with the help of
local attributes.
(19) defined frequency recomposition in seismic forward modeling as an estimation
of components of the seismic spectrum. They showed how to make forward seismic
∗
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models by recomposing single-frequency models into a multi-frequency model. Different from all previous approaches, spectral recomposition models and reconstructs the
seismic spectrum instead of decomposing it. However, (19) manually picked component frequencies and amplitudes, which may not be accurate and highly depends on
personal experience. In this paper, we propose spectral recomposition using separable
nonlinear least-squares estimation (9), which simultaneously and automatically estimates both linear and nonlinear parts of the Ricker wavelet spectrum. It provides an
accurate and direct estimation of amplitudes and peak frequencies of various Ricker
wavelets.
A problem is separable if the model can be represented as a linear combination
of functions that have a nonlinear parametric dependence. A separable least-squares
estimation fits frequencies and amplitudes with large variations, and provides computing confidence, as well as prediction and calibration intervals. The Gauss-Newton
algorithm, a method of minimizing the residual sum of squares, is effective both
when residuals are small and when measurement errors are additive and the data set
is large (15). An analogous method was used previously by (2) for fitting von Kármán
distributions, and by (13) for fitting a single Ricker wavelet.
We represent a seismic spectrum as the sum of different Ricker components and
use the Gauss-Newton method to fit it with a sum of Ricker wavelet spectra so as
to estimate the peak frequency and amplitude of each component. On a field data
example from the Gulf of Mexico, we show that automatic spectral recomposition can
improve seismic stratigraphic interpretation and help in seismic attribute studies.

THEORY
We represent a seismic spectrum as the sum of different Ricker components (19):
d(f ) ≈

n
X

ai ψi (mi , f ) ,

(1)

i=1

where d(f ) is the spectrum of a seismic trace, and ai and mi are the amplitude and
peak frequency of the i-th Ricker spectrum component, given as
f2
f2
(2)
R(f ) = a ψ(m, f ) = a 2 exp(− 2 ) .
m
m
Thus, the model is a linear combination of Ricker wavelet spectra, which has nonlinear functions and depends on multiple parameters. To estimate the Ricker wavelet
spectra, we need both a = {a1 , a2 , ..., an } and m = {m1 , m2 , ..., mn } coefficients. The
estimation error is
n
X
rj = d(fj ) −
ai (mi )ψi (mi , fj ) .
(3)
i=1

The optimal least-squares estimation requires
min kr(a, m)k22 .
a,m

(4)
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The goal of separable nonlinear least-squares estimation (1) is to find a global minimizer of the sum of squares of nonlinear functions. The separability aspect comes
from solving linear and nonlinear parts separately (17). The algorithm we use in this
paper is known as the variable projection algorithm (9). It provides solutions for a
and m by exploring the fact that r depends on a linearly.

NUMERICAL METHOD
Assuming nonlinear parameters of m, linear parameters of a can be obtained by
solving the linear least-squares problem,
a = ψ (m)† d ,

(5)

where ψ (m) is the matrix composed of ψi (mi , fj ) and ψ (m)† is the Moore-Penrose
generalized inverse of the ψ (m) matrix. Replacing this a in the original function, the
minimization problem takes the form
ψ (m)† )d
min (II − ψ (m)ψ
m

2
2

,

(6)

where the linear parameters have been eliminated (9). We use the Gauss-Newton
method (1) to linearize the problem as follows:
d(fi ) ≈

X

X ∂Rj

∆mi
∂mi
X
X
≈
ai ψ (mi , fj ) +
[a0i ψ (mi , fj ) + ai ψ 0 (mi , fj )]∆mi .
i

i

Rj (mi , fj ) +

i

i

(7)
Starting with initial values of mi , we are able to solve for ai and a0i using equation 5.
Then we solve for the model increment ∆ mi . After a number of iterations, summation
of ∆ mi converges to the estimated value. The Gauss-Newton method is efficient. In
most cases, approximately 20 iterations provide an acceptable convergence. Fitting
more component frequencies helps minimize the residual. Geological factors can help
the user decide how many components to include in the model. In addition, providing
good initial values helps the algorithm avoid being trapped in a local minimum.

APPLICATION
In this section, we show how spectral recomposition can be used in interpretation.
First, we test automated spectral recomposition using synthetic and field data. We
then use automated spectral recomposition to simulate and estimate how frequency
components attenuate in the subsurface. Finally, we perform thin-bed stratigraphic
interpretation using data from Starfak and Tiger Shoal fields of offshore Louisiana.
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Synthetic and field data test
To test our method, we generated a wavelet composed of three Ricker wavelets with
peak frequencies of 10, 20, and 50 Hz (Figure 1.) Applying a separable nonlinear
least-squares estimation, we estimated peak frequencies at 9.999, 19.999, and 49.995
Hz. The residual sum of squares equals approximately 10−7 after 50 iterations. The
estimation fits the wavelet spectrum accurately, as shown in Figure 1. Generally
speaking, the more terms we use to fit the data, the better fitting result we may
obtain. However, it is geological reasoning, not statistical factors that determines how
many terms should be used in the model. A real data example, shows that spectral
recomposition works well for field data (Figure 2). In this case, the estimated peak
frequencies are approximately 15 Hz, 31 Hz, and 43 Hz.

Figure 1: (a) A wavelet composed of 10, 20 and 50 Hz Ricker components. (b) The
estimated wavelet spectrum components are plotted individually. The estimated peak
frequencies of these components are 9.999, 19.999 and 49.995 Hz. (c) We computed
and estimated the spectrum of the wavelet in (a). Spectral recomposition result (in
green) fits the spectrum (in black) very well. specrecom/ricker rk
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Figure 2: (a) Spectra of ricker wavelet components. Each spectral component is well
separated, probably indicating different geological factors. (b) Spectral recomposition
result (in blue) fits the seismic spectrum (in black) well. specrecom/gulf recomp
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Frequency attenuation estimation
Spectral recomposition can be used to indicate how various frequency components
attenuate in the subsurface. Different from spectral decomposition, spectral recomposition extracts significant components from seismic data by modeling the spectrum,
i.e. fitting spectrum data with summation of Ricker components. With the help of
local time-frequency analysis (11), we re-composed the spectra of a seismic trace
at each time depth. Figure 3 shows recomposition examples at four different time
depths. Figure 4 compares our spectral recomposition result with the result of timefrequency analysis. At approximately 1 second, one of the components has a peak
frequency as high as 65 Hz. It attenuates gradually to about 8 Hz in 4 seconds. Spectral decomposition indicates information of whole frequency spectrum at each time
depth, but provides us no extracted key components. It can be easily found that the
spectral recomposition result is consistent with time-frequency analysis result. Thus,
spectral recomposition provides information related to any specific layer in which the
user might be interested and builds a deeper understanding of seismic attenuation in
the subsurface.

Stratigraphic interpretation
Setting the bandwidth for the frequency component ensures an accurate interpretation. Carrying valuable geological information, the main lobe of a wavelet has a finite
duration, which means that it covers a certain range in the frequency domain. However, interpreters tend to pick a single frequency with bandpass filtering, which hardly
covers the corresponding seismic information because a single frequency appears as a
spike ignoring all other frequency content. Spectral recomposition helps√in computation of frequency bandwidth of the main lobe. One can compute td = 6/(fm π) as
in Figure 5, where td is the dominant wavelength
and fm is the peak frequency. The
√
first zero crossing is computed as tr = td / 3 (18). Having estimated the dominant
wavelength, we can set the corresponding bandwidth in the frequency domain.
Spectral recomposition extracts significant components from seismic data. Picking the peak frequencies and setting their bandwidths produce results, as shown in
Figures 6(b) and 6(c). The same cross section is displayed with a manually picked
peak frequency in Figure 6(a). Note that Figures 6(b) and 6(c) reveal more geologic features. Reflections and seismic events are displayed better in Figure 6(b) and
6(c); for example, a fault system clearly shows up in both Figure 6(b) and 6(c), but
not in Figure 6(a). Deeper events are also well displayed in Figure 6(c), but not in
Figure 6(a).
The concept behind spectral recomposition is that the seismic response of the
geologic unit has a characteristic expression in the frequency domain that is indicative
of its significant components (19). Hence, spectral recomposition can be used in
time-slice or stratal-slice interpretation. We start by picking a depositional surface
(geologic-time surface) so that any seismic attribute extracted on such a surface could
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Figure 3: Four time depths, 0, 2, 3 and 5 second have been plotted in (a), (b), (c) and
(d) to show spectral recomposition reconstructs Ricker component at different depths.
Field data results have been plotted in solid black lines. The spectral recomposition
results have been plotted in dotted red lines. specrecom/tf tf2

562

Cai et al.

TCCS-5

Figure 4: (a) One single seismic trace; (b) Time-frequency analysis result of the trace
in (a); (c) Automated spectral recomposition reconstructs Ricker components at each
time depth. The reconstructed result is quite consistent with time-frequency analysis
in (b). specrecom/tf tf
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tr

fm

td

Figure 5: After extracting peak frequency fm , we compute the dominant wavelength
and bandpass filter. (a) Spectrum with peak frequency fm . (b) Ricker wavelet with
dominant wavelength td and first zero crossing tr . specrecom/. rkband

represent a genetic depositional unit. Such a seismic surface display was termed a
stratal slice (21; 22). To showcase the ”recomposition” technique developed here,
we used data from Starfak and Tiger Shoal fields of offshore Louisiana, a 135-mile2
3-D survey area. The study area lies along the western periphery of the ancestral
Mississippi River depocenter (14), most recently designated the central Mississippi
sediment-dispersal axis by (8).
(24) constructed and interpreted stratal slices by using special tools to restore
and refine multiple seismic slices in the wire-line-log context in both the traveltime
domain and the relative geologic-time domain. Their approach includes conditioning
seismic data to log lithology by 90o phasing to achieve better well log integration,
imaging, and interpretation of the sequential, planoform geomorphology of the depositional systems (20). Our goal is to use spectral recomposition to further improve
the image of seismic depositional facies; e.g. a high-frequency component helps indicate thin stratigraphic layers, while a low-frequency component helps identify thick
stratigraphic layers. Depositional facies of different thickness can be differentiated
using spectral recomposition. After extracting significant spectral components and
setting band pass filters, we plotted the stratal slices of Starfak and Tiger Shoal field.
Figure 7(a) is an upper Miocene-age horizon extracted by (23). Spectral recomposition shows that the component with 22 Hz peak frequency is a significant one, thus
we have Figure 7(b). As can be seen, Figure 7(b) improves imaging of the architec-
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Figure 6: (a) Seismic data from Starfak and Tiger Shoal field displayed with manually
picked frequency bandpass filter. Using spectral recomposition, we display the same
seismic data with two significant components in (b) and (c). A fault system between
inline 800 to 900 clearly stands out in (b). Deep events below 2.4s are well displayed
in (c). However, neither the fault system nor the deep events are well displayed in
(a). specrecom/gulf sgr330,sgr317,sgr321
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tural elements within the depositional system. The thin, narrow channel sandstones
in relict delta are more clearly imaged in Figure 7(b) than in Figure 7(a). The shelf
systems can be easily identified in Figure 7(b) but not in Figure 7(a). Figure 7(b) is
also less affected by acquisition footprint compared with Figure 7(a). More than that,
spectral recomposition works more efficiently. Both true time and thickness information has been extracted in the process. No prior time or depth-thickness estimate is
required for automatic spectral recomposition.
After extracting significant signal components, the result of spectral recomposition
naturally admits a Red-Green-Blue (RGB) color-blending plot. RGB color-blending
plot takes advantage of the fact that human eyes can discriminate a large numbers of
colors. One can plot horizontal slices of different frequency content in different colors,
either red, green or blue, and combine them into one figure (6). Picking frequency
subsets automatically with solid geological and geophysical reasoning, spectral recomposition helps standardize the workflow of the RGB color-blending plot. As we
have seen in Figure 3, spectral recomposition extracts dominant components at each
time depth. Given a time slice or stratal slice, we extract the significant frequency
components, compute the duration of the main lope of the wavelet from the area
of interest, and set the appropriate bandwidth in the frequency domain. Plotting
three different frequency components in RGB colors and combining them together,
we produce RGB color-blending plots in Figure 8. With a sense of relative sandstone
thickness distribution, RGB color blending of spectral recomposition brings useful
information together and helps reveal geological features of interest.

CONCLUSION
Automated spectral recomposition using separable nonlinear least squares represents
the seismic spectrum as a sum of Ricker components and efficiently estimates their
peak frequencies and amplitudes. With the seismic spectrum reconstructed from
component frequencies, spectral recomposition can be used in seismic interpretation.
We adopted Ricker wavelet in the analysis because of its popularity. Other wavelets
may also be used with corresponding estimation numerical strategy.
Applying spectral recomposition, we have been able to better visualize seismic
images in both cross sections and stratal slices. This technique has improved the
interpreter’s ability to image the various elements of the depositional system in extracted stratal slices. Spectral recomposition can also be used in forward modeling,
in studying how different frequency components attenuate in the subsurface, newand
in estimating thin-bed thicknesses using tuning frequencies. It provides a robust and
phase-independent approach to seismic thickness estimation. Compared with conventional methods involving adjacent peaks and troughs picking, spectral recomposition
requires only peak-frequency and amplitude estimation.
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Figure 7: Use of spectrum recomposition to improve thin-bed stratigraphic interpretation in Miocene, Starfak-Tiger Shoal fields, offshore Louisiana. (a) A stratal slice
made by (24). (b) Same stratal slice extracted from 22 Hz component of seismic data.
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Figure 8: Components of 15, 22, and 29 Hz of Starfak-Tiger Shoal stratal slice picked
and plotted using color blending, which provides more detailed information. White
bright colors indicate thicker sands; white dim colors refer to thinner sands; blue and
dark colors indicate shale. Interpreters can easily identify different depositional facies
in plot. specrecom/. rgb
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Nonlinear structure-enhancing filtering using
plane-wave prediction
Yang Liu∗† , Sergey Fomel† , Guochang Liu‡∗

ABSTRACT
Attenuation of random noise and enhancement of structural continuity can significantly improve the quality of seismic interpretation. We present a new technique, which aims at reducing random noise while protecting structural information. The technique is based on combining structure prediction with either
similarity-mean filtering or lower-upper-middle (LUM) filtering. We use structure prediction to form a structural prediction of seismic traces from neighboring
traces. We apply a nonlinear similarity-mean filter or an LUM filter to select
best samples from different predictions. In comparison with other common filters, such as mean or median, the additional parameters of the nonlinear filters
allow us to better control the balance between eliminating random noise and
protecting structural information. Numerical tests using synthetic and field data
show the effectiveness of the proposed structure-enhancing filters.

INTRODUCTION
Extracting structural information is the most important goal of seismic interpretation. A number of approaches have been proposed to preserve and enhance structural
information. (13) applied nonlinear filters, such as median, trimmed mean, and adaptive Gaussian, over planar surfaces parallel to the structural dip. (4) and (11) applied
structure-oriented filtering based on anisotropic diffusion. (9) suggested the method
of plane-wave construction. (1) developed 3-D edge-preserving smoothing (EPS) operators to reduce noise without blurring sharp discontinuities. (24) used a mix of
finite-impulse-response (FIR) and infinite-impulse-response (IIR) filters, followed by
f -x filtering, to perform structure-preserving seismic processing. (26) introduced a
frequency-dependent, structurally conformable filter. Random noise attenuation and
structure protection are always ambivalent problems in seismic data processing. The
main challenge in designing effective structure-enhancing filters is controlling the balance between noise attenuation and signal preservation.
Mean filter (stacking) plays an important role in improving signal-to-noise ratio in seismic data processing (27). Conventional stacking is a simple and effective
method of denoising, but it is optimal only when noise has a Gaussian distribution (18). Therefore, alternative stacking methods were proposed. (21) proposed a
∗
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signal-to-noise-ratio-based weighted stack to further minimize noise. (25) developed
optimum-weighted stacking. To eliminate artifacts in angle-domain common-image
gathers, (22) presented a selective-stacking approach, which applied local smoothing of envelope function to achieve the weighting function. (20) proposed “smart
stacking,” which is based on optimizing seismic amplitudes of the stacked signal by
excluding harmful samples from the stack and applying more weight to the center of
the samples population. (16) introduced time-dependent smooth weights to design a
similarity-mean stack, which is a nonstationary, nonlinear operator.
Lower-upper-middle (LUM) filters (12) are a class of rank-order-based filters that
generalize the concept of the median filter. They combine the characteristics of two
subclasses, LUM smoothers and LUM sharpeners, and find a variety of signal and
image-processing applications. A special LUM smoother, probably still the most
widely used, is a simple median of the points within a window. The median filter is
a well-known method that can effectively suppress spike-like noise in nonstationary
signal processing. Median filters find important applications in seismic data analysis.
(19) incorporated noise reduction using median filter into standard Kirchhoff time
migration. (28) used a hyperbolic median filter to suppress multiples. (15; 17) implemented random-noise attenuation using 2-D multistage median filter and nonstationary time-varying median filter. However, in many cases the median filter introduces
too much smoothing. LUM sharpeners have excellent detail preserving characteristics because of their ability to pass small details with minimal distortion. For a given
window size and shape, the parameters of LUM filter can be adjusted independently
to yield a wide range of characteristics.
In this paper, we combine structure prediction (8) with either nonlinear similaritymean filtering or lower-upper-middle (LUM) filtering to define a structure-enhancing
filter. Structure prediction generates structure-conforming predictions of seismic
events from neighboring traces, whereas a similarity-mean filtering or an LUM filtering reduces several predictions to optimal output values. We test the proposed
method on synthetic and field data examples to demonstrate its ability to enhance
structural details of seismic images.

THEORY
Structure prediction
The method of plane-wave destruction (2) uses a local plane-wave model for characterizing the structure of seismic data. It finds numerous applications in seismic
imaging and data processing (5). Letting a seismic section, s, be a collection of
traces, s = [s1 s2 . . . sN ]T , the plane-wave destruction operation can be defined in a
linear operator notation as
d = D(σ) s ,
(1)
where d is the destruction residual and D is the nonstationary plane-wave de-

GP-2009-0736

struction

d1
 d2

 d3

 ···
dN

Structurally nonlinear filtering

operator defined as follows
 
I
0
0
  −P1,2 (σ1 )
I
0
 
=
0
−P
(σ
)
I
2,3 2
 
 
···
···
···
0
0
···

···
···
···
···

0
0
0
···
−PN −1,N (σN −1 ) I

573








s1
s2
s3
···
sN




 ,



(2)

where I stands for the identity operator, σi is local dip pattern, and Pi,j (σi ) is an
operator for prediction of trace j from trace i according to the dip pattern σi . A trace
is predicted by shifting it according to the local seismic event slopes. Minimizing the
destruction residual d provides a method of estimating the local slopes σ (5).
The least-squares minimization of d is achieved by using iterative conjugategradient (CG) method and smooth regularization. Local dip at a fault position
cannot be accurately estimated, its value will depend on the initial slope estimate
and regularization.
Prediction of a trace from a distant neighbor can be accomplished by simple
recursion, i.e., predicting trace k from trace 1 is simply
P1,k = Pk−1,k · · · P2,3 P1,2 .

(3)

(8) applied plane-wave prediction to predictive painting of seismic images. In this
paper, we use a similar construction to recursively predict a trace from its neighbors.
An example is shown in Figure 1a. The input data is borrowed from (3): a
synthetic seismic image containing dipping beds, an uncomformity, and a fault. Figure 1b shows the same image with Gaussian noise added. Figure 1c shows local slopes
measured from the noisy image by plane-wave destruction. The estimated slope field
correctly depicts the constant slope in the top part of the image and the sinusoidal
variation of slopes in the bottom. In the next step, we predict every trace from its
neighbor traces according to the local slope, as described by (8). We chose a total of
14 prediction steps (7 from the left and 7 from the right), which, with the addition of
the original section, generated a data volume (Figure 1d). The prediction axis corresponds to index k in equation 1. The volume is flat along the prediction direction,
which confirms the ability of plane-wave destruction to follow the local structure.
However, it still contains some discontinuous information because of the faults. In
the next step, we apply nonlinear structure-enhancing filtering to process the data
along the prediction direction.

Choices of nonlinear filters
We have tried two different choices to select best samples from prediction data volume:
Gaussian similarity-mean filter and lower-upper-middle (LUM) filter.
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Figure 1: Noise-free synthetic image (a), noisy image (b), local slopes estimated from
Figure 1b (c), and predictive data volume, where every trace is supplemented with
predictions from its neighbors (d). strfilter/spray sigmoid1,gnoise1,ndip1,cube
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Gaussian similarity-mean filter
The similarity-mean filter is a nonlinear filter that uses local correlation coefficients
as desired weight coefficients (16). It is described in Appendix A. We chose the
shaping operator with smoothing radius of 10 samples in time to calculate local
similarity coefficients between the predicted data at each prediction step and original
data (reference data). Figure 2a displays similarity-weight coefficients from local
correlation. The elements with the shortest prediction distance get largest weights
because they provide the most accurate prediction and therefore are most similar to
the original image. We used zero-value boundary conditions for the prediction, so
the predicted amplitudes from the left most and the right most sides are zero. This
results in the similarity coefficients on the corners of the weight cube to be zero. In the
weighted mean filter, large weight coefficients get selected when the similarity is strong
between processed data and reference data. We introduce additionally Gaussian
weights to localize the smoothing characteristics of the filter
2

2

wi = e−hi /hr ,

(4)

where hi is the distance to trace i and hr is the reference parameter that controls the
shape of the weight function. This construction is analogous to bilateral or non-local
filtering (23; 10). Figure 2b shows the product of Gaussian weights and similarity
weights. The prediction data volumes only with similarity weights applied and with
Gaussian similarity weights applied are shown in Figure 2c and 2d respectively. After
applying Gaussian and similarity weights, we stack the data in Figure 2d along the
prediction direction. The result is shown in Figure 3b.
For comparison, we used the standard mean filter to process the prediction data
volume (Figure 1d) along the prediction direction. The result is shown in Figure 3a
and corresponds, in this case, to simple box smoothing along the local image structure.
The standard mean filter simply stacks all information along the prediction direction.
It enhances structural continuity but smears information across the fault.
For further discussion, we show the difference between the noisy image (Figure 1b)
and structure-enhancing results with the standard mean filter and the Gaussian
similarity-mean filter (Figure 3a and 3b). We kept the same scale of magnitude
and plotting clips as that of the input image. From Figure 4a and 4b, the coherent events are well protected by the two methods because structure prediction can
exactly predict coherent information. However fault information is destroyed by the
mean filter (Figure 4a), while the similarity-mean filter provides a result where fault
information is protected well, whereas random noise is attenuated (Figure 4b).

Lower-upper-middle filter
The lower-upper-middle (LUM) filter is a nonlinear filter that is simple to define and
yet effective for noise attenuation in non-stationary signal processing (12). It has two
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Figure 2:
Similarity weights (a), product of Gaussian weights and
similarity weights (b),
the data only with similarity weights applied (c), and the data with Gaussian similarity weights applied (d).
strfilter/spray weight01,weightcube1,pwdatacube,wdatacube
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Figure 3: Structure-enhancing results using different methods. Standard mean filtering (a), similarity-mean filtering (b), standard median filtering with filter-window
length 15 (c), and lower-upper-middle (LUM) filtering with parameters k = l = 7
(d). strfilter/spray mean1,gsimilarstack1,mf,median1

578

Liu etc.

GP-2009-0736

parameters, one for smoothing and the other for sharpening. A general class of LUM
filters includes LUM smoothers and LUM sharpeners as special cases (Appendix B).
By manipulating the parameters k (for smoothing) and l (for sharpening), the
lower-upper-middle (LUM) filter takes on a variety of characteristics. We found that
k = l = (N − 1)/2 works well for our synthetic and field data examples. In the
synthetic example, special smoothing and sharpening parameters, k = l = 7, were
chosen to balance the ability between noise attenuation and fault protection. After
applying the LUM filter on the synthetic noisy image, we obtain the image shown
in Figure 3d. Comparing with Figure 3b, the LUM filter displays the similar-quality
result as Gaussian similarity-mean filter. However, the LUM filter is somewhat easier
to control than the similarity-mean filter.
The standard median filter with filter-window length 15 is compared to the lowerupper-middle (LUM) filter. After applying the median filter on the prediction direction of Figure 1d, the result is shown in Figure 3c. When comparing with the mean
filter (Figure 3a), the median filter has a better fault-protection ability but weaker
noise-attenuation result. However, it still makes edges of some faults ambiguous.
The LUM filter uses smoothing and sharpening parameters to limit the smoothing
characteristics of the standard median filter. Therefore, it strikes a reasonable balance between structure enhancement and fault protection. Figure 4c and 4d show
the difference between the noisy image (Figure 1b) and structure-enhancing results
with the standard median filter (Figure 3c) and the LUM filter (Figure 3d). While
coherent events can be preserved by either of the two filters, the median filter has a
better result of fault protection than the mean filter (Figure 4c) and the LUM filter
can further reduce the fault damage of the standard median filter (Figure 4d).
The key steps of our method are illustrated schematically in Figure 5.

FIELD DATA EXAMPLES
For the first field-data test, we use a time-migrated seismic image from a historic Gulf
of Mexico dataset (3). The input is shown in Figure 6a. After estimating the field
of local slopes (Figure 6b), we apply structure prediction to calculate the structural
data volume (Figure 7a), which effectively flattens the data. As in the synthetic example, the length of the prediction axis is 15. Next, we apply two different filtering
approaches. The first choice is the similarity-mean filter. We display the product of
Gaussian weights and similarity weights in Figure 7b. After applying the similaritymean filter, we can get a structure-enhanced image (Figure 8a): the fault structures
are protected well while noise is removed. Our second choice is an lower-upper-middle
(LUM) filter with parameters k = l = 7. The enhanced result is shown in Figure 8b.
Similarly to the similarity-mean filter, the LUM filter highlights locally continuous reflectors while preserving the geometry of faults. Figure 9 shows the difference sections,
in which the structure-enhancing results using two filtering methods (Figure 8) are
subtracted from the original data (Figure 6a). After processing, the coherent events
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Figure 4:
Difference between Figure 1b and structure-enhancing results
(Figure 3).
Standard mean filtering (a), similarity-mean filtering (b),
standard median filtering (c), and lower-upper-middle (LUM) filtering (d).
strfilter/spray mdif1,gdif1,mdif,ldif1
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Figure 5: Schematic illustration of the proposed workflow. strfilter/XFig strat
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are preserved by both methods. The LUM filter also removes some short events with
crossing dips.
An extension of the method to 3-D is straightforward and follows the 3-D predictive painting construction of (8). We use a 3-D field data volume from the Gulf of
Mexico to further test our methods (Figure 10). The dataset includes faults having
an upside-down cone shape and some amount of random noise. Although variations
in amplitude along reflectors can be stratigraphically significant, our goal is to enhance structurally continuous events. We chose a total of 24 prediction traces (2
prediction-step distances around the reference trace), which, with the addition of the
original trace, generated a 4-D data volume. The corresponding inline and crossline
dips were measured automatically from the image using plane-wave destruction (Figure 11 and 12). Dip sections display different tendencies in inline and crossline directions. Figure 13 and 14 show results of nonlinear structure-enhancing filtering. When
processing along the prediction direction, both of our nonlinear filters work well for
noise reduction and fault protection. Figure 15 and 16 show the difference sections
between the original data (Figure 10) and the structure-enhancing results using two
filtering methods (Figure 13 and 14). Similar to the results in the synthetic and 2-D
field examples, both methods can protect useful information well.

CONCLUSION
We have introduced a new technique that combines structure prediction and signalenhancing filters: similarity-mean filter and lower-upper-middle (LUM) filter, for
attenuating random noise while enhancing structural information. The technique
is generic. One can replace the proposed filters with other prediction and signalenhancing filter methods. Experiments with synthetic and field data show that nonlinear structure-enhancing filters can both eliminate random noise and preserve fault
information in seismic images. Our method makes an implicit assumption that data is
made of long, coherent events and random noise. It may need a further improvement
to deal with areas where either crossing dips or no coherent events are present.
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Figure 6: 2-D field data (a) and local slopes (b). strfilter/bei bei,rdip
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Figure 7: Predictive data volume (a) and product of Gaussian weights and similarity
weights (b). strfilter/bei rcube,rweight
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Figure 8:
Structure-enhancing results for image from Figure 6a using
similarity-mean filtering (a) and lower-upper-middle (LUM) filtering (b).
strfilter/bei rgsimilarstack,rmedian
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Figure 9: Difference between Figure 6a and structure-enhancing results (Figure 8). Similarity-mean filtering (a) and lower-upper-middle (LUM) filtering (b).
strfilter/bei rgdif,rldif
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Figure 10: 3-D image from Gulf of Mexico. strfilter/hongliu sgr-ori

585

586

Liu etc.

Figure 11:
Local inline
strfilter/hongliu sgr-dip1

dip

for

GP-2009-0736

the

3-D

image

from

Figure

10.

GP-2009-0736

Structurally nonlinear filtering

Figure 12:
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Figure 13: Structure-enhancing result using similarity-mean filtering. Compare with
Figure 10. strfilter/hongliu sgr-gsstack
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Figure 14: Structure-enhancing result using lower-upper-middle (LUM) filtering.
Compare with Figure 10. strfilter/hongliu sgr-lum
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Figure 15: Difference between Figure 10 and Figure 13. strfilter/hongliu sgr-gdif
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Figure 16: Difference between Figure 10 and Figure 14. strfilter/hongliu sgr-ldif

592

Liu etc.

GP-2009-0736

APPENDIX A: SIMILARITY-MEAN FILTER
(6) defined local similarity as follows. The global correlation coefficient between two
different signals a(t) and b(t) is the functional
ha(t), b(t)i
,
γ=p
ha(t), a(t)ihb(t), b(t)i
where hx(t), y(t)i denotes the dot product between two signals
Z
hx(t), y(t)i = x(t)y(t)dt .

(A-1)

(A-2)

In a linear algebra notation, the squared correlation coefficient γ from equation A-1
can be represented as a product of two least-squares inverses
γ 2 = γ1 γ2 ,

(A-3)

γ1 = (aT a)−1 (aT b) ,

(A-4)

γ2 = (bT b)−1 (bT a) ,

(A-5)

where a is a vector notation for a(t), b is a vector notation for b(t), and xT y denotes
the dot product operation defined in equation A-2. Let A be a diagonal operator
composed of the elements of a and B be a diagonal operator composed of the elements
of b. Localizing equations A-4 and A-5 amounts to adding regularization to inversion.
Scalars γ1 and γ2 turn into vectors c1 and c2 defined, using shaping regularization (7)
c1 = [λ2 I + S(AT A − λ2 I)]−1 SAT b ,

(A-6)

c2 = [λ2 I + S(BT B − λ2 I)]−1 SBT a ,

(A-7)

where λ scaling controls the relative scaling of operators A and B. Finally, the
componentwise product of vectors c1 and c2 defines the local similarity measure.
For using time-dependent smooth weights in the stacking process, the local similarity amplitude can be chosen as a weight for stacking seismic data. We thus stack
only those parts of the predicted data whose similarity to the reference one is comparatively large (16).

APPENDEX B: LOWER-UPPER-MIDDLE FILTER
In this appendix, we review lower-upper-middle (LUM) filters introduced by (12).
Consider a window function containing a set of N samples centered about the sample x? . We assume N to be odd. This set of observations will be denoted by
{x1 , x2 , · · · , xN }. The rank-ordered set can be written as
x(1) ≤ x(2) ≤ · · · ≤ x(N ) .
The estimate of the center sample will be denoted y ? .

(B-1)
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Lower-upper-middle smoother
Lower-upper-middle (LUM) smoother is equivalent to center-weighted medians
(14). The output of the LUM smoother with parameter k is given by
y ? = med{x(k) , x? , x(N −k+1) } ,

(B-2)

where 1 ≤ k ≤ (N + 1)/2.
Thus, the output of the lower-upper-middle (LUM) smoother is x(k) if x? < x(k) .
If x? > x(N −k+1) , then the output of the LUM smoother is x(N −k+1) . Otherwise
the output of the LUM smoother is simply x? .
Lower-upper-middle sharpener
We can define a value centered between the lower- and upper-order statistics,
x(l) and x(N −l+1) . This midpoint or average, denoted tl , is given by
tl = (x(l) + x(N −l+1) )/2 .

(B-3)

Then, the output of the lower-upper-middle (LUM) sharpener with parameter
l is given by

if x(l) < x? ≤ tl
 x(l) ,
?
x(N −l+1) , if tl < x? < x(N −l+1) .
y =
 ?
x
otherwise

(B-4)

Thus, if x(l) < x? < x(N −l+1) , then x? is shifted outward to x(l) or x(N −l+1)
according to which is closest to x? . Otherwise the sample x? is unmodified.
By changing the parameter l, various levels of sharpening can be achieved.
In the case where l = (N + 1)/2, no sharpening occurs and the lower-uppermiddle (LUM) sharpener is simply an identity filter. In the case where l = 1, a
maximum amount of sharpening is achieved since x? is being shifted to one of
the extreme-order statistics x(1) or x(N ) .
Lower-upper-middle filter
To obtain an enhancing filter that is robust and can reject outliers, the philosophies of the lower-upper-middle (LUM) smoother and lower-upper-middle
(LUM) sharpener must be combined. This leads us to the general lower-uppermiddle (LUM) filter. A direct definition is as follows:

x(k) ,
if x? < x(k)




if x(l) < x? < tl
 x(l) ,
?
x(N −l+1) , if tl < x? < x(N −l+1) .
y =
(B-5)

?

x −k+1) , if x(N −l+1) < x


 (N
x? ,
otherwise
where tl is the midpoint between x(l) and x(N −l+1) defined in equation B-3, and
1 ≤ k ≤ l ≤ (N + 1)/2.
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A parallel sweeping preconditioner for
heterogeneous 3D Helmholtz equations
Jack Poulson∗ , Björn Engquist † , Siwei Li ‡ , and Lexing Ying
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ABSTRACT
A parallelization of a sweeping preconditioner for 3D Helmholtz equations without large cavities is introduced and benchmarked for several challenging velocity models. The setup and application costs of the sequential preconditioner
are shown to be O(γ 2 N 4/3 ) and O(γN log N ), where γ(ω) denotes the modestly
frequency-dependent number of grid points per Perfectly Matched Layer. Several computational and memory improvements are introduced relative to using
black-box sparse-direct solvers for the auxiliary problems, and competitive runtimes and iteration counts are reported for high-frequency problems distributed
over thousands of cores. Two open-source packages are released along with this
paper: Parallel Sweeping Preconditioner (PSP) and the underlying distributed
multifrontal solver, Clique.

INTRODUCTION
While definite elliptic partial differential equations can be efficiently solved by a wide
variety of techniques (e.g., multigrid, ILU, or structured matrix factorizations), indefinite elliptic equations tend to be more challenging. This paper is concerned with
three-dimensional heterogeneous Helmholtz equations of the form,


ω2
Au ≡ −∆ − 2
u(x) = f (x),
(1)
c (x)
where c(x) is the spatially varying wave speed, and u(x)e−iωt is the time-harmonic
response to an acoustic wave equation with forcing function f (x)e−iωt . It is important
to recognize that −∆ is positive-definite and that its combination with the negative2
definite − ωc2 term results in an indefinite system.
Before discussing the overall asymptotic complexity of solution techniques, it is
helpful to first motivate why high frequency problems require large numbers of degrees of freedom: Given the wave speed bounds cmin ≤ c(x) ≤ cmax , we can define
the minimum wavelength as λmin = 2πcmin /ω. In order to resolve oscillations in the
solution using piecewise polynomial basis functions, e.g., with finite-difference and
finite-element methods, it is necessary to increase the number of degrees of freedom
∗

e-mail: sergey.fomel@beg.utexas.edu
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in each direction at least linearly with the number of wavelengths spanned by the
domain. In order to combat pollution effects (4), which are closely related to phase
errors in the discrete solution, one must use asymptotically more than a constant
number of grid points per wavelength with standard discretization schemes. Nevertheless, it is common practice to resolve the domain to as few as ten points per
wavelength. In any case, piecewise polynomial discretizations require Ω(ω d ) degrees
of freedom in d dimensions.
Until recently, doubling the frequency of Eq. (1) not only increased the size of
the linear system by at least a factor of 2d , it also doubled the number of iterations
required for convergence with standard preconditioned Krylov methods (6; 17; 18).
Thus, denoting the number of degrees of freedom in a three-dimensional finite-element
or finite-difference discretization as N = Ω(ω 3 ), every linear solve required Ω(ω 4 )
work with traditional iterative techniques. Engquist and Ying recently introduced two
classes of sweeping preconditioners for Helmholtz equations without large cavities (14;
15): Both approaches approximate a block LDLT factorization of the Helmholtz
operator in block tridiagonal form in a manner which exploits a radiation boundary
condition. The first approach performs a block tridiagonal factorization algorithm
in H-matrix arithmetic (25; 22), while the second approach approximates the Schur
complements of the factorization using auxiliary problems with artificial radiation
boundary conditions. Though the H-matrix sweeping preconditioner has theoretical
support for two-dimensional problems (14; 28), there is not yet justification for threedimensional problems.
This paper therefore focuses on the second approach, which relies on multifrontal
factorizations (27; 34; 12; 21) of the approximate auxiliary problems in order to
achieve an O(γ 2 N 4/3 ) setup cost and an O(γN log N ) application cost, where γ(ω)
denotes the number of grid points used for each Perfectly Matched Layer (PML) (29).
While the sweeping preconditioner is competitive with existing techniques even for
a single right-hand side, its main advantage is for problems with large numbers of
right-hand sides, as the preconditioner appears to converge in O(1) iterations for
problems without large cavities. Thus, after setting up the preconditioner, typically
only O(γN log N ) work is required for each solution.

Moving PML sweeping preconditioner
The focus of this paper is on parallelization of the second class of sweeping preconditioners mentioned above, which makes use of auxiliary problems with artificial
radiation boundary conditions in order to approximate the Schur complements that
arise during block LDLT factorization. The approach is referred to as a moving
PML preconditioner since the introductory paper represented the artificial radiation
boundary conditions using PML.
One interpretation of radiation conditions is that they allow for the analysis of a
finite portion of an infinite domain, as their purpose is to enforce the condition that
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waves propagate outwards and not reflect at the boundary of the truncated domain.
This concept is crucial to understanding the Schur complement approximations that
take place within the moving PML sweeping preconditioner which is reintroduced in
this paper for the sake of completeness.
For the sake of simplicity, we will describe the preconditioner in the context of
a second-order finite-difference discretization over the unit cube, with PML used to
approximate a radiation boundary condition on the x3 = 0 face and homogeneous
Dirichlet boundary conditions applied on all other boundaries (an x1 x3 cross-section
is shown in Fig. 1). If the domain is discretized into an n × n × n grid, then ordering
the vertices in the grid such that vertex (i1 , i2 , i3 ) is assigned index i1 + i2 n + i3 n2
results in a block tridiagonal system of equations, say


 

A0,0 AT1,0
u0
f0


.


  u1 
 A1,0 A1,1 . .
  f1 





..
..
..
  ...  =  ... 

(2)
,
.
.
.


 



..
..

  fn−2 

.
.
ATn−1,n−2  un−2
un−1
fn−1
An−1,n−2 An−1,n−1
where Ai,j propagates sources from the i’th x1 x2 plane into the j’th x1 x2 plane, and
the overall linear system is complex symmetric (not Hermitian) due to the imaginary
terms introduced by the PML (15).
If we were to ignore the sparsity within each block, then the following naı̈ve
factorization and solve algorithms would be appropriate for a direct solver, where the
application of Si−1 implicitly makes use of the factorization of Si .
Algorithm 0.0.1: Naı̈ve block tridiagonal LDLT factorization.
O(N 7/3 ) work is required.
S0 := A0,0
Factor S0
for i = 0, ..., n − 2 do
Si+1 := Ai+1,i+1 − Ai+1,i Si−1 ATi+1,i
Factor Si+1

O(n7 ) =

While the computational complexities of Algs. 0.0.1 and 0.0.2 are significantly
higher than multifrontal algorithms (27; 12; 21), which have O(N 2 ) factorization
complexity and O(N 4/3 ) solve complexity for regular three-dimensional meshes, they
are the conceptual starting points of the sweeping preconditioner.†
Suppose that we paused Alg. 0.0.1 after computing the i’th Schur complement,
Si , where the i’th x1 x2 plane is in the interior of the domain (i.e., it is not in a PML
In fact, they are the starting points of both classes of sweeping preconditioners. The H-matrix
approach essentially executes these algorithms with H-matrix arithmetic.
†
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region
of interest

PML
x1

x3
Figure 1: An x1 x3 cross section of a cube with PML on its x3 = 0 face. The domain
is shaded in a manner which loosely corresponds to its extension into the complex
plane. psp/Tikz plane-with-single-pml

Algorithm 0.0.2: Naı̈ve block LDLT solve. O(n5 ) = O(N 5/3 ) work is required.
// Apply L−1
for i = 0, ..., n − 2 do
ui+1 := ui+1 − Ai+1,i (Si−1 ui )
// Apply D−1
for i = 0, ..., n − 1 do
ui := Si−1 ui
// Apply L−T
for i = n − 2, ..., 0 do
ui := ui − Si−1 (ATi+1,i ui+1 )
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region). Due to the ordering imposed on the degrees of freedom of the discretization,
the first i Schur complements are equivalent to those that would have been produced
from applying Alg. 0.0.1 to an auxiliary problem formed by placing a homogeneous
Dirichlet boundary condition on the (i + 1)’th x1 x2 plane and ignoring all of the
successive planes (see the left half of Fig. 2). While this observation does not immediately yield any computational savings, it does allow for a qualitative description
of the inverse of the i’th Schur complement, Si−1 : it is the restriction of the halfspace Green’s function of the exact auxiliary problem onto the i’th x1 x2 plane (recall
that PML can be interpreted as approximating the effect of a domain extending to
infinity).
The main approximation made in the sweeping preconditioner can now be succinctly described: since Si−1 is a restricted half-space Green’s function which incorporates the velocity field of the first i planes, it is natural to approximate it with
another restricted half-space Green’s function which only takes into account the local
velocity field, i.e., by moving the PML next to the i’th plane (see the right half of
Fig. 2).

=
x1

≈
x1

x3

x1

x3

x3

Figure 2: (Left) A depiction of the portion of the domain involved in the computation
of the Schur complement of an x1 x2 plane (marked with the dashed line) with respect
to all of the planes to its left during execution of Alg. 0.0.1. (Middle) An equivalent
auxiliary problem which generates the same Schur complement; the original domain is
truncated just to the right of the marked plane and a homogeneous Dirichlet boundary
condition is placed on the cut. (Right) A local auxiliary problem for generating an
approximation to the relevant Schur complement; the radiation boundary condition of
the exact auxiliary problem is moved next to the marked plane. psp/Tikz auxiliary
If we use γ(ω) to denote the number of grid points of PML as a function of the
frequency, ω, then it is important to recognize that the depth of the approximate
auxiliary problems in the x3 direction is Ω(γ).‡ If the depth of the approximate
In all of the experiments in this paper, γ(ω) was either 5 or 6, and the subdomain depth never
exceeded 10.
‡
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auxiliary problems was O(1), then combining nested dissection with the multifrontal
method over the regular n × n × O(1) mesh would only require O(n3 ) work and
O(n2 log n) storage (21). However, if the PML size is a slowly growing function
of frequency, then applying 2D nested dissection to the quasi-2D domain requires
O(γ 3 n3 ) work and O(γ 2 n2 log n) storage, as the number of degrees of freedom in each
front increases by a factor of γ and dense factorizations have cubic complexity.
Let us denote the quasi-2D discretization of the local auxiliary problem for the i’th
plane as Hi , and its corresponding approximation to the Schur complement Si as S̃i .
Since S̃i is essentially a dense matrix, it is advantageous to come up with an abstract
scheme for applying S̃i−1 : Assuming that Hi was ordered in a manner consistent with
the (i1 , i2 , i3 ) 7→ i1 + i2 n + i3 n2 global ordering, the degrees of freedom corresponding
to the i’th plane come last and we find that


? ?
−1
Hi =
,
(3)
? S̃i−1
where the irrelevant portions of the inverse have been marked with a ?. Then, trivially,

 

 

? ?
?
0
0
−1
Hi
=
=
,
(4)
ui
ui
? S̃i−1
S̃i−1 ui
which implies a method for quickly computing S̃i−1 ui given a factorization of Hi :
Algorithm 0.0.3: Application of S̃i−1 to ui given a multifrontal factorization of
Hi . O(γ 2 n2 log n) work is required.
Form ûi as the extension of ui by zero over the artificial PML
Form v̂i := Hi−1 ûi
Extract S̃i−1 ui from the relevant entries of v̂i
From now on, we write Ti to refer to the application of the (approximate) inverse
of the Schur complement for the i’th plane.
There are two more points to discuss before defining the full serial algorithm.
The first is that, rather than performing an approximate LDLT factorization using
a discretization of A, the preconditioner is instead built from a discretization of an
artificially damped version of the Helmholtz operator, say


(ω + iα)2
,
(5)
J ≡ −∆ −
c2 (x)
where α ≈ 2π is responsible for the artificial damping. This is in contrast to shifted
Laplacian preconditioners (5; 16), where α is typically O(ω) (18), and our motivation
is to avoid introducing large long-range dispersion error by damping the long range
interactions in the preconditioner. Just as A refers to the discretization of the original
Helmholtz operator, A, we will use J to refer to the discretization of the artificially
damped operator, J .
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The second point is much easier to motivate: since the artificial PML in each approximate auxiliary problem is of depth γ(ω), processing a single plane at a time would
require processing O(n) subdomains with O(γ 3 n3 ) work each. Clearly, processing
O(γ) planes at once has the same asymptotic complexity as processing a single plane,
and so combining O(γ) planes reduces the setup cost from O(γ 3 N 4/3 ) to O(γ 2 N 4/3 ).
Similarly, the memory usage becomes O(γN log N ) instead of O(γ 2 N log N ).§ If we
refer to these sets of O(γ) contiguous planes as panels, which we label from 0 to m−1,
where m = O(n/γ), and correspondingly redefine {ui }, {fi }, {Si }, {Ti }, and {Hi }, we
have the following algorithm for setting up an approximate block LDLT factorization
of the discrete artificially damped Helmholtz operator:
Algorithm 0.0.4: Setup phase of the sweeping preconditioner. O(γ 2 N 4/3 ) work
is required.
S0 := J0,0
Factor S0
for i = 1, ..., m − 1 do
Form Hi by prefixing PML to Ji,i
Factor Hi

Once the preconditioner is set up, it can be applied using a straightforward modification of Alg. 0.0.2 which avoids redundant solves by combining the application of
L−1 and D−1 :
Algorithm 0.0.5: Application of the sweeping preconditioner. O(γN log N )
work is required.
// Apply L−1 and D−1
for i = 0, ..., m − 2 do
ui := Ti ui
ui+1 := ui+1 − Ji+1,i ui
um−1 := Tm−1 um−1
// Apply L−T
for i = m − 2, ..., 0 do
T
ui := ui − Ti (Ji+1,i
ui+1 )

Given that the preconditioner can be set up with O(γ 2 N 4/3 ) work, and applied
with O(γN log N ) work, it provides a near-linear scheme for solving Helmholtz equations if only O(1) iterations are required for convergence. The experiments in this
paper seem to indicate that, as long as the velocity model does not include a large
cavity, the sweeping preconditioner indeed only requires O(1) iterations.
Note that increasing the number of planes per panel provides a mechanism for interpolating
between the sweeping preconditioner and a full multifrontal factorization.
§
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Though this paper is focused on the parallel solution of Helmholtz equations,
which are the time-harmonic form of acoustic wave equations, Tsuji et al. have shown
that the moving PML sweeping preconditioner is equally effective for time-harmonic
Maxwell’s equations (38; 39), and we believe that the same will hold true for timeharmonic linear elasticity. The rest of the paper will be presented in the context of
the Helmholtz equation, but we emphasize that the parallelization should carry over
to more general wave equations in a conceptually trivial way.

Related work
A domain decomposition variant of the sweeping preconditioner was recently introduced (37) which results in fast convergence rates, albeit at the expense of requiring
PML padding on both sides of each subdomain. Recalling our previous analysis with
respect to the PML size, γ, the memory usage of the preconditioner scales linearly
with the PML size, while the setup cost scales quadratically. Thus, the domain decomposition approach should be expected to use twice as much memory and require
four times as much work for the setup phase. On the other hand, doubling the subdomain sizes allows for more parallelism in both the setup and solve phases, and less
sweeps seem to be required.
Another closely related method is the Analytic ILU factorization (19). Like the
sweeping preconditioner, it uses local approximations of the Schur complements of the
block LDLT factorization of the Helmholtz matrix represented in block tridiagonal
form. There are two crucial differences between the two methods:
• Roughly speaking, AILU can be viewed as using Absorbing Boundary Conditions (ABC’s) (13) instead of PML when forming approximate subdomain
auxiliary problems. While ABC’s result in strictly 2D local subproblems, versus the quasi-2D subdomain problems which result from using PML, they are
well-known to be less effective approximations of the Sommerfeld radiation condition (and thus the local Schur complement approximations are less effective).
The sweeping preconditioner handles its non-trivial subdomain factorizations
via a multifrontal algorithm.
• Rather than preconditioning with an approximate LDLT factorization of the
original Helmholtz operator, the sweeping preconditioner sets up an approximate factorization of a slightly damped Helmholtz operator in order to mitigate
the dispersion error which would result from the Schur complement approximations.
These two improvements are responsible for transitioning from the O(ω) iterations
required with AILU to the O(1) iterations needed with the sweeping preconditioner
(for problems without large cavities).
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Two other iterative methods warrant mentioning: the two-grid shifted-Laplacian
approach of (8) and the multilevel-ILU approach of (6). Though both require O(ω)
iterations for convergence, they have very modest memory requirements. In particular, (8) demonstrates that, with a properly tuned two-grid approach, large-scale
heterogeneous 3D problems can be solved with impressive timings.
There has also been a recent effort to extend the fast-direct methods presented
in (43) from definite elliptic problems into the realm of low-to-moderate frequency
time-harmonic wave equations (40; 41). In particular, their experiments (see Table 3
of (40)) suggest an asymptotic complexity of roughly O(N 1.8 ), which is a noticeable
improvement over the O(N 2 ) complexity of traditional 3D sparse-direct methods.

PARALLEL SWEEPING PRECONDITIONER
The setup and application stages of the sweeping preconditioner (Algs. 0.0.4 and 0.0.5)
essentially consist of m = O(n/γ) multifrontal factorizations and solves, respectively.
The most important detail is that the subdomain factorizations can be performed in
parallel, while the subdomain solves must happen sequentially.¶ When we also consider
that each subdomain factorization requires O(γ 3 n3 ) work, while subdomain solves
only require O(γ 2 n2 log n) work, we see that, relative to the subdomain factorizations,
subdomain solves must extract a factor of m = O(n/γ) more parallelism from a factor
of O(γn/ log n) less operations. We thus have a strong hint that, unless the subdomain
solves are carefully handled, they will be the limiting factor in the scalability of the
sweeping preconditioner.

Parallel multifrontal algorithms
While a large number of techniques exist for parallelizing multifrontal factorizations and triangular solves, we focus on parallelizations which combine subtree-tosubteam (20) mappings of processes to the elimination tree (34) that also make use of
two-dimensional distributions of the frontal matrices (35).k More specifically, we make
use of supernodal (3) elimination trees defined through nested dissection (see Figs. 3
and 4), which have been shown to result in highly scalable factorizations (24; 23) and
moderately scalable triangular solutions (26).
Roughly speaking, the analysis in (26) shows that, if pF processes are used in the
multifrontal factorization of our quasi-2D subdomain problems, then we must have
1/2
γn = Ω(pF ) in order to maintain constant efficiency as pF is increased; similarly, if pS
processes are used in the multifrontal triangular solves for a subdomain, then we must
While it is tempting to try to expose more parallelism with techniques like cyclic reduction
(which is a special case of a multifrontal algorithm), their straightforward application destroys the
Schur complement properties that we exploit for our fast algorithm.
k
Cf. (1), which advocates for only distributing the root frontal matrix two-dimensionally and
using a one-dimensional distribution for all other fronts.
¶
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Figure 3: A separator-based supernodal elimination tree (right) over a quasi-2D subdomain (left). psp/Tikz sep-tree
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Figure 4: Overlay of the process ranks (in binary) of the owning subteams of each
supernode from the elimination tree in Fig. 3 when the tree is assigned to eight
processes using a subtree-to-subteam mapping; a ‘*’ is used to denote both 0 and 1,
so that ‘00∗’ represents processes 0 and 1, ‘01∗’ represents processes 2 and 3, and
‘∗ ∗ ∗’ represents all eight processes. psp/Tikz subteam
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have γn ≈ Ω(pS ) (where we use ≈ to denote that the equality holds within logarithmic
factors). Since we can simultaneously factor the m = O(n/γ) subdomain matrices, we
denote the total number of processes as p and set pS = p and pF = O(p/m); then the
subdomain factorizations only require that n3 = Ω(p/γ), while the subdomain solves
have the much stronger constraint that n ≈ Ω(p/γ). This last constraint should be
considered unacceptable, as we have the conflicting requirement that n3 ≈ O(p/γ) in
order to store the factorizations in memory. It is therefore advantageous to consider
more scalable alternatives to standard multifrontal triangular solves, even if they
require additional computation.

Selective inversion
The lackluster scalability of dense triangular solves is well known and a scheme known
as selective inversion was introduced in (32) and implemented in (31) specifically to
avoid the issue; the approach is characterized by directly inverting every distributed
dense triangular matrix which would have been solved against in a normal multifrontal triangular solve. Thus, after performing selective inversion, every parallel
dense triangular solve can be translated into a parallel dense triangular matrix-vector
multiply.
Suppose that we have paused a multifrontal LDLT factorization just before processing a particular front, F , which corresponds to some supernode, S. Then all of the
fronts for the descendants of S have already been handled, and F can be partitioned
as


FT L
?
F =
,
(6)
FBL FBR
where FT L holds the Schur complement of supernode S with respect to all of its
descendants, FBL represents the coupling of S and its descendants to S’s ancestors,
and FBR holds the Schur complement updates from the descendants of S for the
ancestors of S. Using hats to denote input states, e.g., F̂T L to denote the input state
of FT L , the first step in processing the frontal matrix F is to overwrite FT L with its
LDLT factorization, which is to say that F̂T L is overwritten with the strictly lower
portion of a unit lower triangular matrix LF and a diagonal matrix DF such that
F̂T L = LF DF LTF .
The partial factorization of F can then be completed via the following steps:
1. Solve against LTF to form FBL := FBL L−T
F .
2. Form the temporary copy ZBL := FBL .
3. Finalize the coupling matrix as FBL := FBL DF−1 .
T
T
4. Finalize the update matrix as FBR := FBR − F̂BL F̂T−1
L F̂BL = FBR − ZBL FBL .
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After adding FBR onto the parent frontal matrix, only FT L and FBL are needed in
order to perform a multifrontal solve. For instance, applying L−1 to some vector x
proceeds up the elimination tree (starting from the leaves) in a manner similar to the
factorization; after handling all of the work for the descendants of some supernode S,
only a few dense linear algebra operations with S’s corresponding frontal matrix, say
F , are required. Denoting the portion of x corresponding to the degrees of freedom
in supernode S by xS , we must perform:
1. xS := L−1
F xS
2. xU ≡ −FBL xS
3. Add xU onto the entries of x corresponding to the parent supernode.
The key insight of selective inversion is that, if we invert each distributed dense unit
lower triangular matrix LF in place, all of the parallel dense triangular solves in a
multifrontal triangular solve are replaced by parallel dense matrix-vector multiplies. It
is also observed in (32) that the work required for the selective inversion is typically
only a modest percentage of the work required for the multifrontal factorization, and
that the overhead of the selective inversion is easily recouped if there are several
right-hand sides to solve against.
Since each application of the sweeping preconditioner requires two multifrontal
solves for each of the m = O(n/γ) subdomains, which are relatively small and likely
distributed over a large number of processes, selective inversion will be shown to yield
a very large performance improvement. We also note that, while it is widely believed
that direct inversion is numerically unstable, in (11) Druinsky and Toledo provide
a review of (apparently obscure) results dating back to Wilkinson (in (42)) which
show that x := inv(A) ∗ b is as accurate as a backwards stable solve if reasonable
assumptions are met on the accuracy of inv(A). Since inv(A)∗b is argued to be more
accurate when the columns of inv(A) have been computed with a backwards-stable
solver, and both inv(FT L ) and inv(FTTL ) must be applied after selective inversion, it
might be worthwhile to modify selective inversion to compute and store two different
inverses of each FT L : one by columns and one by rows.

Global vector distributions
The goal of this subsection is to determine an appropriate scheme for distributing
global vectors, i.e., ones representing a function over the entire domain (as opposed
to only over a panel). And while the factorizations themselves may have occurred on
subteams of O(p/m) processes each, in order to make use of all available processes
for every subdomain solve, at this point we assume that each auxiliary problem’s
frontal tree has been selectively inverted and is distributed using a subtree-to-subteam
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Figure 5: Overlay of the owning process ranks of an 7 × 7 matrix distributed over a
2 × 3 process grid in the [MC , MR ] distribution, where MC assigns row i to process
row i mod 2, and MR assigns column j to process column i mod 3 (left). The process
grid is shown on the right.

mapping (recall Fig. 4) over the entire set of p processes.∗∗
Since a subtree-to-subteam mapping will assign each supernode of an auxiliary
problem to a team of processes, and each panel of the original 3D domain is by
construction a subset of the domain of an auxiliary problem, it is straightforward to
extend the supernodal subteam assignments to the full domain. We should then be
able to distribute global vectors so that no communication is required for readying
panel subvectors for subdomain solves (via extension by zero for interior panels, and
trivially for the first panel). Since our nested dissection process does not partition
in the shallow dimension of quasi-2D subdomains (see Fig. 3), extending a vector
defined over a panel of the original domain onto the PML-padded auxiliary domain
simply requires individually extending each supernodal subvector by zero in the x3
direction.
Consider an element-wise two-dimensional cyclic distribution (30) of a frontal
√
matrix F over q processes using an r × c process grid, where r and c are O( q). Then
the (i, j) entry will be stored by the process in the (i mod r, j mod c) position in the
process grid. Using the notation from (30), this distributed front would be denoted
as F [MC , MR ], while its top-left quadrant would be referred to as FT L [MC , MR ] (see
Fig. 5 for a depiction of an [MC , MR ] matrix distribution).
Loosely speaking, F [X, Y ] means that each column of F is distributed using the
scheme denoted by X, and each row is distributed using the scheme denoted by Y .
For the element-wise two-dimensional distribution used for F , [MC , MR ], we have that
the columns of F are distributed like Matrix Columns (MC ), and the rows of F are
distributed like Matrix Rows (MR ). While this notation may seem vapid when only
working with a single distributed matrix, it is useful when working with products of
distributed matrices. For instance, if a ‘?’ is used to represent rows/columns being
redundantly stored (i.e., not distributed), then the result of every process multiplying
In cases where the available solve parallelism has been exhausted but the problem cannot be
solved on less processes due to memory constraints, it would be preferable to solve with subdomains
stored on subsets of processes.
∗∗
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Figure 6: Overlay of the owning process ranks of a vector of height 7 distributed over
a 2 × 3 process grid in the [VC , ?] vector distribution (left) and the [VR , ?] vector
distribution (right).
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Figure 7: Overlay of the owning process ranks of a vector of height 7 distributed over
a 2 × 3 process grid in the [MC , ?] distribution (left) and the [MR , ?] distribution
(right).

its local submatrix of A[X, ?] with its local submatrix of B[?, Y ] forms a distributed
matrix C[X, Y ] = (AB)[X, Y ] = A[X, ?] B[?, Y ], where the last expression refers to
the local multiplication process.
We can now decide on a distribution for each supernodal subvector, say xS , based
on the criteria that it should be fast to form FT L xS and FTTL xS in the same distribution
as xS , given that FT L is distributed as FT L [MC , MR ]. Suppose that we define a
Column-major Vector distribution (VC ) of xS , say xS [VC , ?], to mean that entry i
is owned by process i mod q, which corresponds to position (i mod r, bi/rc mod c)
in the process grid (if the grid is constructed with a column-major ordering of the
process ranks; see the left side of Fig. 6). Then a call to MPI_Allgather (10) within
each row of the process grid would allow for each process to collect all of the data
necessary to form xS [MC , ?], as for any process row index s ∈ {0, 1, ..., r − 1},
{i ∈ N0 : i mod r = s} =

c−1
[

{i ∈ N0 : i mod q = s + tr}.

(7)

t=0

See the left side of Fig. 7 for an example of an [MC , ?] distribution of a 7 × 3 matrix.
Similarly, if xS was distributed with a Row-major Vector distribution (VR ), as
shown on the right side of Fig. 6, say xS [VR , ?], so that entry i is owned by the process
in position (bi/cc mod r, i mod c) of the process grid, then a call to MPI_Allgather
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within each column of the process grid would provide each process with the data necessary to form xS [MR , ?]. Under reasonable assumptions, both of these redistributions
√
can be shown to have per-process communication volume lower bounds of Ω(n/ p)
√
(if FT L is n × n) and latency lower bounds of Ω(log2 ( p)) (9). We also note that
translating between xS [VC , ?] and xS [VR , ?] simply requires permuting which process
owns each local subvector, so the communication volume would be O(n/p), while the
latency cost is O(1).
We have thus described efficient techniques for redistributing xS [VC , ?] to both the
xS [MR , ?] and xS [MC , ?] distributions, which are the first steps for our parallel algorithms for forming FT L xS and FTTL xS , respectively: Denoting the distributed result
of each process in process column t ∈ {0, 1, ..., c − 1} multiplying its local subma(t)
trix of FT L [MC , MP
R ] by its local subvector of xS [MR , ?] as z [MC , ?], it holds that
c−1 (t)
(FT L xS )[MC , ?] = t=0 z [MC , ?]. Since Eq. (7) also implies that each process’s local
data from a [VC , ?] distribution is a subset of its local data from a [MC , ?] distribuc−1
tion, a simultaneous summation and scattering of {z (t) [MC , ?]}t=0
within process rows,
perhaps via MPI_Reduce_scatter or MPI_Reduce_scatter_block, yields the desired
result, (FT L xS )[VC , ?]. An analogous process with (FT L [MC , MR ])T = FTTL [MR , MC ]
and xS [MC , ?] yields (FTTL xS )[VR , ?], which can then be cheaply permuted to form
(FTTL xS )[VC , ?]. Both calls to MPI_Reduce_scatter_block can be shown to have
the same communication lower bounds as the previously discussed MPI_Allgather
calls (9).
As discussed at the beginning of this section, defining the distribution of each
supernodal subvector specifies a distribution for a global vector, say [G, ?]. While
the [VC , ?] distribution shown in the left half of Fig. 6 simply assigns entry i of a
supernodal subvector xS , distributed over q processes, to process i mod q, we can
instead choose an alignment parameter, σ, where 0 ≤ σ < q, and assign entry i to
process (i + σ) mod q. If we simply set σ = 0 for every supernode, as the discussion
at the beginning of this subsection implied, then at most O(γn) processes will store
data for the root separator supernodes of a global vector, as each root separator only
has O(γn) degrees of freedom by construction. However, there are m = O(n/γ) root
separators, so we can easily allow for up to O(n2 ) processes to share the storage of
a global vector if the alignments are carefully chosen. It is important to notice that
the top-left quadrants of the frontal matrices for the root separators can each be
distributed over O(γ 2 n2 ) processes, so O(γ 2 n2 ) processes can actively participate in
the corresponding triangular matrix-vector multiplications.

Parallel preconditioned GMRES(k)
Since, by hypothesis, only O(1) iterations of GMRES(k) will be required for convergence with the sweeping preconditioner, a cursory inspection of Algorithm 0.0.5 reveal
that most of the work in a preconditioned iterative method, such as GMRES(k), will
be performed in the multifrontal solves during the preconditioner application, but
a modest portion will also be spent in sparse matrix-vector multiplication with the
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discrete Helmholtz operator, A, and the off-diagonal blocks of the discrete artificially
damped Helmholtz operator, J. It is thus important to parallelize the sparse matrixvector multiplies, but it is not crucial that the scheme be optimal, and so we simply
distribute A and J in the same manner as vectors, i.e., with the [G, ?] distribution
derived from the auxiliary problems’ frontal distributions.
For performance reasons, it is beneficial to solve as many right-hand sides simultaneously as possible: both the communication latency and the costs of loading the
local data from frontal and sparse matrices from main memory can be amortized over
all of the right-hand sides. Another idea is to extend the so-called trsm algorithm for
triangular solves with many right-hand sides (i.e., more right-hand sides than processes), which is well-known in the field of dense linear algebra (30), into the realm
of sparse-direct solvers via the dense frontal triangular solves. This approach was not
pursued in this paper due to the modest storage space available on Lonestar and is
left for future work. Another performance improvement might come from exploiting
block variants of GMRES (36), which can potentially lower the number of required
iterations.

Clique
In order to implement the previously discussed techniques for scalable multifrontal factorizations and solves (via selective inversion), an open-source distributed multifrontal
solver named Clique was built on top of Elemental (30), a library for distributedmemory dense linear algebra. In addition to being designed to support the techniques we discussed above: selective inversion, subtree-to-submesh mappings, and
two-dimensional frontal matrix distributions, it was also written with a strong emphasis on memory scalability. This is because the sweeping preconditioner requires
large numbers of factorizations of relatively small sparse matrices, and so it is crucial that the per-process memory usage for each subdomain factorization decreases
inversely with the total number of processes.
We note that Clique was designed specifically to provide a memory-scalable multifrontal implementation for our parallel sweeping preconditioner, and so there is not
yet support for pivoting. We plan to add a pivoted LU factorization in the near
future.

Parallel Sweeping Preconditioner (PSP)
Given the discussion in Section , it is most convenient to describe our prototype
implementation of a parallel sweeping preconditioner based upon its deviations from
our proposed approach. The primary difference is that there is not yet support for
simultaneously factoring the subdomain auxiliary problems and then redistributing
each frontal tree to the entire set of processes. This will certainly lead to large
improvements in the scalability of the setup phase, but it is left for future work.
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EXPERIMENTAL RESULTS
Our experiments were performed on the Texas Advanced Computing Center (TACC)
machine, Lonestar, which is comprised of 1,888 compute nodes, each equipped with
two hex-core 3.33 GHz processors and 24 GB of memory, which are connected with
QDR InfiniBand using a fat-tree topology. Our tests launched eight MPI processes
per node in order to provide each MPI process with 3 GB of memory.
Our experiments took place over five different 3D velocity models:
• A uniform background with a high-contrast barrier. The domain is the unit
cube and the wave speed is 1 except in [0, 1] × [0.25, 0.3] × [0, 0.75], where it is
1010 .
• A wedge problem over the unit cube, where the wave speed is set to 2 if Z ≤
0.4 + 0.1x2 , 1.5 if otherwise Z ≤ 0.8 − 0.2x2 , and 3 in all other cases.
• A two-layer model defined over the unit cube, where c = 4 if x2 < 0.5, and
c = 1 otherwise.
• A waveguide over the unit cube: c(x) = 1.25(1 − 0.4e−32(|x1 −0.5|

2 +|x

2 −0.5|

2)

).

• The SEG/EAGE Overthrust model (2), see Fig. 9.
In all of the following experiments, the shortest wavelength of each model is resolved with roughly ten grid points and the performance of the preconditioner is
tested using the following four forcing functions:
• a single shot centered at x0 , f0 (x) = ne−10nkx−x0 k ,
P
2
• three shots, f1 (x) = 2i=0 ne−10nkx−xi k ,
2

• a Gaussian beam centered at x2 in direction d, f2 (x) = eiωx·d e−4ωkx−x2 k , and
2

• a plane wave in direction d, f3 (x) = eiωx·d ,
where x0 √
= (0.5, 0.5, 0.1), x1 = (0.25, 0.25, 0.1), x2 = (0.75, 0.75, 0.5), and d =
(1, 1, −1)/ 3. Note that, in the case of the Overthrust model, these source locations
should be interpreted proportionally (e.g., an x3 value of 0.1 means a depth which is
10% of the total depth of the model). Due to the oscillatory nature of the solution,
we simply choose the zero vector as our initial guess in all experiments.
The first experiment was meant to test the convergence rate of the sweeping
preconditioner over domains spanning 50 wavelengths in each direction (resolved to
ten points per wavelength) and each test made use of 256 nodes of Lonestar. During
the course of the tests, it was noticed that a significant amount of care must be taken
when setting the amplitude of the derivative of the PML takeoff function (i.e., the
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Hz
PML amplitude
iterations

barrier
50
3.0
28

velocity model
wedge two-layers
75
50
4.0
4.0
49
48

GP-2009-0736

waveguide
37.5
2.0
52

Table 1: The number of iterations required for convergence for four model problems
(with four forcing functions per model). The grid sizes were 5003 and roughly 50
wavelengths were spanned in each direction. Five grid points were used for all PML
discretizations, four planes were processed per panel, and the damping factors were
all set to 7.

“C” variable in Eq. (2.1) from (15)). For the sake of brevity, hereafter we refer to
this variable as the PML amplitude. A modest search was performed in order to
find a near-optimal value for the PML amplitude for each problem. These values
are reported in Table 1 along with the number of iterations required for the relative
residuals for all four forcing functions to reduce to less than 10−5 .
It was also observed that, at least for the waveguide problem, the convergence
rate would be significantly improved if 6 grid points of PML were used instead of
5. In particular, the 52 iterations reported in Table 1 reduce to 27 if the PML size
is increased by one. Interestingly, the same number of iterations are required for
convergence of the waveguide problem at half the frequency (and half the resolution)
with five grid points of PML. Thus, it appears that the optimal PML size is a slowly
growing function of the frequency.†† We also note that, though it was not intentional,
each of the these first four velocity models is invariant in one or more direction, and
so it would be straightforward to sweep in a direction such that only O(1) panel
factorizations would need to be performed, effectively reducing the complexity of the
setup phase to O(γ 2 N ).
The last experiment was meant to simultaneously test the convergence rates and
scalability of the new sweeping preconditioner using the Overthrust velocity model
(see Fig. 9) at various frequencies, and the results are reported in Table 2. It is
important to notice that this is not a typical weak scaling test, as the number of
grid points per process was fixed, not the local memory usage or computational load,
which both grow superlinearly with respect to the total number of degrees of freedom.
Nevertheless, including the setup phase, it took less than three minutes to solve the
3.175 Hz problem with four right-hand sides with 128 cores, and just under seven and
a half minutes to solve the corresponding 8 Hz problem using 2048 cores. Also, while
it is by no means the main message of this paper, the timings without making use
of selective inversion are also reported in parentheses, as the technique is not widely
implemented.‡‡
††
‡‡

A similar observation is also made in (37).
Other than Clique, the only other implementation appears to be in DSCPACK (31).
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Figure 8: A single x2 x3 plane from each of the four analytical velocity models over a
5003 grid with the smallest wavelength resolved with ten grid points. (Top-left) the
three-shot solution for the barrier model near x1 = 0.7, (bottom-left) the three-shot
solution for the two-layer model near x1 = 0.7, (top-right) the single-shot solution for
the wedge model near x1 = 0.7, and (bottom-right) the single-shot solution for the
waveguide model near x1 = 0.55. psp/models solution-models
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Figure 9: Three cross-sections of the SEG/EAGE Overthrust velocity model, which
represents an artificial 20 km × 20 km × 4.65 km domain, containing an overthrust
fault, using samples every 25 m. The result is an 801 × 801 × 187 grid of wave
speeds varying discontinuously between 2.179 km/sec (blue) and 6.000 km/sec (red).
psp/overthrust overthrust

Hz
grid
setup (sec)
apply (sec/rhs)
3 digits (iter’s)
4 digits (iter’s)
5 digits (iter’s)

128
3.175
3192 ×75
48.40 (46.23)
0.468 (1.07)
42
54
63

number of processes
256
512
1024
4
5.04
6.35
4012 ×94
5052 ×118
6352 ×145
66.33 (63.41) 92.95 (86.90) 130.4 (120.6)
0.550 (1.28)
0.645 (2.40)
0.700 (3.33)
44
42
39
57
57
58
69
70
68

2048
8
8012 ×187
193.0 (175.2)
0.880 (6.13)
40
58
72

Table 2: Convergence rates and timings on TACC’s Lonestar for the SEG/EAGE
Overthrust model, where timings in parentheses do not make use of selective inversion. All cases used a double-precision second-order stencil with five grid spacings for
all PML (with an amplitude of 7.5), and a damping parameter of 2.25π. The preconditioner was configured with four planes per panel and eight processes per node, and
the ‘apply’ timings are with respect to a single application of the preconditioner to
four right-hand sides.
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Figure 10: Three planes from a solution with the Overthrust model with a single
localized shot at the center of the x1 x2 plane at a depth of 456 m: (top) a x2 x3 plane
near x1 = 14 km, (middle) an x1 x3 plane near x2 = 14 km, and (bottom) an x1 x2
plane near x3 = 0.9 km. psp/overthrust solution-overthrust
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CONCLUSIONS
A parallelization of the moving PML sweeping preconditioner has been presented
which has allowed us to efficiently solve 3D Helmholtz equations in parallel with
essentially O(1) iterations, with the only observed frequency-dependence arising from
a moderate growth in the PML size with increasing frequency. This size of the PML,
γ(ω) was explained to result in a linear growth in the memory requirements of the
preconditioner and a quadratic growth in the setup cost. Results were then presented
for a variety of models, one of which had a velocity field which varied by ten orders
of magnitude, and convergence was shown to be essentially independent of frequency
for the challenging Overthrust model.
Also, despite the requirement that each panel must be solved against one at a
time when applying the preconditioner, a custom approach was introduced and implemented which eliminates most of the communication associated with performing
traditional black-box sparse-direct factorizations and solves over each subdomain.
These implementations are now released as part of the open-source packages Clique
and Parallel Sweeping Preconditioner (PSP). There are at least five important directions for future work:
• developing a heuristic for tailoring the PML profile to the velocity field,
• extending the preconditioner to more general discretizations and time-harmonic
wave equations,
• finding a fast preconditioner for problems with large cavities (perhaps through
more general local auxiliary problems),
• testing the performance improvements resulting from simultaneously factoring
the subdomain problems and then redistributing the frontal trees, as well as a
trsm approach to solving many right-hand sides, and
• carefully studying the spectrum of the preconditioned operator for various
classes of velocity models.

AVAILABILITY
The distributed dense linear algebra library, Elemental, is available under the New
BSD License at http://code.google.com/p/elemental. The distributed multifrontal solver, Clique, is available under the GPLv3 at http://github.com/poulson/
Clique. The Parallel Sweeping Preconditioner (PSP) code is available under the
GPLv3 at http://github.com/poulson/PSP.
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Modeling of pseudo-acoustic P-waves in
orthorhombic media with a lowrank approximation
Xiaolei Song and Tariq Alkhalifah ∗

ABSTRACT
Wavefield extrapolation in pseudo-acoustic orthorhombic anisotropic media suffers from wave-mode coupling and stability limitations in the parameter range.
We use the dispersion relation for scalar wave propagation in pseudo-acoustic
orthorhombic media to model acoustic wavefields. The wavenumber-domain application of the Laplacian operator allows us to propagate the P-waves exclusively,
without imposing any conditions on the parameter range of stability. It also allows us to avoid dispersion artifacts commonly associated with evaluating the
Laplacian operator in space domain using practical finite difference stencils. To
handle the corresponding space-wavenumber mixed-domain operator, we apply
the lowrank approximation approach. Considering the number of parameters necessary to describe orthorhombic anisotropy, the lowrank approach yields spacewavenumber decomposition of the extrapolator operator that is dependent on
space location regardless of the parameters, a feature necessary for orthorhombic
anisotropy. Numerical experiments show that the proposed wavefield extrapolator is accurate and practically free of dispersion. Furthermore, there is no
coupling of qSv and qP waves, because we use the analytical dispersion solution
corresponding to the P -wave.

INTRODUCTION
Nowadays, a growing number of seismic modeling and imaging techniques are being
developed to handle wave propagation in transversely isotropic media (TI). Such
anisotropic phenomena are typical in sedimentary rocks, in which the process of lithification usually produces identifiable layering. In anisotropic media, the velocity is no
longer described by a single parameter. Equations for anisotropic wave propagation
are more complicated, even for simple cases. Although exact expressions for phase
velocities in VTI media involve four independent parameters, It has been observed
that only three parameters influence wave propagation and are of interest to surface
seismic processing (4). Different approximations have been developed to simplify
anisotropic equations, such as the weak-anisotropy approximation (34), elliptical
approximations (27; 9), acoustic approximations (1; 2) and anelliptic approximations
(10; 29; 19). Tectonic movement of the crust may rotate the rocks and tilt the
∗
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natural vertical orientation of the symmetry axis (VTI), causing a tilted TI (TTI)
anisotropy. In addition, tectonic stresses may also fracture rocks, inducing another
TI with a symmetry axis parallel to the stress direction and usually normal to the
sedimentation-based TI. The combination of these effects can be represented by an
orthorhombic model with three mutually orthogonal planes of mirror symmetry; the
P-waves in each symmetry plane can be described kinematically as an independent
TI model. Realization of the importance of orthorhombic models mainly comes from
observation of azimuthal velocity variations in flat-layered rocks, which may indicate
valuable fracture properties of reservoirs (37).

Wavefields in anisotropic media are well described by the anisotropic elastic-wave
equation. However, in practice, we often have little information about shear waves
and prefer to deal with scalar wavefields, especially for conventional imaging of
subsurface structure. (2) derived an acoustic scalar wave equation for VTI media
by careful reparametrization followed by setting the shear velocity along the
symmetry axis to zero, which provided accurate kinematics for the conventional
elastic wavefield. Later on, (3) followed the same approach and introduced an
acoustic wave equation of the sixth order in axis-aligned orthorhombic media. (23)
presented coupled systems of partial differential equations for pseudo-acoustic wave
propagation in orthorhombic media by extending their previous work in TI media
(22). (41) extended self-adjoint differential operators in TTI media (12; 43) to
orthorhombic media.

Pseudo-acoustic P-wave modeling with coupled equations may have shear-wave
numerical artifacts in the simulated wavefield (26; 40; 13). Those artifacts as well
as sharp changes in symmetry axis tilting may introduce severe numerical dispersion
and instability in modeling. (38) proposed to reduce the instability by making  = δ
in regions with rapid tilt changes. (18) suggested that including a finite shear-wave
velocity enhances the stability when solving the coupled equations. These methods
can alleviate the instability problem; however, they may alter the wave propagation
kinematics or still leave shear-wave components in the P-wave simulation. Shearwave artifacts can be removed from the P-wavefield in the phase-shift extrapolation
method because the P- and S-wave solutions lie in a different part of the wavenumber
spectrum (5). A number of spectral methods are proposed to provide solutions which
can completely avoid the shear-wave artifacts (16; 30; 21; 31; 8; 39; 24).
In this paper, we adopt a dispersion relation for orthorhombic anisotropic media
(3) and introduce a mixed-domain acoustic wave extrapolator for time marching in
orthorhombic media. We use the lowrank approximation (20; 21) to handle this
mixed-domain operator. We demonstrate by numerical examples that our method
is kinematically accurate. Furthermore, there is no coupling of quasi-P and quasiSV waves in the wavefield and no constraints on Thomsen’s parameters required for
stability.
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THEORY
Acoustic Wave Extrapolation
The acoustic wave equation is widely used in forward seismic modeling and reversetime migration (6; 17):
∂ 2p
= v(x)2 ∇2 p ,
(1)
∂t2
where p(x, t) is the seismic pressure wavefield and v(x) is the wave propagation
velocity.
Assuming the model is homogeneous v(x) ≡ v0 , after a Fourier transform in space,
we get the following explicit expression in the wavenumber domain:
d2 p̂
= −v02 |k|2 p̂ ,
dt2
where

Z

(2)

+∞

p̂(k, t) =

p(x, t)eik·x dx .

(3)

−∞

Equation 2 has the following analytical solution:
p̂(k, t + ∆t) = e±i|k|v0 ∆t p̂(k, t) ,

(4)

which leads to the well-known second-order time-marching scheme (15; 33):
p(x, t + ∆t) + p(x, t − ∆t) =
Z +∞
p̂(k, t) cos(|k|v0 ∆t)e−ik·x dk .
2

(5)

−∞

Equation 5 provides a very accurate and efficient solution in the case of a constantvelocity medium with the aid of FFTs. When the seismic wave velocity varies in the
medium, equation 5 turns into a reasonable approximation by replacing v0 with v(x),
and taking small time steps, ∆t. However, FFTs can no longer be applied directly to
evaluate the inverse Fourier transform, because a space-wavenumber mixed-domain
term appears in the integral operation:
W (x, k) = cos(|k|v(x)∆t).

(6)

As a result, a straightforward numerical implementation of wave extrapolation in a
variable velocity medium with mixed-domain matrix 6 will increase the cost from
O(Nx logNx ) to O(Nx2 ), the original cost for the homogeneous case, in which Nx is
the total size of the three-dimensional space grid. A number of numerical methods
(16; 28; 42; 11; 20; 21; 30; 32; 31) have been proposed to overcome this mixed-domain
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problem.
In the case of orthorhombic acoustic modeling, we derive a new phase operator
φ(x, k) to replace |k|v(x) of the isotropic model. We describe the details in the next
section.

Dispersion Relation for Orthorhombic Anisotropic Media
In transversely isotropic (TI) media, the model is fully characterized by five elastic
parameters and density. In orthorhombic media, nine elastic parameters and density
are needed to describe the elastic model. The stiffness tensor cijkl for an orthorhombic
model can be represented, using the compressed two-index Voigt notation, as follows:


c11 c12 c13 0
0
0
 c12 c22 c23 0
0
0 


 c13 c23 c33 0
0
0 

.
C=
(7)

0
0
0
c
0
0
44


 0
0
0
0
c55 0 
0
0
0
0
0
c66
Instead of strictly adhering to the orthorhombic media used by (35; 36), (3) slightly
changed the notations and used the following nine parameters determined from the
above stiffness tensor:
q
vv = cρ33
q
vs1 = cρ55
q
vs2 = cρ44
q
vs3 = cρ66
s
c13 (c13 + 2c55 ) + c33 c55
v1 =
ρ(c33 − c55 )
s
(8)
c23 (c23 + 2c44 ) + c33 c44
v2 =
ρ(c33 − c44 )
c11 (c33 − c55 )
1
η1 =
−
2c13 (c13 + 2c55 ) + 2c33 c55 2
c22 (c33 − c44 )
1
η2 =
−
2c23 (c23 + 2c44 ) + 2c33 c44 2
(c12 + c66 )2 − (c11 − c66 )2
δ=
,
2c11 (c11 − c66 )
where vv is P-wave vertical phase velocity, vs1 and vs2 are S-wave vertical phase
velocity polarized in the [x2 , x3 ] and [x1 , x3 ] planes, vs3 is S-wave horizontal phase
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velocity polarized in the [x1 , x3 ] but propagating in the x1 direction, v1 and v2 are
NMO P-wave velocities for horizontal reflectors in the [x1 , x3 ] and [x2 , x3 ] planes,
and η1 , η2 , and δ are anisotropic parameters in the [x1 , x3 ], [x2 , x3 ], and [x1 , x2 ] planes.
The Christoffel equation in 3D anisotropic media takes the following general form
(7):
Γik (xs , p) = aijkl (xs )pj pl − δik ,
(9)
c

∂τ
, where pj are components of the phase vector p, τ is
and aijkl = ijkl
with pj = ∂x
ρ
j
travel-time along the ray, ρ is density, xs , s = 1, 2, 3 are Cartesian coordinates for
position along the ray, and δik is the Kronecker delta function.

(1) pointed out that setting the S-wave velocity to zero does not compromise
accuracy in traveltime computations for TI media. This conclusion can be applied to
orthorhombic media as well (35). (3) showed that the kinematics of wave propagation
is well described by acoustic approximation.
In orthorhombic media, the Christoffel equation 9 reduces to the following form
if vs1 , vs2 , and vs3 are set to zero:
 2 2

p1 v1 ξ1 − 1 γp1 p2 v12 ξ1 p1 p3 v1 vv
 γp1 p2 v12 ξ1 p22 v22 ξ2 − 1 p2 p3 v2 vv  ,
(10)
2 2
p1 p3 v1 vv
p2 p3 v2 vv
p3 vv − 1
√
where γ = 1 + 2δ, ξ1 = 1 + 2η1 and ξ2 = 1 + 2η2 .
We evaluate the determinant of matrix C-12 and set it to zero. After replacing p1
with kφx , p2 with kφy , and p3 with kφz , we obtain a cubic polynomial in φ2 as follows:

−φ6 + φ4 2v12 η1 kx2 + v12 kx2 + 2v22 η2 ky2 + v22 ky2 + vv2 kz2
+φ2 (v14 γ 2 ξ12 kx2 ky2 − v22 v12 ξ1 ξ2 kx2 ky2 − 2vv2 v12 η1 kx2 kz2
−2v22 vv2 η2 ky2 kz2 ) − v14 vv2 γ 2 ξ12 kx2 ky2 kz2 + 2v13 v2 vv2 γξ1 kx2 ky2 kz2
−v12 v22 vv2 (1 − 4η1 η2 ) kx2 ky2 kz2 = 0 .

(11)

One of the roots of the cubic polynomial corresponds to P-waves in acoustic media
and is given by the following expression:
√
1
2 3 2 (a2 + 3b)
2
2/3
φ = −2 d −
+ 2a ,
(12)
6
d
where
a = 2v12 η1 kx2 + v12 kx2 + 2v22 η2 ky2 + v22 ky2 + vv2 kz2 ,
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b = v14 kx2 ky2 (2γη1 + γ) 2 − v22 v12 (2η1 + 1) (2η2 + 1) kx2 ky2
−2vv2 v12 η1 kx2 kz2 − 2v22 vv2 η2 ky2 kz2 ,

c = vv2 v14 −kx2 ky2 kz2 (2γη1 + γ) 2 + 2v2 vv2 v13 γ (2η1 + 1) kx2 ky2 kz2
−v22 vv2 v12 (1 − 4η1 η2 ) kx2 ky2 kz2 ,
d=
e=

p
3
−2a3 + 3 (e − 9c) − 9ab,

p
| − 3b2 (a2 + 4b) + 6ac (2a2 + 9b) + 81c2 |.

This root reduces to the isotropic P -wave solution when we set v1 = v2 = v3 = v,
η1 = η2 = 0, and γ = 1, in which φ in expression 12 is then given by |k|v, which
is the same dispersion relation in isotropic media as that is shown in equation 6. In
VTI media: v1 = v2 = v, η1 = η2 = η, and γ = 1, φ in expression 12 reduces to
s
φ(x, k) =

1
1 2 2
(vh kh + vv2 kz2 ) +
2
2

r
(vh2 kh2 + vv2 kz2 )2 −

8η 2 2 2 2
v v k k ,
1 + 2η h v h z

(13)

√
wherepvh = v 1 + 2η is the P-wave phase velocity in the symmetry plane, and
kh = kx2 + ky2 . Expression 13 is the same as the dispersion relation for VTI media
(1; 2; 19).

Tilted Orthorhombic Anisotropy
Tectonic movement of the crust may rotate the rocks and tilt the plane containing the
vertical cracks, causing a tilted anisotropy. In the case of tilted orthorhombic media,
kx , ky , and kz need to be replaced by k̂x , k̂y , and k̂z , which are spatial wavenumbers
evaluated in a rotated coordinate system aligned with the vectors normal to the
orthorhombic symmetry planes:
k̂x = kx cos φ + ky sin φ
k̂y = −kx sin φ cos θ + ky cos φ cos θ + kz sin θ
k̂z = kx sin φ sin θ − ky cos φ sin θ + kz cos θ ,

(14)

where θ is the dip angle measured with respect to vertical and φ is the azimuth
angle, which is the angle between the original X-coordinate and the rotated one.
The original vertical axis has the direction of {sin θ sin φ, − sin θ cos φ, cos θ}. For a
more general rotation, one needs three angles to describe the transformation (41).
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LOWRANK APPROXIMATION
For orthorhombic media, the mixed-domain phase operator, φ, is given by equation 12. Considering inhomogeneous media, we choose lowrank approximation
(20; 21) to implement the mixed-domain operator.
(20; 21) showed that mixed-domain matrix W (x, k) = cos(φ(x, k)∆t), which appears in wavefield extrapolation, can be decomposed using a separable representation:
W (x, k) ≈

M X
N
X

W (x, km )amn W (xn , k).

(15)

m=1 n=1

W (x, km ) is a submatrix of W (x, k) that consists of a few columns associated with
km , W (xn , k) is another submatrix that contains some rows associated with xn , and
amn stands for the coefficients. The construction of the separated form 15 follows
the method of (14). The main observation is that the columns of W (x, km ) are able
to span the column space of the original matrix and that the rows of W (xn , k) can
span the row space as well as possible.
In the case of smooth models, the mixed-domain operator can be decomposed by
a low-rank approximation. In models with serious roughness and randomness, the
time step may be restricted to small values or otherwise; the rank will end up high.
As a result, the computational cost maybe high.
To perform a linear-time lowrank decompositon as proposed by (21), we first
need to restrict the mixed-domain W to n randomly selected rows. In practice, n
can be scaled as O(r log Nx ) and r is the numerical rank of W. Then, we perform
pivoted QR algorithm (25) to find the corresponding columns for W (x, km ). To find
the rows for W (xn , k), we apply the pivoted QR algorithm to W∗ .
Representation 15 speeds up the computation of p(x, t + ∆t) because
Z
p(x, t + ∆t) + p(x, t − ∆t) = 2 e−ix·k W (x, k)p̂(k, t)dk
Z
!
M
N
X
X
≈2
W (x, km )
amn
e−ix·k W (xn , k)p̂(k, t)dk
.
m=1

(16)

n=1

Evaluation of the last formula requires N inverse FFTs. Correspondingly, with
lowrank approximation, the cost can be reduced to O(N Nx log Nx ), where Nx is
the model size and N is a small number, related to the rank of the above decomposition and it is automatically calculated for some given error level ( 10−5 ) with a
pre-determined ∆t.
Figure 1(a)-1(c) shows an orthorhombic model with smoothly varying velocity –
v1 : 1500–3088 m/s, v2 : 1500–3686 m/s, vv : 1500–3474 m/s, η1 = 0.3, η2 = 0.1, and
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γ = 1.03. The time step ∆t = 4ms. Figure 2 display error of lowrank decomposition
for cos(φ∆t) at the location (-1.925 km, -1.925 km, -1.925 km) with relatively high
velocity values, v1 = 2.257 km/s, v2 = 2.534 km/s, vv = 2.438 km/s. One can find
the error level is around 10−5 . Figure 3 display error of lowrank decomposition for
cos(φ∆t) at the location (0.575 km, 0.575 km, 0.575 km) with relatively low velocity
values, v1 = 1.544 km/s, v2 = 1.561 km/s, vv = 1.554 km/s. One can find the error
is also well controlled.

Figure 1:
An orthorhombic model with smoothly varying velocity:
(a)
v1 :
1500–3088 m/s; (b) v2 :
1500–3686 m/s; (c) vv :
1500–3474 m/s.
orthorhombic/tiltn velxfig,velyfig,velzfig

We propose using the above lowrank approximation algorithm to handle mixeddomain operator φ in equation 12 for wave extrapolation in orthorhombic media.
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Figure 2: Error plot for the lowrank approximation for cos(φ∆t) at the location (1.925 km, -1.925 km, -1.925 km) with relatively high velocity values, v1 = 2.257 km/s,
v2 = 2.534 km/s, vv = 2.438 km/s. orthorhombic/tiltn errfig1
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Figure 3: Error plot for the lowrank approximation for cos(φ∆t) at the location
(0.575 km, 0.575 km, 0.575 km) with relatively low velocity values, v1 = 1.544 km/s,
v2 = 1.561 km/s, vv = 1.554 km/s. orthorhombic/tiltn errfig3
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NUMERICAL EXAMPLES
Figure 4(a)–4(c) shows wavefield snapshots (depth, inline, and crossline) in a vertical
orthorhombic medium with constant parameters: vv = 2km/s, v1 = 2.1km/s,
v2 = 2.05km/s, η1 = 0.3, η2 = 0.1, and γ = 1. The time-step size is 1 ms and the
space grid sizes in three directions are all 25 m. As the model is homogeneous, the
rank is 1 for the lowrank decomposition. The depth slice is anelliptical, whereas
the inline and crossline display different diamond shapes, indicating different VTI
properties. In Figures 4(a)–4(c), red dashed lines are calculated using ray tracing.
Note that the red dashed lines match the wavefront from the lowrank method very
well.

Figure 4: Three slices of the wavefield snapshot based on the dispersion relation 12
at 1 second in a vertical orthorhombic medium: (a) Depth Slice; (b) Inline Slice; (c)
Crossline Slice. Also plotted are red curves representing the wavefront at that time
calculated using raytracing. orthorhombic/orth wavexy,waveyz,wavexz
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To show that the lowrank approximation method can handle rough velocity models, we use a two-layer velocity model with high velocity contrast. The first layer has
lower velocity parameters: vv = 1.5km/s, v1 = 1.6km/s, v2 = 1.7km/s, while the values in the other layer are much higher: vv = 3.5km/s, v1 = 4.1km/s, v2 = 4.2km/s.
And we use the same anisotropic parameters for both layers: η1 = 0.3, η2 = 0.1, and
γ = 1. For this test, we use a time step size of 1 ms and a space grid size of 25
m. The rank is 2 calculated by the lowrank decomposition within an error level of
10−5 . Figure 5(a) displays the depth slice above the reflector at 0.6 second. Note the
snapshot shows the reflection from the velocity contrast. Figure 5(b) and 5(c) show
the inline and crossline slices, which indicate strong anisotropy in the medium.

Figure 5: Three slices of the wavefield snapshot by the dispersion relation 12 at 0.6 second in a 2-layer vertical orthorhombic model (high velocity contrast): (a) Depth Slice;
(b) Inline Slice; (c) Crossline Slice. orthorhombic/test wavexyt,waveyzt,wavexzt
Our next example is wavefield snapshots in an orthorhombic model with smoothly
varying velocity, shown in Figure 1(a)-1(c): v1 : 1500–3088 m/s, v2 : 1500–3686 m/s,
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Figure 6: Wavefield snapshots based on the dispersion relation 12 in an rotated and tilted orthorhombic medium (θ = φ = 45 ◦ ) with variable velocity
shown in Figure 1(a)-1(c): (a) Depth Slice; (b) Inline Slice; (c) Crossline Slice
orthorhombic/tiltn snapxy4,snapyz4,snapxz4

636

Song & Alkhalifah

GP-2009-0736

vv : 1500–3474 m/s, η1 = 0.3, η2 = 0.1, and γ = 1.03. The time-step size is 4 ms. We
also rotate the model (θ = φ = 45 ◦ ). Figure 6(a)–6(c) shows corresponding wavefield
snapshots by the dispersion relation 12 in depth, inline, and crossline slices through
the central source location. The inline section (Figure 6(b)) displays the strongest
anisotropic property, because η1 is as large as 0.3. Note that the snapshots are free
of dispersion and that there is no coupling of qSV and qP waves in the middle.
Lowrank parameters were M = 7 and N = 7. Therefore, the cost is 7 FFTs at each
time step.
Table 1 displays rank N required for maintaining an error level of 10−5 with
different time step size ∆t. From table 1, one could find for this smooth model,
∆t = 4 ms and N = 7 is the optimal choice for cost consideration. For models
with very wide range of parameters and rather complicated structures, the resulting
rank may be high, because more space locations and wavenumbers are required
to properly represent the original mixed-domain matrix. In order to reduce the
computational cost, one may consider Lowrank Finite differences proposed by (31),
which is a space-domain finite-difference scheme in which the coefficients of the
Laplacian finite-difference stencil is derived from the lowrank approximation.
∆t (ms) 0.5 1 2 3 4 5
RankN
5 5 7 7 7 12
Table 1: Rank N calculated from the lowrank approximation of the propagation
matrix for a 2D smooth orthorhombic model with different time step size ∆t for a
given error level 10−5 .

CONCLUSIONS
We derive and adopt a dispersion relation for acoustic orthorhombic media so as to
model seismic wavefields in such media. To handle the space-wavenumber mixeddomain operator, we apply the lowrank approximation to reduce computational cost.
Numerical experiments show that the proposed wavefield extrapolator is accurate.
There is no coupling of qSV and qP in the wavefield snapshots because we use the
dispersion relation. In addition, our approach yields practically dispersion-free wavefields, and it is also free of stability limitations on media parameters.
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A robust approach to time-to-depth conversion
and interval velocity estimation from time
migration in the presence of lateral velocity
variations
Siwei Li and Sergey Fomel ∗

ABSTRACT
The problem of conversion from time-migration velocity to an interval velocity
in depth in the presence of lateral velocity variations can be reduced to solving a
system of partial differential equations. In this paper, we formulate the problem
as a nonlinear least-squares optimization for seismic interval velocity and seek
its solution iteratively. The input for inversion is the Dix velocity which also
serves as an initial guess. The inversion gradually updates the interval velocity
in order to account for lateral velocity variations that are neglected in the Dix inversion. The algorithm has a moderate cost thanks to regularization that speeds
up convergence while ensuring a smooth output. The proposed method should
be numerically robust compared to the previous approaches, which amount to
extrapolation in depth monotonically. For a successful time-to-depth conversion,
image-ray caustics should be either nonexistent or excluded from the computational domain. The resulting velocity can be used in subsequent depth-imaging
model building. Both synthetic and field data examples demonstrate the applicability of the proposed approach.

INTRODUCTION
Time-domain seismic processing has been a popular and effective tool in areas with
mild lateral velocity variations (35; 28; 1). Time migration produces images in the
time coordinate as opposed to the usual depth coordinate. The time coordinate,
along with time-migration velocities, is determined during time migration by optimizing image qualities. However, it is highly sensitive to lateral velocity changes
(6; 3). Therefore, the time-migrated image is usually distorted (20; 7; 8; 9; 21). For
this reason, in many cases time migrations are inadequate for accurate geological interpretation of subsurface structures. On the other hand, time-migration velocities
can be conveniently and efficiently estimated either by repeated migrations (36) or
by velocity continuation (15). Depth migration can handle general media and output
∗
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images in regular Cartesian depth coordinates. But it requires an accurate interval velocity model construction, which is in practice both challenging and time-consuming.
An iterative process of tomographic updates is often employed (4; 31), where a good
initial interval velocity model is crucial for achieving the global minimum. It is thus
of great interest to convert the time-migration velocity to the depth domain in order
to unravel inherent distortions in time-domain images and to provide a reasonable
starting model for building depth-imaging velocities.
The relationship between time and depth coordinates was first explained by (20)
through the concept of image rays. An interval velocity model can be converted to
one in the time domain by tracing image rays that dive into earth with slowness vector
normal to the surface. The time coordinates are then defined by the traveltime along
image rays and its surface location (22; 28). However this process is not trivially
revertible and it does not reveal directly the connection between time-migration velocity and interval velocity. According to (12), in a layered medium where v = v(z),
the image rays run straightly downward and the time-migration velocities are the
root-mean-square (RMS) velocities appearing in a truncated Taylor approximation
for traveltimes. The Dix inversion formula is exact in a v(z) medium, where the conversion between time- and depth-domain attributes is theoretically straightforward.
Even a mild lateral velocity variation can cause image rays to bend and invalidate
Dix inversion. (7; 8) studied and established theoretical relations between the timemigration velocity and the seismic velocity in depth for general media using the
paraxial ray-tracing theory. They showed that the conventional Dix velocity is equal
to the ratio of the interval velocity and the geometrical spreading of image rays. This
is consistent with Dix formula because when v = v(z) the geometrical spreading
equals to one everywhere. In order to carry out the time-to-depth conversion in the
presence of lateral velocity variations, one can solve a nonlinear partial differential
equation (PDE) of elliptic type with boundary conditions on the surface (9). The
problem is mathematically ill-posed. (9) adopt a two-step numerical procedure for
the time-to-depth conversion. The first step is a Lax-Friedrichs-like finite-difference
method or a spectral Chebyshev method to solve for geometrical spreading in the time
coordinate. The next step is a Dijkstra-like solver motivated by the fast marching
method (29) for velocity conversion and coordinate mapping. In this approach, it
is crucial to yield the development of low harmonics and damp the high harmonics
during the first stage. (21) discussed an extension of the time-to-depth conversion
problem along 2-D profiles in 3-D. An essential part of the algorithm is the timestepping (integration) along image-rays. The robustness of these methods may not
be satisfactory in practice because of stability issues that arise from the ill-posed
nature of the problem.
In this paper, we start with the theoretical relations derived by (7; 8) but cast
the original problem in a nonlinear iterative optimization framework. This idea is
motivated by the observation that, for arbitrary depth velocity model, two of the
PDEs can be always satisfied, while the remaining one associated with image-ray
geometrical spreading can be rewritten in the form of a cost functional that indicates
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errors in interval velocity. A key benefit in our formulation is that each iteration will
give a global update of the whole velocity model. In contrast, the previous approaches
only consider information locally at each time step. Another advantage is that we
are able to include regularization in the optimization framework in order to deal with
the ill-posedness issue.
The paper is organized as follows. We first show theoretical derivations of all necessary components involved in the proposed approach. Next, we develop a numerical
implementation for 2-D time-to-depth conversion. Finally, we test the algorithm on
synthetic and field data examples. We conclude the paper by giving some discussions
on the proposed method.

THEORY
For completeness, we will first review some basic concepts related to time-to-depth
conversion. Then we show the theoretical derivation for an optimization formulation
of the problem and a corresponding inversion procedure. For simplicity, we restrict
our analysis below to the 2-D case.

Connection between time- and depth-domain attributes
In Figure 1, we illustrate image rays in 2-D and a forward mapping from depth
coordinate (z, x) to time coordinate (t0 , x0 ) (20). Throughout this paper t0 stands for
one-way time, while time migration usually produces images in two-way time (35), i.e.
(2t0 , x0 ). Under the assumption of no caustics, for each subsurface location (z, x) we
consider the image ray from (z, x) to the surface, where it emerges at point (0, x0 ),
with slowness vector normal to the surface. Here x0 is the location of the image
ray at the earth surface and is a scalar. t0 is the traveltime along this image ray
between (z, x) and (0, x0 ). The forward mapping t0 (z, x) and x0 (z, x) can be done
with a knowledge of interval velocity v(z, x). A unique inverse mapping z(t0 , x0 ) and
x(t0 , x0 ) also exists that enables us to directly map the time-migrated image to depth.
The counterpart for v(z, x) in the time-domain is the time-migration velocity
vm (t0 , x0 ), which is commonly estimated in prestack Kirchhoff time migration (35; 15).
In a v(z) medium, vm corresponds to the root-mean-square (RMS) velocity:
s Z
1 t0 2
v (z(t)) dt .
(1)
vm (t0 ) =
t0 0
A time-to-depth velocity conversion can be done by first applying the Dix inversion
formula (12), which is theoretically exact in this case:
r
d
2 (t )) ,
vd (t) =
(t0 vm
(2)
0
dt0
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Figure 1: Image ray in (left) the depth-domain can be traced with a source at location
x0 with slowness vector normal to the earth surface. Each depth coordinate (z, x)
along this image ray is then mapped into (right) the time coordinate (t0 , x0 ) by using
its corresponding traveltime t0 and source location x0 . time2depth2/. imageray

followed
by performing a simple conversion from vd (t) to v(z) according to z =
R
1 t
v
(t)dt.
2 0 d
In equations 1 and 2, there is no dependency on x0 or x, because image rays are
all vertical. For an arbitrary medium, image rays will bend as they travel through the
medium (22). Therefore, in general, vm is a function of both t0 and x0 and no longer
satisfies the simple expression 1, which limits the applicability of the Dix formula.
(7) proved that the seismic velocity and the Dix velocity in this case are connected
through geometrical spreading Q of image rays:
r
∂
v(z(t0 , x0 ), x(t0 , x0 ))
2 (t , x )) =
(t0 vm
.
(3)
vd (t0 , x0 ) ≡
0
0
∂t0
Q(t0 , x0 )
In equation 3, the generalized Dix velocity is defined by (7) in a way similar to
equation 2 with a change from d/dt0 to a partial differentiation with respect to t0 .
The quantity Q is related to x0 (z, x) using its definition (26; 7), as follows:
|∇x0 |2 =

1
.
Q2

(4)

Combining equations 3 and 4 results in
|∇x0 (z, x)|2 =

vd2 (t0 (z, x), x0 (z, x))
.
v 2 (z, x)

(5)
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The traveltimes along image rays obey the eikonal equation (20; 10), thus
|∇t0 (z, x)|2 =

1
v 2 (z, x)

.

(6)

Finally, since x0 remains constant along each image ray, there is an orthogonality
condition between gradients of t0 and x0 (7):
∇t0 (z, x) · ∇x0 (z, x) = 0 .

(7)

Equations 5, 6 and 7 form a system of nonlinear PDEs for t0 (z, x) and x0 (z, x).
The input is vd (t0 , x0 ), estimated from vm (t0 , x0 ) by equation 3. Solving a boundaryvalue problem for the PDEs should provide v(z, x), as well as t0 (z, x) and x0 (z, x).
Because seismic acquisitions are limited to the earth surface, we can only use boundary
conditions at the surface. For a rectangular Cartesian domain with z = 0 being the
surface, the boundary conditions are

t0 (0, x) = 0 ,
(8)
x0 (0, x) = x .
In Appendix A, we show that the time-to-depth conversion is an ill-posed problem
because it requires solving a Cauchy-type problem for an elliptic PDE. The missing
boundary conditions on sides of the computational domain other than those in equation 8 can induce numerical instability when extrapolating in t0 (or, equivalently,
z). Instead, we consider an alternative formulation of the problem in the following
section.

The optimization formulation
Given boundary conditions 8, equation 6 describes the traveltime t0 of a velocity
model with a plane-wave source at the surface. For a given t0 , equation 7 is a firstorder linear PDE on x0 and thus computation of x0 is straightforward. Our idea is
inspired by a natural logic: if the resulting x0 does not satisfy equation 5, we need
to modify v in a way such that the misfit decreases, and repeat the process until
convergence.
Mathematically, we define a cost function f (z, x) based on equation 5:
f (z, x) = ∇x0 · ∇x0 − vd2 w ,

(9)

where for convenience we use slowness-squared w(z, x) = v −2 (z, x) instead of v. Note
that f is dimensionless. The discretized form of equation 9 reads
f = (∇x0 · ∇) x0 − diag(vd ? vd ) w ≡ Lx0 x0 − diag(vd ? vd ) w .

(10)

In equation 10, f , x0 , vd and w are all column vectors after discretizing the computational domain (z, x). For example, x0 is the discretized column vector of x0 (z, x). The
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vector vd may require interpolation because it is in (t0 , x0 ) while the discretization is
in (z, x). The interpolation can be done after forward mapping from (z, x) to (t0 , x0 )
at current velocity model. We denote an operator which is a matrix Lx0 = ∇x0 · ∇.
The other operator diag() expands a vector into a diagonal matrix. Finally, the
symbol ? stands for an element-wise vector-vector multiplication.
As is common in many optimization problems, we seek to minimize the leastsquares norm of f :
1
1
(11)
E[w] = kf k2 = f T f ,
2
2
where the superscript T stands for transpose. The Gauss-Newton method in optimization requires linearizing the cost function in equation 10:
∂f
∂x0
∂vd
= 2 (∇x0 · ∇)
− 2 vd w
− vd2 .
∂w
∂w
∂w

(12)

The Fréchet derivative matrix J required by inversion is the discretized form of equation 12, i.e., J = ∂f /∂w. In Appendix B we find that J is a cascade and summation
of several parts. An update δw at current w is found by solving the following normal
equation arising from the Gauss-Newton approach (5):

−1 T
δw = JT J
J (−f ) .
(13)
Equations 5 and 17 together suggest a nonlinear inversion procedure for solving
the original system of PDEs 5, 6 and 7. The inversion is analogous to traveltime
tomography but with more complexity. The cost 9 can be interpreted as difference
between modeled and observed geometrical spreadings. However, both of them depend on the model v, while in traveltime tomography the observed arrival times are
independent of v. The forward modeling in our case involves two steps, which construct a curvilinear coordinate system that is sensitive to lateral velocity variations.
On the other hand, the forward modeling in traveltime tomography consists of only
one step. Last but not least, unlike traveltime tomography, we have observations everywhere in the computational domain, except for areas excluded due to instabilities
of the numerical implementation, as we will discuss later.
Before introducing a numerical implementation, we would like to point out several
important facts and assumptions that make a successful time-to-depth conversion
possible by the proposed method:
• Caustics must be excluded from the computational domain. In regions where
caustics develop, the gradient ∇x0 goes to infinity and the cost function is not
well-defined. For all numerical examples in this paper, we do not encounter this
issue. In the Discussion section, we provide a possible strategy to cope with
this limitation.
• According to derivations in Appendix B, the calculation of δw depends on
values of ∂vd /∂t0 and ∂vd /∂x0 . Thus the input vd should be differentiable.
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This requirement can be satisfied during vm estimation by using regularization
(15).
• Similarly to all nonlinear inversions, the proposed method requires a prior model
that is sufficiently close to desired model at the global minimum E = 0. Meanwhile, to guarantee stability and a smooth output, some form of regularization
should be imposed during inversion (13; 37).
• Our formulation does not change the ill-posed nature of the original problem.
One assumption is that condition 8 describes all in-flow domain boundaries of t0
and x0 . In other words, the image rays are only allowed to be either parallel to
or exiting (out-flow ) all other boundaries of the computational domain except
the surface.
For the prior model, we adopt the Dix-inverted model. In other words, we seek to
refine the interval velocity given by equation 2 by taking the geometrical spreading
of image rays into consideration according to equation 3.

NUMERICAL IMPLEMENTATION
Below we outline the steps involved in computing one linearization update:
1. Given current v(z, x), solve equation 6 for t0 (z, x) with t0 (0, x) = 0;
2. Given t0 (z, x) and x0 (0, x) = x, solve equation 7 for x0 (z, x);
3. Given t0 (z, x) and x0 (z, x), interpolate vd (z, x) from vd (t0 , x0 ) and compute
f (z, x) based on equation 9;
4. Assemble linear operator B-5 and solve equation 17 for δw(z, x).
First, we apply the fast-marching method (29; 30) to solve the eikonal equation 6
by initializing a plane-wave source at z = 0. Computation for x0 can be incorporated
into t0 by adopting the upwind finite-differences of t0 for equation 7. In Figure 2,
consider a currently updated grid point C during forward modeling of t0 . If it has
only one upwind neighbor A that is inside the wave-front, t0 (C) > t0 (A), then the
image ray must be aligned with grid segment AC and therefore x0 (C) = x0 (A).
We refer to this scenario as one-sided. If C has two upwind neighbors A and B,
t0 (C) > max{t0 (A), t0 (B)}, and they are both inside the wave-front, then the image
ray must intersect the simplex ABC from an angle. In this case, we compute x0 (C)
from
(t0 (C) − t0 (A))(x0 (C) − x0 (A)) (t0 (C) − t0 (B))(x0 (C) − x0 (B))
+
=0.
h2z
h2x

(14)
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A
B

C

Figure 2: A modified fast-marching method for forward modeling. Black dots represent region that has been swept by the wave-front, gray dots are the expanding wavefront and grid points being updated, and white dots are region yet to be reached.
time2depth2/. fmm

Because x0 at certain grid points is calculated by one-sided scenario, Lx0 there
contains all zeros. Consequently, an evaluation of the cost f at these locations with
Lx0 x0 becomes inaccurate. We exclude these regions from f and expect inversion to
fill them.
Next, we apply simple bilinear interpolation for vd (z, x) and estimate δw by solving equation 17 using shaping regularization (16). We use a triangular smoother with
adjustable size as the shaping operator. We find in numerical tests that shaping significantly improves convergence speed compared to that of the traditional Tikhonov
regularization (32) with gradient operators. We also observe that without regularization the model update can be undesirably oscillatory. We believe this phenomenon is
related to the ill-posedness of the PDEs.
Finally, we reduce computational cost by adopting the method of conjugate gradients (19) and an efficient implementation of J, as well as its adjoint, according
to the equations derived in Appendix B. For this purpose, we choose the upwind
finite-difference scheme (17; 24) based on t0 for both Lt0 and Lx0 . As shown by (25),
applying J and its transpose involves only sparse triangularized matrix-vector multiplications and is therefore inexpensive. For example, at each grid point L−1
t0 relies
T
on only its upwind neighbors. The computational complexity of J and J is O(N ),
where N is the total number of grid points.
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EXAMPLES
Constant velocity gradient model
In a medium with a constant velocity gradient
v(z, x) = v0 + gz z + gx x ,

(15)

image rays are segments of circles parallel to each other, and all attributes involved
in time-to-depth conversion have analytical solutions. In Appendix C, we derive the
following relationships:
p
(v0 + gx x)2 + gx2 z 2 − (v0 + gx x)
x0 (z, x) = x +
,
(16)
gx

 p

2
2 + g 2 z 2 + g z − vg 2
(v
+
g
x)
g
0
x
z
z
x
1
 ,
(17)
t0 (z, x) = arccosh 
g
vgx2
p
where g = gz2 + gx2 . The migration velocity vm and Dix velocity vd take the following
expressions:
(v0 + gx x0 )2
,
(18)
vm (t0 , x0 ) =
t0 (g coth(gt0 ) − gz )
vd (t0 , x0 ) =

(v0 + gx x0 )g
.
g cosh(gt0 ) − gz sinh(gt0 )

(19)

It is easy to verify from equations 16 and 17 that |∇x0 | = 1, |∇t0 | = 1/v and
∇x0 ·∇t0 = 0. Because there is no geometrical spreading of image rays in this case, the
Dix velocity will be equal to the interval velocity according to equation 3. However,
a Dix-inverted model will still be distorted if gx 6= 0 because of the lateral shift of
image rays.
Figures 3 and 4 show a velocity model with v(z, x) = 1.5 + 0.75z + 0.5x km/s and
the corresponding analytical vd (t0 , x0 ), x0 (z, x) and t0 (z, x). Clearly, the right domain
boundary is of in-flow type that violates our assumption. To address this challenge,
we include Dix velocity in regions beyond the original left and right boundaries during
inversion, but mask out the cost in these regions. It means that the time-to-depth
conversion is performed in a sub-domain of time-domain attributes, such that information on the in-flow boundary is available. Afterwards, we apply Dix inversion to
the expanded model and use the result as the prior model. We use the exact Dix
velocity in equation 19 for evaluating the right-hand side of 5. Then, in total three
linearization updates are carried out, which decreases E to relative 0.6%. The radiuses of triangular smoother in shaping are 8 m vertically and 30 m horizontally
(8 m × 30 m). At last, we cut the computational domain back to its original size.
Figures 5 and 6 compare the cost and model misfit before and after inversion.
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We also synthesize data with Kirchhoff modeling (18) for several horizontal reflectors using the exact model, and examine the subsurface scattering-angle commonimage-gathers from Kirchhoff prestack depth migration (34) as an evidence of interval
velocity improvements. In Figure 7, the shallower events do not improve significantly
because the image rays have not yet bent considerably. Deeper events become noticeably flatter after applying the proposed method.

Figure 3: (Top) a constant velocity gradient model and (bottom) the analytical Dix
velocity vd . A curved image ray is mapped to the time domain as a straight line.
time2depth2/vgrad vgrad

Constant horizontal slowness-squared gradient model
Another medium that provides analytical time-to-depth conversion formulas is
w(z, x) = w0 − 2qx x ,

(20)

i.e., the slowness-squared changes linearly in the horizontal direction. In Appendix
D, we show that in this case the coordinate mapping follows
x0 (z, x) =

2w0 x + qx z 2
p
,
w0 + 2qx x + (w0 − 2qx x)2 − 4qx2 z 2

(21)
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Figure 4: Analytical values of (top) t0 and (bottom) x0 of the model in Figure 3. Both
figures are overlaid with contour lines that, according to equation 7, are perpendicular
to each other. Each contour line of x0 is an image ray, while the contours of t0 illustrate
the propagation of a plane-wave. time2depth2/vgrad analy
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Figure 5: The cost defined by equation 9 (top) before and (bottom) after inversion. The least-squares norm of cost E is decreased from 9.855 to 0.057.
time2depth2/vgrad cost
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Figure 6: The difference between exact model and (top) initial model and (bottom)
inverted model. The least-squares norm of model misfit is decreased from 15.6 km2 /s2
to 2.7 km2 /s2 . time2depth2/vgrad error
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Figure 7: Comparison of the subsurface scattering-angle common-image-gathers at
x = 1.5 km of (left) exact model, (middle) prior model and (right) inverted model.
time2depth2/vgrad cigv
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√ h
2
2
2
2z 2w0 − 4qx x + (w0 − 2qx x) − 4qx z
t0 (z, x) =
h
i 21 .
p
2
2
2
3 w0 − 2qx x + (w0 − 2qx x) − 4qx z
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(22)

The analytical expression for vd (t0 , x0 ) is more complex and can be found in equations
D-13 and D-14.
In Figure 8 we illustrate x0 (z, x) and t0 (z, x) in the model w(z, x) = 1 − 0.052x
s /km2 . To deal with the in-flow boundary issue, we apply the method described
previously for the constant velocity gradient example. Unlike equation 16, equation
21 indicates varying geometrical spreadings in the domain. Figure 9 shows the corresponding analytical Q2 (z, x) and vd (t0 , x0 ). The geometrical spreading is significant
at the lower-right corner of the domain, which translates to the cost at approximately
the same location in Figure 10. We use analytical Dix velocity as the input in the
inversion. Starting from the Dix-inverted model and after three linearization updates,
E decreases to relative 0.0045%. The size of triangular smoother is 8 m × 20 m. The
model misfit, as demonstrated in Figure 11, is also improved.
2

Figure 8: Analytical values of (top) t0 and (bottom) x0 , overlaid with contour lines.
time2depth2/hs2grad hs2analy
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Figure 9: The (top) geometrical spreading and (bottom) Dix velocity associated with
the model used in Figure 8. time2depth2/hs2grad hs2grad
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Figure 10: The cost (top) before and (bottom) after inversion. The least-squares
norm of cost E is decreased from 10.431 to 0.047. time2depth2/hs2grad hs2cost
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Figure 11: The difference between exact model and (top) initial model and (bottom)
inverted model. The least-squares norm of model misfit is decreased from 5.0 km2 /s2
to 0.5 km2 /s2 . time2depth2/hs2grad hs2error
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Spiral model
Figure 12 shows a synthetic model borrowed from (8). The Dix inversion recovers the
shallow part of the model but deteriorates quickly as geometrical spreading of image
rays grows in the deeper section.
As a simple verification for the linearization process, we add a small positive velocity perturbation at location (1, 3) km to the synthetic model. Comparisons between
the exact and linearly predicted attributes are illustrated in Figures 13, 14 and 15. In
accordance with forward modeling, where we solve firstly t0 , then x0 , and finally f , the
linearization (see Appendix B) is carried out following the same sequence. First, Figure 13 justifies our upwind finite-differences implementation of the linearized eikonal
equation. The positive perturbation in v in Figure 12 causes t0 to decrease in a narrow
downwind region. Next, the area affected by the perturbation in Figure 14 is wider
than that in Figure 13. It also has both positive and negative amplitudes. These
phenomenon are physical because image rays should bend in opposite directions in
response to the perturbation. Finally, effects in cost f in Figure 15 show alternating
polarities and are broader in width compared to that of dt0 and dx0 . They indicate
a complicated dependency of f on w. Note the good agreements in both shape and
magnitude between exact and linearly predicted quantities in all three steps.
Because there is no analytical formula for Dix velocity in this model, we compute
vd by tracing image rays numerically in the exact model v. Also, based on Figure 12,
there is no in-flow boundary other than z = 0. Therefore, we do not need to extend
the domain as in the preceding examples. We use the Dix-inverted model as the
prior model and run the inversion. It turns out that the first linearization update is
sufficient for achieving the desired global minimum as shown in Figure 16.

Field data example
The field data shown in Figure 17 is from a section of Gulf of Mexico dataset (11).
We estimate vm using the method of velocity continuation (15) and convert it to
vd . Similar to the spiral model, no domain extension is needed. In Figure 18, the
Dix-inverted prior model highly resembles the Dix velocity, because the Dix formula
only scales the vertical axis from time to depth regardless of horizontal vd variations.
Figure 19 compares the cost before and after five linearization updates, with a 125
m × 335 m triangular smoother. In Figure 20, the l2 norm of the cost, E, has a
rapid decrease to relative 1.3%. Figure 21 illustrates the inverted model and interval
velocity update.
Next, we map the time-migrated image to depth using t0 and x0 generated during inversion. Spline interpolation (27) is used during the coordinate mapping. We
also migrate the prestack data by Kirchhoff depth migration (23) (PSDM). Figure 22
compares the time-mapped image and PSDM image of the inverted model. A good
agreement between these two images justifies that time-to-depth conversion has effec-
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Figure 12: (Top) a synthetic model and (middle) Dix velocity converted to depth.
Both overlaid with image rays. (Bottom) the model perturbation for testing linearization. time2depth2/synth vz0

TCCS-8

Time-to-depth conversion

661

Figure 13: (Top) exact dt0 and (bottom) linearly predicted dt0 by equation B-4.
time2depth2/synth pdt
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Figure 14: (Top) exact dx0 and (bottom) linearly predicted dx0 by equation B-3.
time2depth2/synth pdx
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Figure 15: (Top) exact df and (bottom) linearly predicted df by equation B-5.
time2depth2/synth diffcost
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Figure 16: (Top) the exact δw and (middle) the computed δw of the first linearization step. (Bottom) the inverted interval velocity model. Compare with Figure 12.
time2depth2/synth bgrad

TCCS-8

Time-to-depth conversion

665

Figure 17:
(Top) the estimated time-migration velocity of a section of
Gulf of Mexico dataset and (bottom) the corresponding time-migrated image.
time2depth2/beinew vdix
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Figure 18: (Top) the Dix velocity converted from vm in Figure 17 and (bottom) the Dix-inverted prior model for inversion, overlaid with image rays.
time2depth2/beinew init
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Figure 19: The cost of (top) prior model (E = 140.25) and (bottom) inverted model
(E = 1.81). time2depth2/beinew inv

Figure 20: Convergence history
of the proposed optimizationbased time-to-depth conversion.
time2depth2/beinew hist
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Figure 21: (Top) the inverted model, overlaid with image rays, and (bottom) its
difference from the prior model in Figure 18. time2depth2/beinew dinv
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tively unravelled the distorted time coordinate. Figure 23 compares PSDM images of
the prior and inverted models. The velocity update in Figure 21 results in not only
changes in structural dips (for example at (3, 12) km) but also improved reflector
continuity (for example at (3.7, 11) km). Moreover, the Kirchhoff migration outputs
surface offset common-image gathers. We choose two midpoint locations, x = 11 km
and x = 12 km, and show their common-image gathers in Figure 24. In deeper sections, flat dashed lines are overlaid as references for the flatness of gathers. The two
common-image gathers of prior model appear curved in opposite directions. After
time-to-depth conversion, both gathers get flattened across the whole offset range,
verifying a correct velocity update.

Figure 22: (Top) the time-migrated image in Figure 17 is mapped to depth using
products of the time-to-depth conversion. (Bottom) PSDM image using inverted
model in Figure 21. time2depth2/beinew dmig
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Figure 23: PSDM images of (top) the prior model and (bottom) the inverted model.
Both images are plotted for the same central deep part. time2depth2/beinew ddmig0
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Figure 24: The surface offset common-image gathers of prior and inverted models.
time2depth2/beinew cig0

DISCUSSION
Note that in our method the inversion is applied directly for slowness-squared w (and
thus velocity), and the update δw will incorporate dependency of velocities throughout the domain, as physically honored by image rays. Previous methods (7; 8; 21)
that rely on time-stepping in t0 account for such dependencies only locally. Moreover,
regularization provides a convenient and effective way of handling ill-posedness of the
underlying PDEs. For these reasons, the proposed method should be numerically
robust compared to the previous approaches.
A 3-D extension of the proposed method is straightforward. Instead of a scalar x0
we need to handle both inline and crossline coordinates x0 = (x0 , y0 ). Consequently,
the geometrical spreading in 3-D becomes a matrix Q, whose determinant is related
to the generalized Dix velocity vd (t0 , x0 ) and interval velocity v(z, x) (7). Starting
from this relationship, an iterative time-to-depth conversion can be established by
following procedures similar to the ones described in this paper.
The main limitation of our approach is the failure of underlying theory at caustics,
which in turn limits either the depth or the extent of lateral velocity variation of
the model. A possible solution is to divide the original domain into several depth
intervals, then apply velocity estimation and redatuming from one interval to another
recursively (2; 23). By doing so, image-ray crossing may not develop within each
interval thanks to a limited depth.
Another issue is the handling of in-flow boundaries other than the earth surface.
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In the synthetic examples, we avoided this problem by limiting the interval velocity
model within image ray coverage. Alternatively, we could pad the input vd laterally.
The padding should simply replicate the original boundaries. By doing so, image
rays at the new left and right boundaries must run straightly downward as the media
there are of v(z) type. Although we could not expect the inversion to fix the in-flow
boundary, the resulting errors should be local around that boundary.
Finally, in our approach time-migration velocity not only determines the prior
model but also drives the inversion. Consequently, errors in time-migration velocity
have a direct influence on the accuracy of inverted model. Note that usually the picking of time-migration velocity is carried out with certain smoothing. Combined with
regularization in the time-to-depth conversion, the resulting interval velocity model
may contain limited fine-scale features and high velocity contrasts. In this regard,
we suggest our method as an efficient estimation of an initial guess for subsequent
depth-imaging velocity model refinements.

CONCLUSIONS
We have introduced a novel nonlinear inversion formulation for time-to-depth velocity
conversion and coordinate mapping, which involves iterative least-squares optimization constrained by a system of partial differential equations. We turn one of the
governing equations that relates seismic velocity to geometrical spreading of image
rays into a cost function, and linearize the other two equations: the eikonal equation
and the orthogonality condition. Regularization provides extra constraints during
inversion. The proposed method appears to be robust and the inversion in practice
converges fast.
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APPENDIX A: ILL-POSEDNESS OF THE
TIME-TO-DEPTH CONVERSION PROBLEM
Let us consider the problem of solving for z(t0 , x0 ) and x(t0 , x0 ) instead of t0 (z, x)
and x0 (z, x) by recasting equations 5, 6 and 7 in the time coordinates:


∂x
∂x0

2


+

∂z
∂x0

2
=

v 2 (z(t0 , x0 ), x(t0 , x0 ))
,
vd2 (t0 , x0 )

(A-1)
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2
∂z
+
= v 2 (z(t0 , x0 ), x(t0 , x0 )) ,
∂t0
∂x ∂x
∂z ∂z
+
=0.
∂x0 ∂t0 ∂x0 ∂t0
The corresponding boundary conditions are

z(0, x0 ) = 0 ,
x(0, x0 ) = x0 .


∂x
∂t0

2
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(A-2)
(A-3)

(A-4)

From equation A-3

∂x
∂z ∂z
∂x
=−
.
(A-5)
∂t0
∂x0 ∂t0
∂x0
Substituting equation A-5 into equation A-2 and combining with equation A-1 produces
∂x
∂z
= vd
;
(A-6)
∂t0
∂x0
∂x
∂z
= −vd
,
(A-7)
∂t0
∂x0
where we assume that both ∂z/∂t0 and ∂x/∂x0 remain positive and there is no caustics.
On the first glance, equations A-6 and A-7 seem suitable for numerically extrapolating x(t0 , x0 ) and z(t0 , x0 ) in t0 direction using the boundary conditions A-4. After
such an extrapolation, one would be able to reconstruct v(t0 , x0 ) from equation A-2
and thus solve the original problem. However, by further decoupling the system using
the equivalence of the second-order mixed derivatives, we discover that the underlying
PDEs are elliptic. For instance, applying ∂/∂x0 to both sides of equation A-7 results
in


∂
∂z
∂ 2x
=−
vd
.
(A-8)
∂t0 ∂x0
∂x0
∂x0
Meanwhile, dividing by vd and applying ∂/∂t0 to both sides of equation A-6 leads to


∂
1 ∂z
∂ 2x
=
.
(A-9)
∂t0 vd ∂t0
∂x0 ∂t0
Comparing equations A-8 and A-9, we find




∂
∂z
∂
1 ∂z
vd
+
=0.
∂x0
∂x0
∂t0 vd ∂t0

(A-10)

Analogously,
∂
∂x0



∂x
vd
∂x0



∂
+
∂t0



1 ∂x
vd ∂t0


=0.

(A-11)

Solving elliptic equations A-10 and A-11 with the Cauchy-type boundary conditions A-4 is an ill-posed problem (14). A different formulation, leading to a non-linear
elliptic PDE, was previously discussed by (9).
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APPENDIX B: THE FRÉCHET DERIVATIVE
OPERATOR
We continue the derivation of the Fréchet derivative matrix from equation 12. Using
the same notations as introduced in equation 10, after discretization equation 12
becomes
J≡

∂f
∂x0
∂vd
= 2 L x0
− 2 diag(vd ? w)
− diag(vd ? vd ) .
∂w
∂w
∂w

(B-1)

Because vd is in time-domain (t0 , x0 ), we need to apply the chain-rule for its
derivative with respect to w, i.e.,
∂vd
∂vd ∂t0 ∂vd ∂x0
=
+
,
∂w
∂t0 ∂w ∂x0 ∂w

(B-2)

where t0 is the discretized column vector of t0 (z, x). According to equation 7 and
after denoting another matrix operator Lt0 = ∇t0 · ∇, we find
∂t0
∂x0
∂t0
= −(∇t0 · ∇)−1 (∇x0 · ∇)
≡ −L−1
.
t0 Lx0
∂w
∂w
∂w

(B-3)

Another differentiation of equation 6 leads to
∂t0
1
1
= (∇t0 · ∇)−1 ≡ L−1
.
∂w
2
2 t0

(B-4)

Finally, by inserting equations B-2 through B-4 into B-1, we complete the derivation of the Fréchet derivative matrix:
−1
J = −Lx0 L−1
t0 Lx0 Lt0 − diag(vd ? w)

+ diag(vd ? w)

∂vd −1
L
∂t0 t0

∂vd −1
L Lx L−1 − diag(vd ? vd ) .
∂x0 t0 0 t0

(B-5)

APPENDIX C: ANALYTICAL EXPRESSIONS FOR THE
CONSTANT VELOCITY GRADIENT MEDIUM
In order to derive the time-to-depth conversion analytically, we first trace image
rays in the depth coordinate for z(t0 , x0 ) and x(t0 , x0 ). Then we carry out a direct
inversion to find t0 (z, x) and x0 (z, x). The Dix velocity can be obtained at last
following equations 3 and 4.
Continuing from equation 15, we write the velocity in a coordinate relative to the
image ray
v(z, x) = v0 + gz z + gx x = ṽ0 + g · (x − x0 ) ,
(C-1)
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where g = [gz , gx ]T and ṽ0 = v0 + gx x0 . At the starting point, image ray satisfies

 x0 = [0, x0 ]T ,
p0 = [ṽ0−1 , 0]T ,
(C-2)

t0 = t .
Here we denote ray parameter p = ∇t and p0 is the ray parameter at source. The
Hamiltonian for ray tracing reads H(x, p) = p · p − v −2 ≡ 0. The corresponding ray
tracing system is (33):

 dx/dξ = pv 3 ,
dp/dξ = −∇v ,
(C-3)

dt/dξ = ∇t · dx/dξ = p · pv 3 = v .
Equation C-1 indicates ∇v = g, which means dp/dξ can be integrated analytically
and provides
p = p0 − gξ .
(C-4)
p
−2
From the eikonal equation and considering p0 · p0 = ṽ0 and g = |g| = gz2 + gx2 , we
have
− 1
1
v=√
= ṽ0−2 − 2p0 · gξ + g 2 ξ 2 2 .
(C-5)
p·p
Integrating equation C-5 over ξ gives


1
g2ξ 2
t = arccosh 1 + −2
.
g
ṽ0 + v −1 ṽ0−1 − p0 · gξ

(C-6)

Meanwhile, combining equations C-1 and C-3, we find dp/dξ ·(x−x0 )+dx/dξ ·p = ṽ0 ,
i.e., p · (x − x0 ) = ṽ0 ξ. Suppose
x − x0 = αp0 + βg
then



g · (x − x0 ) = αp0 · g + βg 2 = v − ṽ0 ,
p0 · (x − x0 ) = αṽ0−2 + βp0 · g = ṽ0 ξ + (v − ṽ0 )ξ = vξ .

(C-7)

(C-8)

Solving equation C-8 provides α(ξ, v) and β(ξ, v), which after substituting into equation C-7 leads to
x = x0 +

(v − ṽ0 ) [g − (p0 · g)ṽ02 p0 ] + vṽ02 [g 2 p0 − (p0 · g)g] ξ
.
g 2 − (p0 · g)2 ṽ02

(C-9)

Note equation C-2 states p0 · g = gz ṽ0−1 and thus equations C-4, C-6 and C-9 can be
further simplified.
To connect depth- and time-domain attributes, we first invert equation C-6 such
that ξ is expressed by t0 and x0
ξ(t0 , x0 ) =

gz (1 − cosh(|gt0 |)) + g sinh(gt0 )
.
g 2 ṽ02

(C-10)
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Next, we insert equations C-5 and C-10 into C-9 in order to change its parameterization from (ξ, v) to (t0 , x0 ). The result is written for the z and x components of x
separately, as follows:
ṽ0 gx (1 − cosh(gt0 ))
,
g(g cosh(gt0 ) − gz sinh(gt0 ))

(C-11)

ṽ0 [gz (1 − cosh(gt0 )) + g sinh(gt0 )]
.
g(g cosh(gt0 ) − gz sinh(gt0 ))

(C-12)

x(t0 , x0 ) = x0 +
z(t0 , x0 ) =

Inverting equations C-11 and C-12 results in
p
(v0 + gx x)2 + gx2 z 2 − (v0 + gx x)
x0 (z, x) = x +
,
gx
i
 hp

2
2 + g 2 z 2 + g z − vg 2 

g
(v
+
g
x)
0
x
z
x
z
1
.
t0 (z, x) = arccosh


g
vgx2

(C-13)

(C-14)

In the last step, we derive the analytical formula for the Dix velocity. Note that
from equation C-13 |∇x0 |2 = 1, i.e., there is no geometrical spreading. The image
rays are circles parallel to each other. Therefore according to equation 3 vd = v and
is found by combining equations C-5 and C-10
vd (t0 , x0 ) =

(v0 + gx x0 )g
.
g cosh(gt0 ) − gz sinh(gt0 )

(C-15)

The time-migration velocity vm , on the other hand, is
vm (t0 , x0 ) =

(v0 + gx x0 )2
.
t0 (g coth(gt0 ) − gz )

(C-16)

APPENDIX D: ANALYTICAL EXPRESSIONS FOR THE
CONSTANT HORIZONTAL SLOWNESS-SQUARED
GRADIENT MEDIUM
In this appendix, we study the following medium:
w(z, x) = w0 − 2qx x = w0 − 2q · x ,

(D-1)

where q = [0, qx ]T .
Similarly to the constant velocity gradient medium, it is convenient to write down
the ray-tracing system in the form (33)

 dx/dσ = p ,
dp/dσ = ∇w/2 ,
(D-2)

dt/dσ = ∇t · dx/dσ = p · p .
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Given equation D-1, ∇w = −2q and thus dp/dσ = −q. After integration over σ,
equation D-2 becomes

 x = x0 + p0 σ − qσ 2 /2 ,
p = p0 − qσ ,
(D-3)

2
2
2 3
t = |p0 | σ − p0 · qσ + |q| σ /3 .
For a particular image ray

T
 x0 = [0,
√ x0 ] ,
p0 = [ w0 − 2qx x0 , 0]T ,

t0 = t ,
the equation for x in D-3 simplifies to

2
x = x√
0 − qx σ /2 ,
z = σ w0 − 2qx x0 .

(D-4)

(D-5)

Solving equation D-5 for σ as a function of z and x
"
σ(z, x) =

(w0 − 2qx x) −

# 12
p
(w0 − 2qx x)2 − 4qx2 z 2
.
2qx2

(D-6)

Combining equations D-3 through D-6, we find
1
x0 (z, x) = x + qx σ 2
2
=

2w0 x + qx z 2
p
,
w0 + 2qx x + (w0 − 2qx x)2 − 4qx2 z 2

1
t0 (z, x) = (w0 − 2qx x0 )σ + qx2 σ 3
3
i
p
√ h
2z 2w0 − 4qx x + (w0 − 2qx x)2 − 4qx2 z 2
=
h
i 21 .
p
2
2
2
3 w0 − 2qx x + (w0 − 2qx x) − 4qx z

(D-7)

(D-8)

According to equation 4, D-7 can give rise to the geometrical spreading:
Q2 (z, x) =

2[(w0 − 2qx x)2 − 4qx2 z 2 ]
h
i.
p
2
2
2
(w0 − 2qx x) w0 − 2qx x + (w0 − 2qx x) − 4qx z

(D-9)

It is more convenient to express equations D-1 and D-9 in σ and x0 instead of directly
in t0 and x0 :
w(σ, x0 ) = w0 − 2qx x0 + qx2 σ 2 ,
(D-10)
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Q (σ, x0 ) = 1 +

qx2 σ 2



1
4
−
w0 − 2qx x0 w0 − 2qx x0 + qx2 σ 2
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,

(D-11)

where we must resolve σ = σ(t0 , x0 ). This is done by revisiting equation D-8. For
given t0 and x0 , σ is the root of a depressed cubic function of the following form:
σ3 +

3(w0 − 2qx x0 )
3
σ − 2 t0 = 0 .
2
qx
qx

(D-12)

After some algebraic manipulations, we find
# 31
9t20 + 4(w0 − 2qx x0 )3 /qx2
σ(t0 , x0 ) =
2qx2
# 13
"
w0 − 2qx x0
2
p
.
−
qx
3qx t0 + 9qx2 t20 + 4(w0 − 2qx x0 )3
"

3t0 +

p

(D-13)

Finally, inserting equations D-10 and D-11 into equation 3 results in the Dix
velocity:
√
w0 − 2qx x0
.
(D-14)
vd (t0 , x0 ) =
w0 − 2qx x0 − qx2 σ 2
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Predictive painting of 3-D seismic volumes
Sergey Fomel ∗

ABSTRACT
Structural information is the most important content of seismic images. I introduce a numerical algorithm for spreading information in 3-D volumes according
to the local structure of seismic events. The algorithm consists of two steps.
First, local spatially-variable inline and crossline slopes of seismic events are estimated by the plane-wave-destruction method. Next, a seed trace is inserted
in the volume, and the information contained in that trace is spread inside the
volume, thus automatically “painting” the data space. Immediate applications
of this technique include automatic horizon picking and flattening in applications
to both prestack and post-stack seismic data analysis. Synthetic and field data
tests demonstrate the effectiveness of predictive painting.

INTRODUCTION
Structural information is the most important content of seismic images. One way to
characterize structure is to assign a dominant local slope attribute to all elements in a
volume. (4) proposed the method of plane-wave destruction for detecting local slopes
of seismic events. Closely related ideas were developed in the differential semblance
optimization framework (21; 17). Plane-wave destruction finds many important applications in seismic data analysis, including data regularization, noise attenuation,
and velocity-independent imaging (10; 12; 13; 3).
The main principle of plane-wave destruction is prediction: each seismic trace
gets predicted from its neighbors that are shifted along the event slopes, and the
prediction error gets minimized to estimate optimal slopes. In this paper, I propose
to extract the prediction operator from the plane-wave destruction process and to
use it for recursive spreading of information inside the seismic volume. I call this
spreading predictive painting.
One particular kind of information that becomes meaningful when spread in a
volume is relative geologic age, in the terminology of (20): seismic layers arranged
according to the relative age of sedimentation. Once relative geological age is established everywhere in the volume, it is possible to flatten seismic images by extracting
stratal slices (22) without manual picking of horizons. Even though flattened seismic
horizons do not necessarily correspond to equivalent true geologic ages, flattening improves the interpreter’s ability to understand and quantify the structural architecture
∗
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of sedimentary layers (23). The idea of using local shifts for automatic picking was
introduced by (1) and (18). (19) presents an alternative approach involving instantaneous phase unwrapping. Analogous techniques are implemented by (7; 2).
Flattening and automatic picking of horizons are important not only for final
structural interpretation but also for prestack imaging and data analysis and for
extracting prestack amplitude attributes. The idea of prestack gather flattening using
local cross-correlations was developed previously by a number of authors (16; 9; 14;
15).
The predictive painting method, introduced in this paper, provides a new approach
for extracting and applying structural patterns, with superior computational performance. The advantages of the proposed method include both conceptual simplicity
and computational efficiency. In the next sections, I describe the basic algorithm for
automatic painting and demonstrate its performance with synthetic and field data
examples.

DESTRUCTION AND PREDICTION OF PLANE WAVES
Plane-wave destruction originates from a local plane-wave model for characterizing
seismic data (10). The mathematical basis is the local plane differential equation
∂P
∂P
+σ
=0,
∂x
∂t

(1)

where P (t, x) is the wave field and σ is the local slope, which may also depend on
t and x (4). In the case of a constant slope, equation A-1 has the simple general
solution
P (t, x) = f (t − σx) ,
(2)
where f (t) is an arbitrary waveform. Equation A-2 is nothing more than a mathematical description of a plane wave. Assuming that the slope σ(t, x) varies in time
and space, one can design a local operator to propagate each trace to its neighbors.
Let s represent a seismic section as a collection of traces: s = [s1 s2 . . . sN ]T ,
where sk corresponds to P (t, xk ) for k = 1, 2, . . . A plane-wave destruction operator
(10) effectively predicts each trace from its neighbor and subtracts the prediction
from the original trace. In the linear operator notation, the plane-wave destruction
operation can be defined as
r = Ds ,
(3)
where r is the destruction residual, and D is the destruction operator defined as


I
0
0
···
0
 −P1,2
I
0
···
0 


 ,
0
−P
I
·
·
·
0
D=
(4)
2,3


 ···
···
···
···
··· 
0
0
· · · −PN −1,N I
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where I stands for the identity operator, and Pi,j describes prediction of trace j from
trace i. Prediction of a trace consists of shifting the original trace along dominant
event slopes. The prediction operator is a numerical solution of equation A-1 for local
plane wave propagation in the x direction. The dominant slopes are estimated by
minimizing the prediction residual r using regularized least-squares optimization. I
employ shaping regularization (11) for controlling the smoothness of the estimated
slope fields. In the 3-D case, a pair of inline and crossline slopes, σx (t, x, y) and
σy (t, x, y), and a pair of destruction operators, Dx and Dy , are required to characterize
the 3-D structure. Each prediction in 3-D occurs in either inline or crossline direction
and thus conforms to equation 4. However, as explained below in the discussion of
Dijkstra’s algorithm, it is possible to arrange all 3-D traces in a sequence for further
processing.
Prediction of a trace from a distant neighbor can be accomplished by simple
recursion. Predicting trace k from trace 1 is simply
P1,k = Pk−1,k · · · P2,3 P1,2 .

(5)

If sr is a reference trace, then the prediction of trace sk is Pr,k sr . I call the recursive operator Pr,k predictive painting. Once the elementary prediction operators in
equation 4 are determined by plane-wave destruction, predictive painting can spread
information from a given trace to its neighbors recursively by following the local
structure of seismic events. The next section illustrates the painting concept using
2-D examples.

PREDICTIVE PAINTING IN 2-D
The input for the first example is borrowed from (5) and shown in Figure 2(a). It
is a synthetic seismic image containing dipping beds, an uncomformity, and a fault.
Figure 1(b) shows local dips measured by the plane-wave destruction algorithm. The
slope estimate correctly depicts the constant dip in the top part of the image and
the sinusoidal variation of the dip in the bottom. Figure 2(a) shows the output
of predictive painting: I assign the reference trace, selected in the middle of the
image, with several horizon picks, which are then automatically spread into the image
space by using prediction operators from equation 1. Figure 2(b) shows another kind
of painting: This time, the reference trace contains simply the time values along
this trace. When spread by predictive painting, it turns into the relative geologic
age attribute, as defined by (20). Relative age indicates how much a given trace
is shifted with respect to the reference trace. Unshifting each trace accomplishes
automatic flattening. The result is shown in Figure 3(a). Most of the horizons are
successfully flattened, although the algorithm fails to “heal” some of events across the
fault because of significant structural discontinuities. In cases like that, the geological
insight of the interpreter is invaluable and cannot be easily replaced by an automatic
algorithm.
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Figure 1: (a) Synthetic image from (5). (b) Local dip estimate. flat/flat sigmoid,sdip
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Figure 2: Predictive painting using synthetic image from Figure 2(a). (a) Painted
horizons. (b) Painted relative age. The reference trace is in the center of the image.
flat/flat spaint,spick
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Figure 3: Synthetic image from Figure 2(a) flattened using a single reference trace
(a) and multiple references (b). The reference traces are marked by vertical lines.
flat/flat sflat,flat
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One reference trace is not necessarily structurally connected to all events in the
volume. By using multiple references and averaging the relative age among all of them,
one can obtain a more accurate extraction of stratal slice information. The result of
using multiple references, shown in Figure 3(b), contains more detailed information
about horizons that are not structurally visible from the single reference trace.
As mentioned in the introduction, flattening and automatic picking of horizons
are useful not only for post-stack structural interpretation but also for prestack data
analysis. Figure 4 shows an application of 2-D predictive painting to a marine CMP
(common midpoint) gather. After the field of local slopes has been found (Figure 4b),
predictive painting is applied to mark individual events (Figure 4c) or to flatten
them (Figure 4d), which effectively accomplishes moveout correction. This processing
is automatic and does not require manual picking or any prior assumption on the
moveout shape. After extracting the moveout information, the moveout parameters
can be estimated by least-squares fitting, as described by (3). It is important to note
that the gather flattening method is prone to errors in the presence of crossing events,
such as multiple reflections, since only the dominant slopes of the strongest events
are going to be picked up by the slope estimation procedure.

Figure 4: A marine CMP gather (a), estimated local slopes (b), events marked by
predictive painting (c), and flattening (d). flat/flatelf pgath
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PREDICTIVE PAINTING IN 3-D
The challenge of predictive flattening in 3-D is in selecting a recursive path that the
reference trace should follow to paint its neighbors. For choosing this path, I adopt
a version of Dijkstra’s shortest path algorithm (8; 6). Dijkstra’s algorithm finds the
path between two nodes in a network of nodes, where there is a cost associated in
connecting each node with its neighbors. In our case, the nodes are seismic traces
in a 3-D cube. I use the semblance between neighboring traces as a cost function.
Dijkstra’s algorithm finds the shortest (minimum-cost) path by effectively arranging
all nodes in a sequence from low to high cost and evaluating each new node using the
information from previous nodes. I run the shortest-path algorithm starting from the
reference trace and paint other traces in a recursive sequence using the information
from previously painted traces. Using semblance as a cost function helps avoiding
3-D misties by forcing the shortest path to go around possible fault areas.
The 3-D data test is reproduced from (18). It uses a portion of a depth-migrated
3-D image with structural folding and angular unconformities (Figure 5(a)). Inline
and crossline dips are measured automatically from the image using plane-wave destruction (Figures 6(a) and 6(b)). Figure 7(a) shows painting of individual strong
horizons in the volume. Figure 5(b) displays automatic flattening using predictive
painting of the relative geologic age. Figure 7(b) shows some of the corresponding
equal-relative-age horizons displayed on top of the original image. Predictive painting
is able to correctly identify the most significant three-dimensional structural features.

CONCLUSIONS
I have introduced predictive painting, a numerical algorithm for automatic spreading
of information in 3-D seismic volumes according to the local structure of seismic
events. The structure is extracted using plane-wave destruction, which operates by
predicting each trace in the volume from its inline and crossline neighbors. In the
second step, prediction operators are used to spread information inside the volume.
This procedure is automatic and computationally fast because it requires only a small
fixed number of operations per each trace or data sample. Synthetic and field data
tests demonstrate the effectiveness of predictive painting in accomplishing such tasks
as automatic flattening and horizon picking.
Further research should concentrate on combining automatic tools with interactive
interpretation to allow the information extracted from seismic data to be integrated
with the geological insight of the interpreter.
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Figure 5: A North Sea image from (18) (a) and its predictive flattening (b).
flat/comaz win,wflat

690

Fomel

TCCS-8

Figure 6: Inline (a) and crossline (b) slopes in the North Sea Image estimated by
plane-wave destruction. Blue colors indicate negative slope; red colors, positive slope.
flat/comaz wdip1,wdip2
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Figure 7: Predictive painting (a) and automatic picking (b) of major horizons in the
North Sea Image. flat/comaz wpaint,wcont
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Seislet transform and seislet frame
Sergey Fomel and Yang Liu ∗

ABSTRACT
We introduce a digital wavelet-like transform, which is tailored specifically for
representing seismic data. The transform provides a multiscale orthogonal basis with basis functions aligned along seismic events in the input data. It is
defined with the help of the wavelet lifting scheme combined with local planewave destruction. In the 1-D case, the seislet transform is designed to follow
locally sinusoidal components. In the 2-D case, it is designed to follow local
plane wave components with smoothly variable slopes. If more than one component is present, the transform turns into an overcomplete representation or
a tight frame. In these terms, the classic digital wavelet transform is simply a
seislet transform for a zero frequency (in 1-D) or zero slope (in 2-D).
The main objective of the new transform is an effective seismic data compression
for designing efficient data analysis algorithms. Traditional signal processing
tasks such as noise attenuation and trace interpolation become simply defined in
the seislet domain. When applied in the offset direction on common midpoint or
common image point gathers, the seislet transform finds an additional application
in optimal stacking of seismic records.

INTRODUCTION
Wavelet transforms have found many applications in science and engineering (28),
including geophysics (20; 11; 40; 26). The power of wavelet transforms, in comparison
with the classic Fourier transform, lies in their ability to represent non-stationary
signals. As a result, wavelets can provide a compact basis for non-stationary data
decomposition. Having a compact basis is useful both for data compression and for
designing efficient numerical algorithms.
A number of wavelet-like transforms that explore directional characteristics of
images have been proposed in the image analysis literature (41). Among those transforms are bandelets (32), contourlets (12), curvelets (33), directionlets (39), shearlets
(21), etc. Unlike isotropic wavelets, directional transforms attempt to design basis
functions so that they appear elongated anisotropically along 2-D curves or 3-D surfaces, which might be characteristic for an image. Therefore, these transforms achieve
better accuracy and better data compression in representing non-stationary images
with curved edges. Curvelets are particularly appropriate for seismic data because
∗

e-mail: sergey.fomel@beg.utexas.edu
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they provide a provably optimal decomposition of wave-propagation operators (4).
Application of the curvelet transform to seismic imaging and seismic data analysis
has been an area of active research (24; 14; 5; 23).
Although the wavelet theory originated in seismic data analysis (30), none of
the known wavelet-like transforms were designed specifically for seismic data. Even
though some of the transforms are applicable for representing seismic data, their
original design was motivated by different kinds of data, such as piecewise-smooth
images. In this paper, we investigate the possibility of designing a transform tailored
specifically for seismic data. In analogy with the previous naming games, we call such
a transform the seislet transform (17).
In seismic data analysis, it is common to represent signals as sums of sinusoids (in
1-D) or plane waves (in 2-D) with the help of the digital Fourier transform (DFT).
Certain methods for seismic data regularization, such as the anti-leakage Fourier
transform (42), the Fourier reconstruction method (44; 45; 46), or POCS (1) rely on
the ability to represent signals sparsely in the transform domain. The digital wavelet
transform (DWT) is often preferred to the Fourier transform for characterizing digital
images, because of its ability to localize events in both time and frequency domains
(25; 28). However, DWT may not be optimal for describing data that consist of
individual sinusoids or plane waves. It is for those kinds of data that the seislet
transform attempts to achieve an optimally compact representation.
The approach taken in this paper follows the general recipe for digital wavelet
transform construction known as the lifting scheme (34). The lifting scheme provides
a convenient and efficient construction for digital wavelet transforms of different kinds.
The key ingredients of this scheme are a prediction operator and an update operator
defined at different digital scales. The goal of the prediction operator is to predict
regular parts of the input data so that they could be subtracted from the analysis.
The goal of the update operator is to carry essential parts of the input data to the
next analysis scale. Conventional wavelet transforms use prediction and update operators designed for characterizing locally smooth images. In this paper, we show
how designing prediction and update tailored for seismic data can improve the effectiveness of the transform in seismic applications. In 1-D, our prediction and update
operators focus on predicting sinusoidal signals with chosen frequencies. In 2-D and
3-D, we use predictions along locally dominant event slopes found by the method
of plane-wave destruction (7; 16). One can extend the idea of the seislet transform
further by changing the definition of prediction and update operators in the lifting
scheme (27).
The seislet transform decomposes a seismic image into an orthogonal basis which
is analogous to the wavelet basis but aligned along dominant seismic events. In 1D, the classic wavelet transform is equivalent to the seislet transform with a zero
frequency. In 2-D, the wavelet transform in the horizontal direction is equivalent
to the seislet transform with a zero slope. When more than one frequency or more
than one slope field are employed for analysis, the seislet transform turns into an
overcomplete representation or a tight frame.
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The paper is organized as follows. We start by reviewing the digital wavelet
transform and the lifting scheme. Next, we modify the lifting scheme to define 1-D
and 2-D seislet transforms. Finally, we generalize the transform construction to a
frame. We illustrate applications of both the seislet transform and the seislet frame
with synthetic and field data examples.

LIFTING SCHEME FOR WAVELET TRANSFORMS
In order to define the new transform, we follow the general recipe for digital wavelet
transforms provided by (35). In the most general terms, the lifting scheme (34) can
be defined as follows:
1. Organize the input data as a sequence of records.
2. Break the data into even and odd components e and o.
3. Find a residual difference r between the odd component and its prediction from
the even component:
r = o − P[e] ,
(1)
where P is a prediction operator.
4. Find a coarse approximation c of the data by updating the even component
c = e + U[r] ,

(2)

where U is an update operator.
5. The coarse approximation c becomes the new data, and the sequence of steps
is repeated at the next scale level.
A digital wavelet transform consists of data approximation at the coarsest level and
residuals from all the levels. The key in designing an effective transform is making
sure that the prediction operator P leaves small residuals while the update operator U
preserves essential features of the original data while promoting them to the next scale
level. For example, one can obtain the classic Haar wavelet by defining the prediction
operator as a simple shift from the nearest sample:
P[e]k = ek ,

(3)

with the update operator designed to preserve the DC (zero frequency) component of the signal. Alternatively, the (2, 2) Cohen-Daubechies-Feauveau biorthogonal
wavelets (9) are constructed by making the prediction operator a linear interpolation
between two neighboring samples,
P[e]k = (ek−1 + ek ) /2 ,

(4)
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and by constructing the update operator to preserve the running average of the signal
(35), as follows:
U[r]k = (rk−1 + rk ) /4 .
(5)
The digital wavelet transform is an efficient operation. Assuming that the prediction and update operation take a constant cost per record, the number of operations
at the finest scale is proportional to the total number of records N , the next scale
computation takes O(N/2), etc. so that the total number of operations is proportional to N + N/2 + N/4 + . . . + 2 = 2 (N − 1), which is smaller than the O(N log N )
cost of the Fast Fourier Transform.
The digital wavelet transform is also easily invertible. Reversing the lifting scheme
operations provides the inverse transform algorithm, as follows:
1. Start with the coarsest scale data representation c and the coarsest scale residual
r.
2. Reconstruct the even component e by reversing the operation in equation 2, as
follows:
e = c − U[r] ,
(6)
3. Reconstruct the odd component o by reversing the operation in equation 10, as
follows:
o = r + P[e] ,
(7)
4. Combine the odd and even components to generate the data at the previous
scale level and repeat the sequence of steps.
Figure 1 shows a classic benchmark image from the image analysis literature and
its digital wavelet transform using 2-D biorthogonal wavelets. Thanks to the general
smoothness of the “Lena” image, the residual differences from equation 2 (stored as
wavelet coefficients at different scales) have a small dynamic range, which enables an
effective compression of the image in the transform domain. Wavelet compression
algorithms are widely used in practice for compression of natural images. As for
compression of seismic data, the classic DWT may not be optimal, because it does not
take into account the specific nature of seismic data patterns. In the next section, we
turn the wavelet transform into the seislet transform, which is tailored for representing
seismic data.

FROM WAVELETS TO SEISLETS
We adopt the general idea of the lifting scheme to transforming seismic data. The
key idea of the seislet transform (17) is recognizing that
• seismic data can be organized as collections of traces or records;
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Figure 1: Benchmark “Lena” image from image analysis literature (a) and its 2-D
digital wavelet transform using bi-orthogonal wavelets (b). seislet/lena lena,linear2
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• prediction of one seismic trace or record from the other and update of records
on the next scale should follow features characteristic for seismic data.

1-D seislet transform
The prediction and update operators employed in the lifting scheme can be understood as digital filters. In the Z-transform notation, the Haar prediction filter from
equation 9 is
P (Z) = Z
(8)
(shifting each sample by one), and the linear interpolation filter from equation 2 is
P (Z) = 1/2 (1/Z + Z) .

(9)

These predictions are appropriate for smooth signals but may not be optimal for a
sinusoidal signal. In comparison, the prediction
P (Z) = Z/Z0 ,

(10)

where Z0 = ei ω0 ∆t , perfectly characterizes a sinusoid with ω0 circular frequency sampled on a ∆t grid. In other words, if a constant signal (ω0 = 0) is perfectly predicted
by shifting each trace to its neighbor, a sinusoidal signal (ω0 6= 0) requires the shift
to be modulated by an appropriate frequency. Likewise, the linear interpolation in
equation 9 needs to be replaced by a filter tuned to a particular frequency in order
to predict a sinusoidal signal with that frequency perfectly:
P (Z) = 1/2 (Z0 /Z + Z/Z0 ) .

(11)

The analysis easily extends to higher-order filters.

2-D seislet transform
If we view seismic data as collections of traces, we can predict one trace from the other
by following local slopes of seismic events. Such a prediction is a key operation in the
method of plane-wave destruction (16). In fact, it is the minimization of prediction
error that provides a criterion for estimating local slopes (7). For completeness, we
include a review of plane-wave destruction in the appendix.
The prediction and update operators for a simple seislet transform are defined by
modifying the biorthogonal wavelet construction in equations 2-5 as follows:


(+)
(−)
P[e]k = Sk [ek−1 ] + Sk [ek ] /2
(12)


(+)
(−)
U[r]k = Sk [rk−1 ] + Sk [rk ] /4 ,
(13)
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(−)

where Sk and Sk are operators that predict a trace from its left and right neighbors correspondingly by shifting seismic events according to their local slopes. The
predictions need to operate at different scales, which, in this case, mean different
separation distances between the traces. Equations 12-13, in combination with the
forward and inverse lifting schemes 10-2 and 6-7, provide a complete definition of the
2-D seislet transform.

Figure 2: Synthetic seismic image (a) and local slopes estimated by plane-wave destruction (b). seislet/seis sigmoid,sigmoiddip
Figure 2(a) shows a synthetic seismic image from (8). After estimating local slopes
from the image by plane-wave destruction (Figure 2(b)), we applied the 2-D seislet
transform described above. The transform is shown in Figure 3(b) and should be
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Figure 3: Wavelet transform (a) and seislet transform (b) of the synthetic image from
Figure 2. seislet/seis sigmoidwvlt,sigmoidseis
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Figure 4: Transform coefficients sorted from large to small, normalized, and plotted
on a decibel scale. Solid line: seislet transform. Dashed line: wavelet transform.
seislet/seis sigmoidcoef
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Figure 5: Randomly selected representative basis functions for wavelet transform (a)
and seislet transform (b). seislet/seis sigmoidimpw,sigmoidimps
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Figure 6: Synthetic image reconstruction using only 1% of significant coefficients
(a) by inverse wavelet transform (b) by inverse seislet transform. Compare with
Figure 2(a). seislet/seis sigmoidwrec1,sigmoidsrec1
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compared with the corresponding wavelet transform in Figure 3(a). Apart from the
fault and unconformity regions, where the image is not predictable by continuous
local slopes, the 2-D seislet transform coefficients are small, which enables an effective compression. In contrast, the wavelet transform has small residual coefficients
at fine scales but develops large coefficients at coarser scales. Figure 4 shows a comparison between the decay of coefficients (sorted from large to small) between the
wavelet transform and the seislet transform. A significantly faster decay of the seislet
coefficients is evident.
Effectively, the wavelet transform in this case is equivalent to the 2-D seislet transform with the erroneous zero slope. Figure 5 shows example basis functions for the
wavelet and 2-D seislet transform used in this example. If using only a small number
of the most significant coefficients, the wavelet transform fails to reconstruct the most
important features of the original image, while the 2-D seislet transform achieves an
excellent reconstruction (Figure 6). We use the method of soft thresholding (13) for
selecting the most significant coefficients.

Example applications of 2-D seislet transform
In this section, we discuss some example applications of the 2-D seislet transform.

Denoising and trace interpolation
Figure 7(a) shows a common-midpoint gather from a North Sea dataset. Plane-wave
destruction estimates local slopes shown in Figure 7(b) and enables the 2-D seislet
transform shown in Figure 8(a). Small dynamic range of seislet coefficients implies a
good compression ratio. Figure 8(b) shows data reconstruction using only 5% of the
significant seislet coefficients.
If we choose the significant coefficients at the coarse scale and zero out difference
coefficients at the finer scales, the inverse transform will effectively remove incoherent
noise from the gather (Figure 8). Thus, denoising is a naturally defined operation in
the 2-D seislet domain (Figure 9).
If we extend the seislet transform domain and interpolate the smooth local slope
to a finer grid, the inverse seislet transform will accomplish trace interpolation of the
input gather (Figure 10). We extend not simply with zeros but with small random
noise to account for the fact that realistic noise is unpredictable and therefore exists
on different scale levels. In this example, the number of traces is increased by four.
Thus, trace interpolation also turns out to be a natural operation when viewed from
the 2-D seislet domain.
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Figure 7: Common-midpoint gather (a) and local slopes estimated by plane-wave
destruction (b). seislet/gath gath,gathdip
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Figure 8: Seislet transform of the input gather (a) and (a) and data reconstruction
using only 5% of significant seislet coefficients (b). seislet/gath gathseis,gathsrec5
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Figure 9: Zeroing seislet difference coefficients at fine scales (a) enables effective
denoising of the reconstructed data (b). seislet/gath sign,gathslet16
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Figure 10: Extending seislet transform with random noise (a) enables trace interpolation in the reconstructed data. The interpolated section (b) has 4 times more traces
than the original shown in Figure 7(a). seislet/gath seis4,gath4
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Seislet stack

The seislet transform acquires a special meaning when applied in the offset direction on common midpoint or common image point gathers. According to the lifting
construction, the zero-order seislet coefficient is nothing more than seismic stack computed in a recursive manner by successive partial stacking of neighboring traces. As a
consequence, seislet stack avoids the problem of “NMO stretch” associated with usual
stacking (22) as well as the problem of nonhyperbolic moveouts (19). All other gather
attributes including multiple reflections and amplitude variation with offset appear in
the higher order seislet coefficients. Figure 11 shows a comparison between the conventional normal moveout stack and the seislet stack. The higher resolution of the
seislet stack is clearly visible. Figure 12 compares the common-midpoint gather after
conventional normal moveout correction and an effective seislet moveout computed
by separating contributions from individual traces to the seislet stack.

Figure 11: Left: conventional normal-moveout stack.
seislet/gath sstack

Right:

seislet stack.
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Figure 12: Input gather after normal moveout correction (a) and effective seislet
moveout (b). seislet/gath nmo,snmo
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FROM TRANSFORM TO FRAME
The 1-D and 2-D transforms, defined in the previous sections, are appropriate for
analyzing signals, which have a single dominant sinusoid or plane-wave component.
In practice, it is common to analyze signals composed of multiple sinusoids (in 1-D)
or plane waves (in 2-D). If a range of frequencies or plane-wave slopes is chosen, and
the appropriate transform is constructed for each of them, all the transform domains
taken together will constitute an overcomplete representation or a frame (28).
Mathematically, if Fn is the orthonormal seislet transform for n-th frequency or
plane wave, then, for any data vector d,
N
X
n=1

kFn dk =
2

N
X
n=1

d

T

FTn

Fn d =

N
X

kdk2 = N kdk2 ,

(14)

n=1

which means that all transforms taken together constitute a tight frame with constant
N.
For example, in the 1-D case, one can find appropriate frequencies by autoregressive spectral analysis (2; 29). We define the algorithm for the 1-D seislet frame as
follows:
1. Select a range of coefficients Z1 , Z2 , . . . , Zk . When using autoregressive spectral
analysis, these coefficients are simply the roots of the prediction-error filter.
Alternatively, they can be defined from an appropriate range of frequencies
ω1 , ω2 , . . . , ωk .
2. For each of the coefficients, perform the 1-D seislet transform.
Because of its over-completeness, a frame representation for a given signal is not
unique. In order to assure that different frequency components do not leak into
other parts of the frame, it is advantageous to employ sparseness-promoting inversion.
We adopt a nonlinear shaping regularization scheme (18), analogous to the sparse
inversion method of (10), and define sparse decomposition as an iterative process
b
fk+1 = S[F d + (I − F F0 ) b
fk ] ,
0b
fk+1 = fk + F d − F F fk+1 ,

(15)
(16)

where fk is the seislet frame at k-th iteration, b
fk is an auxiliary quantity, d is input
data, I is the identity operator, F and F0 are frame construction and deconstruction
operators

T
F1 F2 · · · Fk
F ≡
,
 −1

−1
−1
0
F1 F2 · · · Fk
F ≡
,
where Fj is the seislet transform for an individual frequency, and S is a nonlinear
shaping operator, such as soft thresholding (13). The iteration 15-16 starts with
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f0 = 0 and b
f0 = F d and is related to the linearized Bregman iteration (31; 43).
We find that a small number of iterations is usually sufficient for convergence and
achieving both model sparseness and data recovery.

1-D data analysis with 1-D seislet frame
We use a simple synthetic test to verify the compression effectiveness of 1-D seislet
frame. A test signal mixing two sinusoids with different frequencies and some random
noise is displayed in Figure 13(a). We use a prediction-error filter to detect the signal
frequencies and to design the corresponding seislet frame. The result is shown in Figure 13(b). The 1-D seislet frame algorithm with shaping regularization compresses
the sinusoidal signal into two nearly perfect impulses with some dispersive random
noise. For comparison, we also apply DFT and DWT to transform the signal (Figures 13(d) and 13(c)). In the Fourier transform domain, the signal appears as two
impulses corresponding to the chosen frequency components. The resolution is not
perfect because of spectral leakage caused by non-periodic input data. In the wavelet
domain, the transform coefficients are not compressed well. For further comparison,
we plot the coefficients in the three different transform domains, sorted from large to
small, on a decibel scale (Figure 14). The significantly faster rate of coefficient decay
shows the superiority of the 1-D seislet frame in compressing sinusoidal signals.

2-D data analysis with 1-D seislet frame
To analyze 2-D data, one can apply 1-D seislet frame in the distance direction after
the Fourier transform in time (the F -X domain). In this case, different frame frequencies correspond to different plane-wave slopes (3). We use a simple plane-wave
synthetic model to verify this observation (Figure 3(a)). The F -X plane is shown
in Figure 15(b). We find a prediction-error-filter (PEF) in each frequency slice and
detect its roots to select appropriate spatial frequencies. We use Burg’s algorithm for
PEF estimation (2; 6) and an eigenvalue-based algorithm for root finding (15). The
seislet coefficients and the corresponding recovered plane-wave components are shown
in Figure 16. Similarly to the 1-D example, information from different plane-waves
gets strongly compressed in the transform domain.

2-D data analysis with 2-D seislet frame
To show an example of 2-D data analysis with 2-D seislet frames, we use the CMP
gather from Figure 7(a). We try two different choices for selecting a set of dip fields
for the frame construction.
First, we define dip fields by scanning different constant dips (Figure 17(a)). In
this case, the zero-scale coefficients out of the 2-D seislet frame correspond to the
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Figure 13: Mixed sinusoidal signal (a), 1-D seislet frame (b), 1-D wavelet transform
(c), and 1-D Fourier transform (d). seislet/sin2 tatrace,taft,tdwt,fourier
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Figure 14: Compression comparison between digital Fourier transform, digital wavelet
transform, and 1-D seislet frame. Transform coefficients are sorted from large to small,
normalized, and plotted on a decibel scale. seislet/sin2 tlog
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Figure 15: Synthetic plane-wave data (a) and corresponding Fourier transform along
the time direction (b). seislet/plane plane,fft
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Figure 16: Seislet coefficients (left) and corresponding recovered plane-wave components (right) for three different parts of the 1-D seislet frame in the F -X domain.
seislet/plane plane1,plane2,plane3
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slant-stack (Radon transform) gather (Figure 18(a)). Figure 19(a) shows randomly
selected example frame functions for the 2-D seislet frame using constant dips
Our second choice is a set of dip fields defined by the hyperbolic shape of seismic
events on the CMP gather:
r
x2
t(x) = t20 + 2 ,
(17)
v
where t(x) is traveltime for reflection at offset x, t0 is the zero-offset traveltime, and
v is the root-mean-square velocity. For a range of constant velocities, the direct
relationship between dip and velocity is given by
p=

x
dt
= 2 .
dx
v t

(18)

The dip field p(x, t, v) is shown in Figure 17(b). Analogously to the case of constant
dips, the frame coefficients at the zero scale correspond to the hyperbolic Radon transform (37), with the primary and multiple reflections distributed in different velocity
ranges (Figure 18(b)). Figure 19(b) shows randomly selected frame functions for the
2-D seislet frame with varying dip fields defined by a range of constant velocities.

DISCUSSION
Data size
1-D FFT
1024 × 1024
0.06
512 × 512
0.02

1-D DWT
0.03
0.01

1-D seislet
0.17
0.04

2-D seislet
1.03
0.22

Table 1: CPU times (in seconds) for different transforms.
How efficient are the proposed algorithms? The CPU times, in our implementation, are shown in Table 1. They confirm that, while the seislet transform and
frame can be more expensive than FFT or DWT, they are still comfortably efficient in
practice. In applications of the 2-D seislet transform, the main cost may not be in the
transform itself but in iterative estimation of the slope fields. In practical large-scale
applications, it is advantageous to break the input data in parts and process them in
parallel.
How effective are the seislet transform and frame in compressing seismic data? In
the case of the 2-D seislet transform that requires a slope field, it appears that one
would need to store this field in addition to the compressed data. However, since
we force the estimated slopes to be smooth, the slope field can be easily compressed
with one of the classic compression algorithms. Consider the example in Figure 2.
Suppose that we apply lossy compression and require 99% of the energy to be preserved. The seislet transform compression ratio in this case is less that 1% while
the corresponding wavelet transform ratio is 26%. Applied to the smooth slope field
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Figure 17: Constant dip field (a) and time and space varying dip field (b).
seislet/diplet cdips,rrdips
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Figure 18: 2-D seislet frame coefficients with constant dip field (a) and with varying
dip field (b). seislet/diplet cdiplet,rrdiplet
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Figure 19:
Randomly selected representative frame functions for 2D seislet frame with constant dip field (a) and varying dip field (b).
seislet/diplet cdipimps,rrdipimps
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from Figure 2(b), the wavelet transform compresses it to about 0.1%. This example
shows that compressing seismic data with the seislet transform and the corresponding
slope field with the wavelet transform can be significantly more effective that trying
to compress seismic data with the wavelet transform.

CONCLUSIONS
We have introduced a new digital transform named seislet transform because of its
ability to characterize and compress seismic data in the manner similar to that of
digital wavelet transforms. We define the seislet transform by combining the wavelet
lifting scheme with local plane-wave destruction. In 1-D, the seislet transform follows
sinusoidal components. In 2-D, it follows locally plane events. When more than one
sinusoid or more than one local slope are applied for the analysis, the transform
turns into an overcomplete representation or a frame. The seislet transform and
seislet frame can achieve a better compression ratio than either the digital Fourier
transform (DFT) or the digital wavelet transform (DWT).
The seislet transform provides a convenient orthogonal basis with the basis functions spanning different scales analogously to those of the digital wavelet transform
but aligned along the dominant seismic events. Traditional signal analysis operations
such as denoising and trace interpolation become simply defined in the seislet domain
and allow for efficient algorithms. Seismic stacking also has a simple meaning of the
zeroth-order seislet coefficient computed in an optimally efficient manner by recursive partial stacking and thus avoiding the usual problems with wavelet stretch and
nonhyperbolic moveouts.
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APPENDIX A
REVIEW OF PLANE-WAVE DESTRUCTION
This appendix reviews the basic theory of plane-wave destruction (16).
Following the physical model of local plane waves, we define the mathematical
basis of plane-wave destruction filters via the local plane differential equation (7)
∂P
∂P
+σ
=0,
∂x
∂t

(A-1)
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where P (t, x) is the wave field, and σ is the local slope, which may also depend on t
and x. In the case of a constant slope, equation A-1 has the simple general solution
P (t, x) = f (t − σx) ,

(A-2)

where f (t) is an arbitrary waveform. Equation A-2 is nothing more than a mathematical description of a plane wave.
If we assume that the slope σ does not depend on t, we can transform equation A-1
to the frequency domain, where it takes the form of the ordinary differential equation
dP̂
+ iω σ P̂ = 0
dx

(A-3)

P̂ (x) = P̂ (0) eiω σx ,

(A-4)

and has the general solution

where P̂ is the Fourier transform of P . The complex exponential term in equation A-4
simply represents a shift of a t-trace according to the slope σ and the trace separation
x.
In the frequency domain, the operator for transforming the trace x − 1 to the
neighboring trace x is a multiplication by eiω σ . In other words, a plane wave can be
perfectly predicted by a two-term prediction-error filter in the F -X domain:
a0 P̂ (x) + a1 P̂ (x − 1) = 0 ,

(A-5)

where a0 = 1 and a1 = −eiω σ . The goal of predicting several plane waves can be
accomplished by cascading several two-term filters. In fact, any F -X prediction-error
filter represented in the Z-transform notation as
A(Zx ) = 1 + a1 Zx + a2 Zx2 + · · · + aN ZxN
can be factored into a product of two-term filters:


 

Zx
Zx
Zx
A(Zx ) = 1 −
1−
··· 1 −
,
Z1
Z2
ZN

(A-6)

(A-7)

where Z1 , Z2 , . . . , ZN are the zeroes of polynomial A-6. According to equation A-5,
the phase of each zero corresponds to the slope of a local plane wave multiplied by
the frequency. Zeroes that are not on the unit circle carry an additional amplitude
gain not included in equation A-3.
In order to incorporate time-varying slopes, we need to return to the time domain
and look for an appropriate analog of the phase-shift operator A-4 and the planeprediction filter A-5. An important property of plane-wave propagation across different traces is that the total energy of the propagating wave stays invariant throughout
the process: the energy of the wave at one trace is completely transmitted to the next
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trace. This property is assured in the frequency-domain solution A-4 by the fact that
the spectrum of the complex exponential eiω σ is equal to one. In the time domain, we
can reach an equivalent effect by using an all-pass digital filter. In the Z-transform
notation, convolution with an all-pass filter takes the form
P̂x+1 (Zt ) = P̂x (Zt )

B(Zt )
,
B(1/Zt )

(A-8)

where P̂x (Zt ) denotes the Z-transform of the corresponding trace, and the ratio
B(Zt )/B(1/Zt ) is an all-pass digital filter approximating the time-shift operator eiωσ .
In finite-difference terms, equation A-8 represents an implicit finite-difference scheme
for solving equation A-1 with the initial conditions at a constant x. The coefficients
of filter B(Zt ) can be determined, for example, by fitting the filter frequency response
at low frequencies to the response of the phase-shift operator. This leads to a version
of Thiran’s maximally-flat all-pass fractional-delay filters (36; 38).
Taking both dimensions into consideration, equation A-8 transforms to the prediction equation analogous to A-5 with the 2-D prediction filter
A(Zt , Zx ) = 1 − Zx

B(Zt )
.
B(1/Zt )

(A-9)

In order to characterize several plane waves, we can cascade several filters of the
form A-9 in a manner similar to that of equation A-7. A modified version of the filter
A(Zt , Zx ), namely the filter
C(Zt , Zx ) = A(Zt , Zx )B(1/Zt ) = B(1/Zt ) − Zx B(Zt ) ,

(A-10)

avoids the need for polynomial division. In case of a 3-point filter B(Zt ), the 2-D
filter A-10 has exactly six coefficients. It consists of two columns, each column having
three coefficients and the second column being a reversed copy of the first one.
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3D velocity-independent elliptically-anisotropic
moveout correction
William Burnett and Sergey Fomel ∗

ABSTRACT
Azimuthal anisotropy or lateral velocity variations cause azimuthal variations in
moveout velocity which can lead to seismic image degradation if not properly
handled. In cases where apparent azimuthally anisotropic moveout is present,
a single picked velocity is inadequate to flatten an event on a 3D CMP gather.
Conventional velocity analysis techniques require a significant amount of time and
effort, especially in areas where apparent anisotropy is observed. We propose
a velocity-independent imaging approach to perform an elliptically anisotropic
moveout correction in 3D. The velocity-independent approach relies on volumetric
local traveltime slopes rather than aggregate velocities, and therefore provides an
azimuthally flexible description of traveltime geometries throughout the gather.
We derive theoretical expressions for extracting the moveout slowness matrix
and the angle between the symmetry and acquisition axes as volumetric local
attributes. A practical inversion scheme to extract the same parameters is also
developed. These parameters are used to solve for moveout slowness as a function
of azimuth. Tests on a synthetic CMP gather show accurate results for the
automatic moveout correction and the inversion scheme. A field data example
from West Texas illustrates the application of the automatic moveout correction
as a residual moveout.

INTRODUCTION
Common geological occurrences such as dipping interfaces, lateral velocity variations,
or HTI media can lead to real or apparent azimuthal anisotropy, in which case the
P-wave moveout velocity becomes elliptically dependent on azimuth (4). The symmetry axes of apparent azimuthal anisotropy often correspond to geologically meaningful
parameters such as the strike and dip directions of the reflector (8),the directions of
tectonic stress (12), the preferred orientation of vertical fractures (1), or any combination of these factors. Failure to account for azimuthal velocity variations often leads
to stack degradation, improper time-to-depth conversion, inaccurate AVO/AVOA,
and overall poorer image results (16). (11) and (14) demonstrate that migration
algorithms which can handle azimuthal variations in the velocity model can visibly
improve seismic imaging results.
∗
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Conventional manual velocity analysis procedures take up a significant part of the
time needed to process seismic data. Even with semi-automated picking tools, this
phase of a typical processing flow alone may take weeks or even months for modern
3D data sets. Accurate automated traveltime picking algorithms are the main tools
for modern velocity analysis, and have greatly reduced the time and manual work
required to hand-pick velocities (13). However, these tools still require significant
manual inspection and editing for quality control.
The conventional production processing flow does not include picking azimuthallydependent velocities, but two approaches are commonly used to handle and characterize azimuthal variations in velocity. The first, and historically more popular approach,
is to sort CMP gathers into azimuth sectors, and then perform isotropic velocity analysis, processing, and migration on each sector. The individual moveout parameters
from all sectors are plotted together, and then fit with a sinusoid to characterize the
principal moveout directions and the percentage of anisotropy. (6) describe another
approach, where NMO is first performed with a smooth global velocity model. If
apparent anisotropy is detected, trace-to-trace traveltime shifts are estimated automatically, and the traveltime surface is fit with an ellipse characterized by the moveout
slowness matrix W. The second approach has become more popular in production
because of its robustness, and in a case-study comparing the two, (9) provides an
example where the non-sectoring approach yielded a more reliable azimuthal velocity
model.
The concept of velocity-independent imaging (10) is attractive because it can be
very efficient when compared the time and manual work required to hand-pick velocities (3). The underlying strategy of velocity-independent imaging relies on measuring
traveltime slopes throughout the data set rather than hyperbolic traveltimes or velocities themselves (17). (2) demonstrates that plane-wave destruction filters provide
an automated and effective way to measure local slopes in a seismic volume. Measured slopes can then be used to automate any common time-domain imaging step
(3). Previous work concerning automatic moveout corrections does not extend to the
3D case. In doing so here, we demonstrate that the azimuthal flexibility of automatic moveout correction in 3D is especially useful in the presence of real or apparent
azimuthal anisotropy.
Rather than using a single picked velocity profile to apply the NMO correction,
using the local slopes of a given 3D reflection event allows the event to be flattened
regardless of azimuthal variations in NMO velocity. In practice, these slopes can be
measured automatically throughout the volume, so no traveltime surfaces need to be
picked. The velocity-independent approach can still be used to extract moveout or
interval velocities throughout the data set as data attributes (3). Our method also
suggests that, by measuring local curvatures throughout the seismic data volume, the
orientation of the symmetry axes can automatically be estimated with respect to the
acquisition coordinates. We present theoretical expressions for azimuthal anisotropy
moveout parameters as volumetric attributes, and demonstrate a practical inversion
scheme for the same parameters using the velocity-independent approach. Synthetic
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and field examples are used to validate our proposed method and show the variety of
potential applications.

THEORY
Following (4), the elliptical NMO equation in 3D can be written with the help of a
truncated Taylor series expansion as,
q
t0 = t2 − (Wx x2 + Wy y 2 + 2Wxy xy),

(1)

where t is the event arrival time, t0 is the moveout corrected time, and x and y are
the components of full offset in the x and y survey directions, respectively. Wx and
Wy are the conventionally-measured moveout slownesses squared values (along the
same survey coordinates). Equation 1 describes NMO with elliptical velocity, where
the third parameter, Wxy , arises from observing the ellipse from rotated coordinates.
In practice, one can perform elliptically anisotropic NMO using conventional velocity
picking in the inline and crossline directions, but the principal directions of moveout
must also be estimated. Rewriting equation 1 as a matrix-vector multiplication between the offset vector and the slowness matrix W allows one to solve for the angle
between the acquisition coordinates and the medium symmetry axes, denoted as α
here. This can be done either by finding the eigenvectors of the system (4), or by
using geometric arguments and well-known relations between the formulas for a rotated ellipse and its unrotated equivalent (15). Using the latter approach gives an
expression for α in terms of conventional slowness parameters,
1
α = tan−1
2



2Wxy
Wx − Wy


.

(2)

In this expression, α is the angle from a survey axis measured counter-clockwise toward the nearest symmetry axis. If Wx is equal to Wy , then the arc-tangent argument
goes to infinity, corresponding to α = 45◦ . Although equation 2 is a straightforward
way of finding the coordinate rotation angle, finding the eigenvalues and eigenvectors
allows one to resolve between the fast and slow principal moveout directions. The
eigenvalues λ1 and λ2 of the slowness matrix,

W=


Wx Wxy
,
Wxy Wy

(3)

can be found following (4). Rewritten here in our notation, they demonstrate how
the eigenvalues,
λ1,2

q
i
1h
2
2
Wx + Wy ± (Wx − Wy ) + 4Wxy ,
=
2

(4)
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Figure 1: Elliptic NMO velocity depends on the natural symmetry axes (a-b), not the
acquisition coordinates (x-y). The angle α describes the counter-clockwise rotation
between the two coordinate frames. nmo3/. HTINMO
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can be used together with α to solve for the NMO slowness S as a function of sourcereceiver azimuth θ:
2
(θ) = λ1 cos2 (θ − α) + λ2 sin2 (θ − α).
Snmo

(5)

Since equation 1 describes the predicted hyperbolic traveltime curve on a CMP
gather for a variety of cases where either real or apparent elliptical anisotropy may
be present, the local slope of an event on an inline or crossline CMP gather can be
related to the conventional moveout slowness parameters by taking the derivative of
1 with respect to x and y. Ignoring higher order terms and assuming the parameters
vary slowly along x and y, gives a first-order approximation of how the measured
slopes relate to conventional moveout parameters:
px (t, x, y) =

Wx x + Wxy y
∂t
=
,
∂x
t

(6)

py (t, x, y) =

∂t
Wy y + Wxy x
=
.
∂y
t

(7)

By substitution back into 1, we arrive at the velocity-independent expression for 3D
elliptical moveout in terms of local slopes:
t0 =

q

t2 − t (px x + py y).

(8)

Notice that only two parameters (px and py ) must be measured to completely predict
the NMO corrected time. More importantly, these parameters can be measured automatically using a local slope estimation algorithm, such as plane-wave destruction
(2). Equation 8 is a 3D extension for the 2D equation from (10).
Automated processes allow one to save time spent on a project, but it may seem
that the insight and information gained during a more interactive conventional processing flow would be lost. A significant part of production velocity analysis involves
picking or examining the velocity model directly, which provides an early and intuitive link between the seismic data and the subsurface geology. The velocity model
and anisotropy information are themselves invaluable sources of geologic information.
They also control the positioning of events in the final image, so an ability to extract
these parameters is desirable.
The relation between local slopes and moveout velocity has been documented
for the 2D case (10; 17; 3). In the 3D case where apparent azimuthal anisotropy
is present, at least three conventional slowness or velocity-like values are needed to
characterize moveout (Wx , Wy , and Wxy from equation 1). Although equation 8
suggests they are not necessary for moveout in terms of local slopes, these values
can be used to characterize anisotropy, and may also be useful for other subsequent
processing. Simply rearranging equations 3 and 7 gives expressions for Wx and Wy :

734

Burnett & Fomel

TCCS-8

Wx =

tpx − Wxy y
,
x

(9)

Wy =

tpy − Wxy x
.
y

(10)

and,

Both of these parameters require an estimate of Wxy . A first-order approximation of
Wxy can be found by differentiating equation 3 with respect to y or equation 7 with
respect to x:
Wxy = t

∂px
∂py
+ px py = t
+ px py = tpxy + px py .
∂y
∂x

(11)

Since slopes are measured as a local attribute, the inline and crossline local slopes
comprise data volumes with the same dimensions and coordinates as the input CMP.
Applying a 1D derivative filter to these volumes allows one to obtain either mixedderivative in equation 11, and solve for the apparent anisotropy angle α, using equation 1. This angle can also be expressed in terms of local slopes. Combining equations
9, 10, and 11 yields,
Wx − Wy =

px py
t
[ypx − xpy + (pxy + (x2 − y 2 )
)].
xy
t

(12)

Now everything needed to express α independently of velocity is found in equations
11 and 12. Combining them with equation 2 gives,
1
α(t, x, y) = tan−1
2



2xy(tpxy + px py )
t(ypx − xpy ) + (tpxy + px py )(x2 − y 2 )


.

(13)

Implementing equation A-8 creates an attribute for each input data sample describing
the counter-clockwise azimuthal angle between the symmetry coordinates and the
acquisition coordinates. Applying NMO to this attribute volume yields α(t0 , x, y),
which should then theoretically be constant at each time-slice if the moveout were
exactly described by equation 1.
Finding local estimates of slowness and anisotropy parameters using equations
9-A-8 remains at this point only an interesting theoretical idea. A more robust and
practical approach to extracting velocity and anisotropy parameters is to exploit
the shear number of volumetric slope measurements made to perform the velocityindependent NMO correction. For a given CMP with dimensions (nx × ny × nt ), the
NMO correction applies a shift of time-squared,
t∆ (t0 , x, y) = t2 (x, y) − t20 (x, y),

(14)
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which can be automatically computed for every output coordinate using equation (8)
and stored as another volume of the same dimensions. Once NMO is applied, the
time axis of the CMP gather represents t0 , so the slowness matrix W and α should
each be constant for a given time value. Each time-slice from either the data or one of
the attribute volumes can be viewed as an (nx × ny ) matrix, which can be re-indexed
into a vector of length (nx × ny ). If the x and y indexes from the time-slice are i
and j respectively, then the value from position (i, j) in the matrix is mapped to
the k = i + jnx position in the vector. Using this notation, a highly overdetermined
problem follows from writing equation 1 as a matrix-vector multiplication:
t∆ = Xw.

(15)

t∆k = t∆ (t0 , xi , yj ),

(16)

where the k th element of t∆ is,

the k th row of X is given by the vector,

xk = x2i yj2 2xi yj ,

(17)

and



Wx
w =  Wy  .
Wxy

(18)

Linear system 15 has (nx × ny ) equations with only three unknowns. By solving 15
for each time-slice in the output CMP, we construct the slowness matrix W(t0 ), and
use it with equations A-8, 3, and 5 to extract the coordinate rotation angle α(t0 ) and
the NMO slowness as a function of azimuth, S(t0 , θ).

EXAMPLES
We provide two examples to illustrate the performance of our approach. In the first
example, we consider a simple 3D synthetic CMP gather (Figure 2(a)) with four
events, each with a different degree of apparent azimuthal anisotropy. The synthetic
CMP in Figure 2(a) was created by first specifying the moveout slowness matrix,
W for each event. Each of the four events was modeled individually by applying
inverse 3D NMO to a flat reflection based on equation 1. The exact parameters used
to model the four events are specified in Table 1. The four events were then added
together into a single CMP gather with a small amount of random noise (10% of
the signal amplitude). The result of this approach differs from real cases in that the

736

Burnett & Fomel

TCCS-8

Figure 2: (a.) A synthetic 3D CMP gather with four events of varying apparent
elliptical anisotropy. The three panels in the display show a time-slice view (upper
square panel), a crossline view (central panel), and an inline view (right panel) of
the same volume. (b.) An isotropic NMO correction using a picked velocity function
appropriate for flattening certain events. At best, isotropic NMO can flatten either
the inline or crossline directions well, but there is no single velocity function that will
flatten both. nmo3/azimuthtest cmp3d,nmo063d

traveltime surface for each of the events is completely independent from overlying
events. However, this approach allows us to specify the exact moveout slownesses of
each the events without additional work.
Event t0 (s)
A
0.59
B
1.53
C
2.51
D
3.41

Event Moveout Parameters
Wx (s2 /km2 ) Wy (s2 /km2 ) Wxy (s2 /km2 ) α(◦ )
0.14
0.16
-0.01
14.0
0.30
0.30
-0.04
-44.3
0.32
0.26
-0.03
-21.8
0.24
0.25
-0.005
26.57

Table 1: Moveout parameters used for events in Figure 2(a).
Conventional velocity semblance scans may yield multiple peaks for the same event
when apparent azimuthal anisotropy is present. One must interpret the correct velocity in these areas, which can lead to inconsistent results between different processing
geophysicists, since the cause of multiple semblance panel peaks can be ambiguous
(multiples, noise, anisotropy, etc.). Resolving this ambiguity properly can add even
more time and work to the production approach. Figure 2(b) shows a possible result
of picking a single velocity profile which flattens certain events in either the inline
or crossline view. For a root-mean-square velocity model, if an intermediate value is
chosen for each event, both directions are flattened poorly. Event B has a particularly
difficult scenario for the production approach; the symmetry axes are nearly 45◦ from
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Figure 3: The (a.) inline and (b.) crossline slopes of the CMP gather from Figure 2(a).
(c.) These slopes are used with equation 8 to automatically perform the proposed elliptically anisotropic moveout correction. All four events are flattened perfectly where
the slopes are not aliased. nmo3/azimuthtest pxsmooth3d,pysmooth3d,PNMO3d
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the acquisition axes, which makes the apparent moveout velocities along the x and y
axes practically equal. A production velocity analysis is likely to not even detect the
anisotropy in this case, because viewed from the acquisition axes, event B appears
isotropic. The time-slice panel of Figure 2(b) reveals the poor performance of the
isotropic NMO correction along other source-receiver azimuths of event B.
By measuring the local slopes of an input CMP gather as a volumetric attribute,
the geometry of each traveltime surface is captured, even away from the x and y
acquisition axes. Figures 3(a) and 3(b) show sections of the automatically measured
inline and crossline slope volumes for the CMP from Figure 2(a). The time-slice
views clarify that the slopes are measured in the x and y directions throughout the
volume, not just along the x and y zero-offset axes. Comparison of the slope volumes
with Figure 2(a) also shows that there are clearly non-zero slopes in areas without
data. No initial slope fields were used to get these measurements, but the results of the
plane-wave destruction filter application were regularized with a smoothing constraint
by using shaping regularization (3). This constraint is enforced to help ensure that
the moveout correction varies both spatially and temporally in a stable fashion. In
Figure 3(c), the velocity-independent elliptically anisotropic moveout correction is
applied using these slopes, and all of the events are flattened well in both directions.
The time-slice view of Figure 3(c) now shows the overall superior performance of the
velocity-independent correction, but also reveals its limitations. As events become
steep relative to the trace spacing, local slope measurements can be aliased. Towards
the corners of the example gather, the slopes become too steep to be measured reliably,
and in these areas, the automatic moveout correction performs poorly. In field data,
crossline trace spacing is often much coarser than inline spacing, which may lead to
similar aliasing problems. However, the effects of aliasing can often be mitigated
with a few simple extra steps. By first applying a constant velocity isotropic NMO
correction to the data before measuring slopes, the events will be flatter and less likely
to have aliased slopes at far offsets. An inverse NMO correction using the constant
velocity can then be applied to the measured slopes. The constant velocity can then
be converted to px and py components and added to the slope measurements to obtain
the unaliased slope fields of the input CMP gather.
Another perspective of the same test is shown in Figures 4(a) and 4(b). The
traces from the synthetic CMP gather have been binned into offset and azimuth
coordinates to display the familiar sinusoidal signature of azimuthal traveltime variations. The various squared traveltime shifts (t∆ values) applied by the automatic
NMO correction were computed during implementation using equation 8, and then
stored as a volumetric attribute. For each of the events, time-slices of this volume
are shown in Figures 5(a)-5(d). The elliptical variation is clearly displayed for events
A, B, and C, but the subtle variation for event D makes it difficult to detect the
apparent anisotropy. Each time-slice from the same volume was re-indexed into a
vector following the scheme described in the previous section, and then fed into a
least-squares solver for equation 15 to yield W(t0 ). The results of this inversion are
displayed in Figures 6(a)-6(b). At the times of the events, all three parameters have
been extracted accurately. The shaping regularization used to create smooth slope
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fields also leads to similar smoothness in the W estimates. Because of the random
noise in the synthetic data, slope measurements away from events are also random.
The best-fit surface through these random slopes tends to be a flat plane, which is
characterized on a CMP gather by zero slowness, causing the Wx and Wy estimates
to tend toward zero between events. It is important to note that the values shown
in Figures 6(a)-6(d) each rely on the accuracy of the NMO shifts computed at the
corresponding value of t0 . Only the sparse times of this synthetic CMP gather with
data have meaningful slope estimates and therefore meaningful W and α estimates.

Figure 4: (a.) A common offset (0.75 km) display of CMP from Figure 2(a) with
azimuth on the horizontal axis. (b.) The same traces after the automatic moveout correction. All events are shifted up to their appropriate t0 and flattened.
nmo3/azimuthtest oacmp,oaPNMO
The extracted moveout slowness matrices W(t0 ) are used with equation 2 to
estimate α(t0 ). The results of estimating α(t0 ) are displayed in Figure 6(d), and
the values at the times of each event are accurate. We conclude this example by
solving for NMO slowness-squared as using α(t0 ) and the corresponding eigenvalues
at each t0 with equation 5. These results, shown in Figures 7(a)-7(d) show that for
all four events, the angle of anisotropy is detected. From this volume, the principal
moveout directions are readily determined, the fast and slow axes are resolved, and
the apparent anisotropy (the ratio or difference of Vf ast and Vslow ) is measurable.
We next demonstrate a potential application of the automatic moveout correction
on a real data example. In this case, we apply the automatic elliptically anisotropic
moveout correction as a residual moveout correction. A subset of the McElroy data
set from West Texas was formed into a supergather seen in Figure 8. Figure ?? shows
a common offset (3.6-4.0 km) time-versus-azimuth display of the same data, where
azimuthal anisotropy is evident for several events. In Figure ??, the magnitude of the
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Figure 5:
Traveltime squared shifts (t∆ (t0 , x, y)) for each event.
(a.)
Event A. (b.)
Event B. (c.)
Event C. (d.)
Event D.
nmo3/azimuthtest deltaTslice1,deltaTslice2,deltaTslice3,deltaTslice4

local slope is shown for the initial data. The areas with higher slope values highlight
areas that were not ideally flattened by the prior isotropic NMO correction. The
region of the highest slopes along the top of the figure is due to the proximity of
the prior NMO mute at about 0.8 s. Figure ?? shows the results of applying two
iterations of the proposed moveout correction. Further iterations will continue to
flatten later events as distortions from overlying layers are removed. The events in
the results are already noticeably flatter, and will therefore produce a cleaner stack.

DISCUSSION
Many advancements have been made in semi-automated traveltime picking schemes
which have made the velocity analysis phase of a conventional seismic data processing
flow much more efficient. However, a great deal of time is still required to manually
check the quality of the assisted picking, and this remains as a time-consuming step
in the conventional processing flow, especially in 3D. A similar procedure can be used
for our velocity-independent approach. In production applications, the automatically
measured slope fields from a subset of CMP gathers should be inspected manually.
Slopes are very intuitive to understand and easy to compare to the input data. An
overlay or side-by-side display of the two, combined with the NMO performance
provide efficient and accurate quality control criteria.
Plane-wave destruction filters provide a truly automated approach to velocity
analysis, as they can be used without any user-selected input parameters. Here,
we have used the finite-difference plane-wave destructors, which, as described by
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Figure 6: Elements of W(t0 ) inverted from t∆ (t0 , x, y) surfaces: (a.) Wx .
(b.) Wy . (c.) Wxy . (d.) Azimuth angle α(t0 ) computed from W(t0 ).
nmo3/azimuthtest Wxinv,Wyinv,Wxyinv,InvAlpha
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Figure 7: Time-slice views of NMO slowness-squared values computed for
each event.(a.)
Event A. (b.)
Event B. (c.)
Event C. (d.)
Event D.
nmo3/azimuthtest slowsqrdslice1,slowsqrdslice2,slowsqrdslice3,slowsqrdslice4

Figure 8: 3D
US. Although
view shows a
nmo3/mcelroy

view of a supergather from the McElroy data set, West Texas,
the data has been isotropically NMO corrected, the time-slice
subtle directional trend to the flatness of an event at 0.978 s.
supercube
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Figure 9: A time-versus-azimuth panel of traces for a range of offsets from
3.6-4.0 km from the McElroy data set. The central panel shows local slope
magnitudes corresponding
to the left input panel. The slope magnitude was
p 2
2
computed as
px + py . The same data after an automatic moveout correction has been applied as a residual moveout correction is shown on the right.
nmo3/mcelroy super21-anisow,pmag3-anisow,pnmo-oa2-anisow
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(2), can be given a user-supplied initial estimate of the slope field. Providing an
initial slope estimate helps improve the efficiency of the slope-detection and can help
estimate conflicting slopes (2). In all of the examples above, no initial slope field
was provided. The output slope fields are computed using smoothing regularization,
which helps make the moveout correction more robust, and provides a way for the user
to interact with the slope detection performance. If the seismic data is particularly
noisy, a more aggressive smoothing can help make a more consistent automatic NMO
correction, while for clean data, less smoothing yields a better resolved localized slope
field.
We would like to comment here on the performance of the method for realistic cases
containing a stack of layers, each with a different orientation of azimuthal anisotropy.
The azimuthally-dependent traveltime variations caused by wave propagation in the
upper layers will be superimposed on the reflection events corresponding to underlying
layers. While inverting for NMO parameters is shown to be straightforward through
the velocity-independent approach, solving for interval parameters would require these
effects to be unraveled through the use of layer-stripping (7) or a Dix-type inversion
(6; 5). If the effects from overlying layers distort later traveltime surfaces enough such
that they are no longer elliptically hyperbolic as suggested by equation 1, then the
moveout correction will not be complete for the entire section. However, as seen in
the second example in the previous section, the velocity-independent moveout method
can be used as a residual correction, with no changes to the procedure. The later
events with incomplete moveout correction can therefore be corrected with iterated
applications of the method. Another complication arises in the residual moveout case
though, if one wants to extract parameters such as the azimuth angle or moveout
slownesses. The equations presented here for parameter extraction were derived for
a single pass NMO correction; it remains for further work to extend the parameter
estimation methods to cases where residual moveout correction is necessary.

CONCLUSIONS
Measuring local slopes is a thorough and azimuthally flexible way to characterize
traveltime surface geometry, which, in the 3D case, provides useful information about
azimuthal variations in moveout velocity. We have demonstrated an application for
this feature in performing an elliptically anisotropic moveout correction in 3D. No
velocities are picked in order to perform this moveout correction, and since we use
plane-wave destruction filters to measure local slopes, the entire process is automated.
Local moveout velocities can be calculated as a function of the local slopes, and
the azimuthal angle of anisotropy can be estimated locally if one measures the first
mixed-derivative of the traveltime surfaces at each point. By recording the traveltime
shifts applied by our automated method, we formulate a highly overdetermined linear
system to solve for moveout parameters as a function of time. This inversion scheme
was shown to be very accurate on a synthetic data example, but remains to be tested
on field data. The only practical limitation in the synthetic example comes from
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steeply dipping events which introduce aliased slope measurements. Although this
type of aliasing can be mitigated to some extent with additional processing, further
testing will be required on typical field geometries with relatively coarse crossline
spacing.
Even in multi-layer cases, where conflicting azimuthal anisotropies are present,
the proposed moveout correction itself can be performed accurately and automatically without velocity or parameter estimation. In these cases, the effective moveout
parameters can be estimated from our method. Extensions of this method following
an iterative scheme analogous to a layer-stripping or Dix-type inversion strategy may
provide a powerful option to automatically recover interval parameters as well.
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Structural uncertainty of time-migrated seismic
images
Sergey Fomel[1] and Evgeny Landa[2] ∗

ABSTRACT
Structural information in seismic images is uncertain. The main cause of this uncertainty is uncertainty in velocity estimation. We adopt the technique of velocity
continuation for estimating velocity uncertainties and corresponding structural
uncertainties in time-migrated images. Data experiments indicate that structural
uncertainties can be significant even when both structure and velocity variations
are mild.

INTRODUCTION
The usual outcome of seismic data processing is an image of the subsurface (26). In
the conventional data analysis workflow, the image is passed to the seismic interpreter,
who makes geological interpretation, often by extracting structural information, such
as positions of horizons and faults in the image. Hidden in this process is the fact that
structural information is fundamentally uncertain, mainly because of uncertainties in
estimating seismic velocity parameters, which are required for imaging. Apart from
the trivial case of perfectly flat seismic reflectors, which are positioned correctly in
time even when incorrect stacking or migration velocities are used, seismic images
can be and usually are structurally distorted because of inevitable errors in velocity
estimation (17).
Understanding and quantifying uncertainty in geophysical information can be crucially important for resource exploration (5). The issue of structural uncertainty in
seismic images was analyzed previously by (24) and (21). (25) studied the impact
of velocity uncertainties on migrated images and AVO attributes. (2; 3) studied the
influence of velocity and anisotropy uncertainties on structural uncertainties.
In this paper, we propose a constructive procedure for estimating the degree of
structural uncertainty in seismic images obtained by prestack time migration. The
basis for our approach is the method of velocity continuation (12; 18; 14; 15; 4),
which constructs seismic images by an explicit continuation in migration velocity.
Velocity continuation generalizes the earlier ideas of residual and cascaded migrations
(22; 23; 20). In addition to generating accurate time-migration images, it provides a
direct access to measuring the structural dependence (sensitivity) of these images on
∗
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migration velocities. We define structural uncertainty as a product of velocity picking
uncertainty and structural sensitivity.
We use a simple data example to illustrate our approach and to show that structural uncertainty can be significant even when both structure and velocity variations
are mild. Although the proposed approach is directly applicable only to prestack
time migration, it can be extended in principle to prestack depth migration using
velocity-ray approaches for extending the velocity continuation concept (1; 19; 11).

VELOCITY CONTINUATION AND STRUCTURAL
SENSITIVITY

Figure 1: Velocity continuation cube for prestack time migration of the Gulf of Mexico
dataset. uncert/beivc vlf
Velocity continuation is defined as the process of image transformation with
changes in migration velocity (12; 15). Its output is equivalent to the output of
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Figure 2: Migration velocity picked from velocity continuation. uncert/beivc npk
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Figure 3: Seismic prestack time-migration image generated by velocity continuation.
uncert/beivc bei-agc
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repeated migrations with different migration velocities (27) but produced more efficiently by using propagation of images in velocity (18). If we denote the output of
velocity continuation as C(t, x, v), where t and x are time-migration coordinates and
v is migration velocity, the time-migrated image is simply
I(t, x) = C(t, x, vM (t, x)) ,

(1)

where vM (t, x) is the picked migration velocity. Figure 1 shows the velocity continuation cube C(t, x, v) generated from a benchmark 2-D dataset from the Gulf of Mexico
(10). Migration velocity vM (t, x) picked from the semblance analysis is shown in Figure 2. The velocity variations reflect a dominantly vertical gradient typical for the
Gulf of Mexico and only mild lateral variations, which justifies the use of prestack
time migration. The corresponding migration image I(t, x) is shown in Figure 3 and
exhibits mild, nearly-horizontal reflectors and sedimentary structures.
The structural sensitivity of an image can be described through derivatives ∂t/∂v
and ∂x/∂v, which correspond to slopes of events in the C(t, x, v) volume evaluated at
v = vM (t, x). These slopes are easy to measure experimentally from the C(t, x, vM )
volume, using, for example, the plane-wave destruction algorithm (13; 7; 8). Figure 4
shows one common-image gather G(t, v) = C(t, x0 , v) for x0 = 10 km and the time
slice S(x, v) = C(t0 , x, v) for t0 = 2 s. Measuring the slope of events ∂t/∂v in this
gather and evaluating it at the picked migration velocity produces the slope
pt (t, x) =

∂t
∂v

.

(2)

v=vM (t,x)

We measure the slope px (t, x) analogously by evaluating local slopes in time slices of
constant t:
∂x
px (t, x) =
.
(3)
∂v v=vM (t,x)
Figure 5 shows the estimated pt and px , which comprise the structural sensitivity of
our image.
Theoretically, structural sensitivity can be inferred from the zero-offset velocity
ray equations (9; 15)
dt
t
= vM t t2x =
tan2 θ ,
dv
vM
dx
t
= −2 vM t tx = −2 t
tan2 θ ,
dv
vM

(4)
(5)

where tx corresponds to the slope of the reflector, and θ is the reflector dip angle.
According to equations 4-5, the reflector dip is the dominant factor in structural
sensitivity.
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Figure 4: Common-image gather (a) and time slice (b) from velocity continuation
with overlaid time-migration velocity. uncert/beivc slice,tslice
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Figure 5: Estimated structural sensitivity in time (a) and lateral position (b) with
respect to velocity. uncert/beivc bei-dtdv,bei-dxdv
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Figure 6: Velocity scan at 10 km image gather. The curve in (a) corresponds to the
automatically picked velocity trend. The curves in (b) identify an approximate range
of velocity uncertainty around the picked trend. uncert/beivc scan,scan2
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UNCERTAINTY IN VELOCITY PICKING
Figure 6(a) shows a semblance scan produced in the process of velocity continuation.
A common procedure in migration velocity analysis is picking a velocity trend from
the semblance, either manually or automatically. In this example, we use automatic
picking with the algorithm described by (16).
While picking may select the most probable velocity function, its probability is
less than 100%. If we view normalized semblance as a probability distribution and
determine a confidence interval corresponding roughly to one standard deviation, it
provides an approximate range of uncertainty in velocity determination. This range
is shown in Figure 6(b) and computed according to
v
u vmax
u R
u
[v − vM (t, x)]2 S(t, x, v) dv
u vmin
,
δv(t, x) = u
u
vmax
R
t
S(t, x, v) dv

(6)

vmin

where S(t, x, v) is the semblance volume that corresponds to C(t, x, v), and [vmin , vmax ]
is the full range of velociies. The interpretation of semblance picks as probability
distributions is heuristic but helps in quantifying uncertainties in velocity picking.

STRUCTURE UNCERTAINTY
Putting structural sensitivity and velocity uncertainty together, we can define structural uncertainty simply as their product:
∂t
δv ,
∂v
∂x
δx =
δv .
∂v
δt =

(7)
(8)

The uncertainty {δt, δx} is the main output of our study. It is shown as small line
segments in Figure 7 and as uncertainty in horizons in Figure 8. The estimated
uncertainty varies inside the image space and generally increases with depth. It is
surprisingly large, given the mild variations in structure and velocity. We believe
that, when making quantitative estimates related to structural interpretation, it is
important to take this kind of uncertainty into account.
When converting seismic images from time to depth, it is also important to realize
that the time-to-depth conversion itself is a mathematically ill-posed problem (6) and
has its own significant uncertainties.

756

Burnett & Fomel

TCCS-8

Figure 7: Estimated structural uncertainty in the seismic image from Figure 3, displayed as displacements. uncert/beivc arr
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Figure 8: Estimated structural uncertainty in the seismic image from Figure 3, displayed as horizon uncertainties. uncert/beivc hors
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CONCLUSIONS
We have estimated structural uncertainty in seismic time-domain images simultaneously with performing prestack time migration. To accomplish this task, we projected
the uncertainty in migration velocity picking into the structural uncertainty by measuring the structural sensitivity of seismic images to velocity. The latter measure is
provided by velocity continuation, which serves both as an imaging tool and as a
tool for sensitivity analysis. Field data examples show that structural uncertainties
can be significant even in the case of mild structures and slow velocity variations.
Taking these uncertainties into account should improve the practice of seismic structural interpretation by making it more compliant with risk-management assessment
in reservoir characterization.
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Time-lapse image registration using the local
similarity attribute
Sergey Fomel and Long Jin ∗

ABSTRACT
We present a method for registration of time-lapse seismic images based on the
local similarity attribute. We define registration as an automatic point-by-point
alignment of time-lapse images. Stretching and squeezing a monitor image and
computing its local similarity to the base image allows us to detect an optimal
registration even in the presence of significant velocity changes in the overburden. A by-product of this process is an estimate of the ratio of the interval
seismic velocities in the reservoir interval. We illustrate the proposed method
and demonstrate its effectiveness using both synthetic experiments and real data
from the Duri time-lapse experiment in Indonesia.

INTRODUCTION
Time-lapse seismic monitoring is an important technology for enhancing hydrocarbon
recovery (10). At the heart of the method is comparison between repeated seismic
images with an attempt to identify changes indicative of fluid movements in the
reservoir.
In general, time-lapse image differences contain two distinct effects: shifts of image positions in time caused by changes in seismic velocities and amplitude differences caused by changes in seismic reflectivity. The data processing challenge is to
isolate changes in the reservoir itself from changes in the surrounding areas. Crossequalization is a popular technique for this task (14; 15). A number of different
cross-equalization techniques have been successfully applied in recent years to estimate and remove time shifts between time-lapse images (2; 1). An analogous task
exists in medical imaging, where it is known as the image registration problem (12).
In this paper, we propose to use the local similarity attribute (3) for automatic
quantitative estimation and extraction of variable time shifts between time-lapse seismic images. A similar technique has been applied previously to multicomponent
image registration (5). As a direct quantitative measure of image similarity, local attributes are perfectly suited for measuring nonstationary time-lapse correlations. The
extracted time shifts also provide a direct estimate of the seismic velocity changes in
∗
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the reservoir. We demonstrate an application of the proposed method with synthetic
and real data examples.

THEORY
The correlation coefficient between two data sequences at and bt is defined as
X
at b t
c = sXt

(1)
a2t

X

t

b2t

t

and ranges between 1 (perfect correlation) and -1 (perfect correlation of signals with
different polarity). The definition of the local similarity attribute (3) starts with the
observation that the squared correlation coefficient can be represented as the product
of two quantities c2 = p q, where
X
at b t
t
p= X

b2t

t

is the solution of the least-squares minimization problem
X
(at − p bt )2 ,
min
p

(2)

t

and

X

at b t

t

q= X

a2t

t

is the solution of the least-squares minimization
X
min
(bt − q at )2 .
q

(3)

t

Analogously, the local similarity γt is a variable signal defined as the product of
two variable signals pt and qt that are the solutions of the regularized least-squares
problems
X

2
min
(at − pt bt ) + R [pt ] ,
(4)
t
pt
X

min
(bt − qt at )2 + R [qt ] ,
(5)
qt

t

where R is a regularization operator designed to enforce a desired behavior such as
smoothness. Shaping regularization (4) provides a particularly convenient method of
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enforcing smoothness in iterative optimization schemes. If shaping regularization is
applied iteratively with Gaussian smoothing as a shaping operator, its first iteration
is equivalent to the fast local cross-correlation method of (6). Further iterations
introduce relative amplitude normalization and compensate for amplitude effects on
the local image similarity. Choosing the amount of regularization (smoothness of the
shaping operator) affects the results. In practice, we start with strong smoothing and
decrease it when the results stop changing and before they become unstable.
The application of local similarity to the time-lapse image registration problem
consists of squeezing and stretching the monitor image with respect to the base image
while computing the local similarity attribute. Next, we pick the strongest similarity
trend from the attribute panel and apply the corresponding shift to the image.
In addition to its use for image registration, the estimated local time shift is a
useful attribute by itself. Time shift analysis has been widely applied to infer reservoir
compaction (7; 16; 8; 13). Since the time shift has a cumulative effect, it is helpful
to compute the derivative of time shift, which can relate the time shift change to the
corresponding reservoir layer. (13) define the derivative of time shift as time strain
and find it to be an intuitive attribute for studying reservoir compaction.
What is the exact physical meaning of the warping function w(t) that matches
the monitor image I1 (t) with the base image I0 (t) by applying the transformation
I1 [w(t)]? One can define the base traveltime as an integral in depth, as follows:
ZH0
t=2

dz
,
v0 (z)

(6)

0

where v0 (z) is the base velocity, and H0 is the base depth. A similar event in the
monitor image appears at time
ZH1
w(t) = 2

dz
=
v1 (z)

0

t+∆t
Z

v̂0 (τ )
dτ ,
v̂1 (τ )

(7)

0

where H1 is the monitor depth, v̂0 (t) and v̂1 (t) are seismic velocities as functions of
time rather than depth, and ∆t is the part of the time shift caused by the reflector
movement:
ZH1
dz
∆t = 2
(8)
v1 (z)
H0

In a situation where the change of ∆t with t can be neglected, a simple differentiation of the function w(t) detected by the local similarity analysis provides an
estimate of the local ratio of the velocities:
dw
v̂0 (t)
≈
.
dt
v̂1 (t)

(9)
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If the registration is correct, the estimated velocity ratio outside of the reservoir
should be close to one. One can connect the local velocity ratio to other physical
attributes that are related to changes in saturation, pore pressure, or compaction.
We demonstrate the proposed procedure in the next section using several examples.

EXAMPLES
1-D synthetic data

Figure 1: (a) 1-D synthetic velocity model before (solid line) and after (dashed line)
reservoir production. (b) True (solid line) and estimated (dashed line) interval velocity
ratio. timelapse/timelapse modl,rat
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Figure 2: 1-D synthetic seismic images and the time-lapse difference initially (a) and
after image registration (b). timelapse/timelapse data,warp
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Figure 3: (a) Local similarity scan for detecting the warping function in the 1-D
synthetic model. Red colors indicate large similarity. The black curve shows an
automatically detected trend. timelapse/timelapse scan100
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Figure 5 shows a simplistic five-layer velocity model, where we introduce a velocity
increase in one of the layers to simulate a time-lapse effect. After generating synthetic
image traces, we can observe, in Figure 9(a), that the time-lapse difference contains
changes not only at the reservoir itself but also at interfaces below the reservoir.
Additionally, the image amplitude and the wavelet shape at the reservoir bottom
are incorrect. These artifact differences are caused by time shifts resulting from the
velocity change. After detecting the warping function w(t) from the local similarity
scan, shown in Figure 3, and applying it to the time-lapse image, the difference
correctly identifies changes in reflectivity only at the top and the bottom of the
producing reservoir [Figure 2(b)]. To implement the local similarity scan, we use the
relative stretch measure s(t) = w(t)/t. When the two images are perfectly aligned,
s(t) = 1. Deviations of s(t) from one indicate possible misalignment. Finally, we
apply equation 9 to estimate interval velocity changes in the reservoir and observe a
reasonably good match with the exact synthetic model [Figure 1(b)].

2-D synthetic data

Figure 4: (a) Synthetic model.
(b) Time-lapse change containing differences in both the reservoir interval and the shallow overburden. (c) Initial
time-lapse difference image. (d) Time-lapse difference image after registration.
timelapse/long1 time2-over,mdif-time2-over,dif-time2-over,dif2-time2-over
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synthetic

model.

Figure 4(a) shows a more complicated 2-D synthetic example. In this experiment,
we assume that the changes occur both in the reservoir and in the shallow subsurface
[Figure 4(b)]. The synthetic data were generated by convolution modeling. After
computing local similarity between the two synthetic time-lapse images [Figure 5],
we apply the extracted stretch factor to register the images. Figures 4(c) and 4(d)
compare time-lapse difference images before and after registration. Similarity-based
registration effectively removes artifact differences both above and below the synthetic
reservoir. As mentioned before, the local similarity cube is an important attribute
by itself and includes information on uncertainty bounds for the local stretch factor,
which reflects the uncertainty of the reservoir parameter estimation.

3-D field data
Finally, Figure 6 shows an application of the proposed method to time-lapse images
from steam flood monitoring in the Duri field, reproduced from (9; 11). Before
registration, real differences in the monitor surveys after 2 months and 19 months
are obscured by coherent artifacts, which are caused by velocity changes both in the
shallow overburden and in the reservoir interval [Figure 6(a)]. Similarly to the results
of the synthetic experiments, local-similarity registration succeeds in removing artifact
differences both above and below the reservoir level [Figure 6(b)]. After separating the
time-shift effect from amplitude changes, one can image the steam front propagation
more accurately using time-lapse seismic data. We expect our method to work even
better on higher-quality marine data.
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Figure 6: Application to the Duri field data. Base image and time-lapse differences: (a) before registration, reproduced from (9), (b) after registration.
timelapse/duri difc,difc2
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CONCLUSIONS
We propose a method of time-lapse image registration based on an application of the
local similarity attribute. The local attribute provides a smooth continuous measure
of similarity between two images. Perturbing the monitor image by stretching and
squeezing it in time while picking its best match to the base image enables an effective
registration algorithm. The by-product of this process is an estimate of the time-lapse
seismic velocity ratios in the reservoir interval.
Using synthetic and real data examples, we have demonstrated the ability of our
method to achieve an accurate time-domain image registration and to remove artifact
time-lapse differences caused by velocity changes. Unlike some of the alternative crossequalization methods, the proposed method is not influenced by amplitude differences
and can account for velocity changes in the shallow overburden.

ACKNOWLEDGMENTS
We thank David Lumley for the permission to use results from his Ph.D. thesis. We
also thank Aaron Janssen, Brackin Smith, and Ali Tura for inspiring discussions and
two anonymous reviewers for helpful suggestions.
This publication is authorized by the Director, Bureau of Economic Geology, The
University of Texas at Austin.

REFERENCES
[1] Aarre, V., 2006, Estimating 4D velocity changes and contact movement on the
Norne field: 76th Ann. Internat. Mtg, Soc. of Expl. Geophys., 3115–3119.
[2] Bertrand, A., S. McQuaid, R. Bobolecki, S. Leiknes, and H. Ro, 2005, A high resolution workflow for 4D-friendly analysis: application to gas-oil contact monitoring
at Troll West: 75th Ann. Internat. Mtg, Soc. of Expl. Geophys., 2422–2426.
[3] Fomel, S., 2007a, Local seismic attributes: Geophysics, 72, A29–A33.
[4] ——–, 2007b, Shaping regularization in geophysical-estimation problems: Geophysics, 72, R29–R36.
[5] Fomel, S., M. Backus, K. Fouad, B. Hardage, and G. Winters, 2005, A multistep
approach to multicomponent seismic image registration with application to a West
Texas carbonate reservoir study: 75th Ann. Internat. Mtg, Soc. of Expl. Geophys.,
1018–1021.
[6] Hale, D., 2006, Fast local cross-correlations of images: 76th Ann. Internat. Mtg,
Soc. of Expl. Geophys., 3160–3163.
[7] Hatchell, P., and S. Bourne, 2005, Rocks under strain: Strain-induced time-lapse
time shifts are observed for depleting reservoirs: The Leading Edge, 24, 1222–1225.
[8] Janssen, A. L., B. A. Smith, and G. W. Byerley, 2006, Measuring velocity sensi-

TCCS-8

Time-lapse image registration

771

tivity to production-induced strain at the Ekofisk Field using time-lapse time-shifts
and compaction logs: 76th Ann. Internat. Mtg, Soc. of Expl. Geophys., 3200–3203.
[9] Lumley, D., 1995a, Seismic time-lapse monitoring of subsurface fluid flow: PhD
thesis, Stanford University.
[10] ——–, 2001, Time-lapse seismic reservoir monitoring: Geophysics, 66, 50–53.
[11] Lumley, D. E., 1995b, 4-D seismic monitoring of an active steamflood: 65th Ann.
Internat. Mtg, Soc. of Expl. Geophys., 203–206.
[12] Modersitzki, J., 2004, Numerical methods for image registration: Oxford University Press.
[13] Rickett, J., L. Duranti, T. Hudson, and B. Regel, 2007, 4D time strain and the
seismic signature of geomechanical compaction at Genesis: The Leading Edge, 26,
644–647.
[14] Rickett, J., and D. E. Lumley, 2001, Cross-equalization data processing for timelapse seismic reservoir monitoring: A case study from the Gulf of Mexico: Geophysics, 66, 1015–1025.
[15] Stucchi, E., A. Mazzotti, and S. Ciuffi, 2005, Seismic preprocessing and amplitude cross-calibration for a time-lapse amplitude study on seismic data from the
Oseberg reservoir: Geophysical Prospecting, 53, 265–282.
[16] Tura, A., T. Barker, P. Cattermole, C. Collins, J. Davis, P. Hatchell, K. Koster,
P. Schutjens, and P. Wills, 2005, Monitoring primary depletion reservoirs using
amplitudes and time shifts from high-repeat seismic surveys: The Leading Edge,
24, 1214–1221.

772

Fomel & Jin

TCCS-8

Texas Consortium for Computational Seismology, TCCS, March 25, 2015

Fractal heterogeneities in sonic logs
and low-frequency scattering attenuation
Thomas J. Browaeys and Sergey Fomel ∗

ABSTRACT
Cycles in sedimentary strata exist at different scales and can be described by
fractal statistics. We use von Kármán’s autocorrelation function to model heterogeneities in sonic logs from a clastic reservoir and propose a nonlinear parameter estimation. Our method is validated using synthetic signals, and when
applied to real sonic logs, it extracts both the fractal properties of high spatial
frequencies and one dominant cycle between 2.5 and 7 m. Results demonstrate
non-Gaussian and antipersistent statistics of sedimentary layers. We derive an
analytical formula for the scattering attenuation of scalar waves by 3D isotropic
fractal heterogeneities using the mean field theory. Penetration of waves exhibits
a high-frequency cutoff sensitive to heterogeneity size. Therefore shear waves
can be more attenuated than compressional waves because of their shorter wavelength.

INTRODUCTION
Propagation of waves in heterogeneous media involves attenuation and dispersion by
scattering. Theoreticians are still challenged by the phenomenon of wave propagation in random media. The mean field theory (7; 20; 50) is commonly used and
provides both dispersion and attenuation, depending on scattering cross-sections of
the heterogeneities (55; 60; 19), which are described by their statistical spatial autocorrelation. Higher order correlations have been more recently incorporated in a
frequency-dependent effective medium theory (8). One major advance, pointed out by
(57; 60), is the restriction of the validity of the mean field formalism to low frequency.
The theory in fact includes destructive interferences, caused by averaging different
realizations of the random medium, and overestimates attenuation at high frequencies. Alternative solutions have been proposed to remove this artificial decoherence
of the phase. Two important examples are radiative transfer theory (59; 15) and
the Rytov approximation (37), which is more adequate than the Born approximation
when phase fluctuations are important.
In the area of seismic imaging, the layered structure of sediments led (33) to introduce the fundamental concept of stratigraphic filtering. The empirical formula
∗
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postulated by O’Doherty and Anstey was demonstrated in 1D using mean field formalism (4; 35) and, alternately, using wave localization theory (42; 41; 40), with
a recent extension to a larger frequency band for acoustic waves in 3D (32). The
wave localization method utilizes phase, and logarithm of the amplitude, which have
the property of self-averaging over some distance called the localization length, in a
stationary random medium. These quantities are exactly the ones used in the Rytov
method and avoid the phenomenon of artificial phase decoherence at high frequencies.
Multiple scattering of seismic waves remains a complex and active research area.
The fractal property of subsurface heterogeneities was initially discussed by (16)
for hydrocarbon reservoirs and has been confirmed in both vertical and horizontal
wells (45). The study of seismic scattering by 2D numerical wave propagation (10)
demonstrates the necessity of self-similar heterogeneities for modeling both observations of coda waves and of traveltime anomalies. A 1/f spectrum of heterogeneities
was modeled using the von Kármán spatial autocorrelation function (53) in order
to obtain a constant quality factor at high frequencies. For scatterers larger than
the wavelength, multipathing was observed, whereas 3D effects were revealed to be
important for scattering loss at low frequency. (11) tried to explain seismic-wave
attenuation in VSP surveys by 3D scattering from fractal heterogeneities. One of the
first attempts to relate the statistics of well log data to seismic scattering used wave
localization theory (56). A more detailed study of acoustic-wave localization effects in
1D fractal media (51) shows that a constant quality factor is possible only for the 1/f
fractal spectrum and that localization can not occcur if the medium contains periodic
layers involving resonance and violating the ergodicity assumption. Convergence of
the localization effect in realistic 3D seismic surveys seems questionable. Presence of
strong cycles in well log data is causing difficulties when the fractal exponent is being
estimated (9) and is commonly attributed to Milankovitch cycles (1).
Further investigation of the relationship between cycles, fractal properties, and
correlation lengths is necessary and low-frequency scattering theories in 3D fractal
media can be appropriate for conventional seismic surveys. In this paper, we propose a
nonlinear estimation method for fractal statistics of sonic-log heterogeneities using von
Kármán’s model. We attempt to identify different scales of the sedimentation process
as proposed by (33) and (1). The inversion captures small-scale heterogeneities while
larger local cycles exist. We use the mean field theory to calculate analytical solution
of low-frequency attenuation by scattering from 3D fractal heterogeneities and predict
a shift of the dominant frequency with depth in seismic surveys.
The paper is organized into two parts. In the first part we present a description
of cycles in sediments in connection with fractal statistics. The von Kármán spatial
autocorrelation function is introduced, and we briefly review some features of fractal
statistics. We present our estimation method, validate it on synthetic signals, apply
it to our sonic-log data, and show that one can detect the high-frequency part of the
superposition of different geological scales. The second part explains the derivation
of scattering attenuation for low-frequency acoustic waves by 3D isotropic fractal heterogeneities using the mean field theory. Results comply with the Rayleigh regime
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and the Backus effective medium for very low frequency. We present analytical predictions of scattering attenuation and show the existence of a cutoff frequency for the
penetration of waves. We use the frequency dependence of the penetration depth to
calculate the shift of the dominant frequency of a Ricker wavelet. We conclude by
suggesting further improvements.

STATISTICAL MODEL OF HETEROGENEITIES
Let us consider the spatial fluctuations of seismic velocities to be small and to constitute a second-order stochastic process. We describe the fluctuations by using different
realizations of the random function f (x) with the expectation value hf i = 0 and with
the spatial covariance depending on the relative distance r defined by
hf (x)f (x + r)i = σ 2 N (r),

(1)

where σ is the standard deviation and N (r) is the spatial autocorrelation function
with N (0) = 1. The energy spectrum E (s) (k) of the fluctuations in s dimensions
(s = 1, 2, 3) is related to the autocorrelation by the Wiener-Khintchine theorem (6):
Z
(s)
2
2
E (k) = |F (k)| = σ
N (r)e−ik·r dr,
(2)
Z
F (k) =
f (x)e−ik·x dx,
(3)
where k is the spatial wave vector and F (k) is the Fourier transform of f (x). The
energy spectrum in equation 2 can be simplified, for an isotropic correlation function,
to
Z ∞
(1)
2
E (k) = 2 σ
N (r) cos(kr)dr,
(4)
0
Z ∞
4π 2
σ
rN (r) sin(kr)dr,
(5)
E (3) (k) =
k
0
where k = |k|. The von Kármán autocorrelation function NH,b (r) describes a selfaffine medium relevant for geological structures (13; 17; 9; 38; 21; 12). This function
was initially derived by (53) while studying the velocity field in a turbulent fluid and
has been used to describe heterogeneous media (47; 10). The Fourier transform of
NH,b (r) was given by (26). The statistical autocorrelation NH,b (r) and the energy
(s)
spectrum EH,b (k) in the Fourier domain are
2(1−H)
(r/b)H KH (r/b),
Γ(H)
(2b)s
(s)
(s)
EH,b (k) = σ 2 CH
s ,
(1 + b2 k 2 )H+ 2
Γ(H + 2s ) s
(s)
with
CH =
π2,
Γ(H)
NH,b (r) =

(6)
(7)
(8)
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where r = |r|, KH is the modified Bessel function of the second kind with order H, and
Γ is the Gamma function. Parameters describing the heterogeneities are characteristic
distance b, below which the distribution is fractal, and exponent H, characterizing
the roughness of the medium. We use the energy spectrum in equation 7 with s = 1
to analyze sonic logs and with s = 3 to predict 3D scattering attenuation.

Fractal statistics
Among different concepts introduced by the theory of fractals (28), self-affine property
accounts for invariance of roughness of a curve observed at different scales. Self-affine
fractals can be characterized by the power-law dependence of their energy spectrum
E(f ) on frequency f :
E(f ) ∝ f −β .

(9)

(s)

The exponent β, in the energy spectrum EH,b (k) from equation 7, is
β = 2H + s.

(10)

For β = 0, energy spectrum is constant and describes the familiar white noise. Causal
integration of Gaussian white noise produces the classical Brownian motion, or random walk, characteristic of diffusion processes, and results in an energy spectrum
with β = 2. The autocorrelation function of Brownian motion signals is a decreasing
exponential and the autocorrelation in equation 6 properly reduces to exp [−r/b] for
H = 0.5. Another interesting form of spectrum is for β = 1. The associated signal
is called Flicker noise (39; 9) and can be interpreted as the superposition of different
relaxation processes. For geological layers, such form of spectrum was interpreted
as the expression of quasi-cyclicity and blocky layering (44). Generalization, including Gaussian white noise and Brownian motion, leads to two types of fractal signals
(44; 49; 25), namely
• fractional Gaussian noise (fGn) defined as filtered Gaussian white noise with
−1 ≤ β ≤ 1,
• fractional Brownian motion (fBm) built by causal integration of fGn above and
resulting in 1 ≤ β ≤ 3.
The fGn is stationary and Gaussian, whereas the fBm is neither stationary nor Gaussian. Exponent βf Bm of the fBm is related to exponent βf Gn of the fGn, used for
integration, by βf Bm = βf Gn + 2.
The significance of parameter H in equation 10 is delicate and connected to the
Hurst exponent Hu, which measures the correlation of time series (18) by
 √ 
log R/ S
,
(11)
Hu =
log(T )
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where R and S are respectively range of variations and variance calculated for the
length T of the signal. The meaning of the value of Hu is
• antipersistence for 0 ≤ Hu ≤ 0.5,
• random process for Hu = 0.5, and
• persistence for 0.5 ≤ Hu ≤ 1.
Estimation of Hu using formula 11 is relevant only for fGn signals (49). For example,
Gaussian white noise produces Hu = 0.5. Parameter H defined in equation 10 is
associated with the Hurst exponent by
• H = Hu − 1 for fGn with −1 ≤ β ≤ 1;
• H equals the Hurst exponent of incremented fGn (25) for fBm with 1 ≤ β ≤ 3.
The different self-affine 1D fractal models are presented in Table 1 according to the
nature and persistency of the signal. A previous analysis of the logarithm of acoustic
impedance from well data by (54) shows 1/2 ≤ β ≤ 3/2, promoting the so-called
1/f geology. An improved solution, reproducing the complete well log sequence in
sedimentary rocks, uses a similar random process based on fractional Lévy motion
(34), but fBm can be adequate at small scales, inside different facies (27).
Fractal exponent
β=0
0<β<1
β=1
1<β<2
β=2
2<β<3

Von Kármán exponent H
Description
Geology
−0.5 Gaussian white noise
Random process
−0.5 < H < 0
Persistent fGn
0
Flicker noise
Blocky layers
0 < H < 0.5
Antipersistent fBm Quasi-cyclic deposition
0.5
Brownian walk
Random deposition
0.5 < H < 1
Persistent fBm Transitional deposition

Table 1: Classification of 1D fractal statistics according to the exponent β and geological interpretation.

Synthetic realizations
Our method of synthesizing correlated random media is summarized in Table 2 for
fractional Gaussian noise (fGn) and fractional Brownian motion (fBm). The Gaussian
nature of the initial white noise is contained in the phase of its Fourier transform
G(k), whereas the amplitude is constant with frequency because the noise is white.
The causal integration, to produce the fBm, is performed by a phase rotation in the
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Steps
1
2

Domain
Space
Fourier

3
4

Fourier
Space

Operation for fGn
Operation for fBm
Generate Gaussian white noise g(x) with zero mean and unit variance
(s)
Generate energy spectrum EH,b (k)
q
q
(s)
(s)
F (k) = EH,b (k) G(k)
F (k) = −i sign(k) EH,b (k) G(k)
Obtain correlated fGn f (x)
Obtain correlated fBm f (x)

Table 2: Synthesis of correlated heterogeneous media by generating fractional Gaus(s)
sian noise (fGn) or fractional Brownian motion (fBm) with the spectrum EH,b (k).
The spatial Fourier transforms in s dimensions of the distributions f (x) and g(x) are
respectively F (k) and G(k) with |G(k)| = 1, and sign(k) = k/|k|.

Figure 1: Variations of VS in a high-resolution reservoir model based on seismic and
well data from a field in Canada (a) and its spectral energy density (b). Synthetic
realization of 2D fGn using the von Kármán spectral amplitude with the exponent
β = 1 and elliptical anisotropy (c, d). atten/enerd signal,f2dfile,cgaussb,fcgaussbp
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Fourier domain, strictly equivalent to the Hilbert q
transform. The fractal property,
(s)
below spatial scale b, is imposed by the amplitude EH,b of the von Kármán model.
For dimension s = 2, the exponent in equation 7 is β = 2H + 2. Therefore, the
energy spectrum of the 2D fGn with H = −0.5 in Figure 1 is E(f ) ∝ 1/f . (21)
in fact proposed using −0.5 ≤ H ≤ 0 to synthesize geologically realistic 2D models
with the von Kármán function. Because sediments are made up of layers, we consider
the autocorrelation function to be vertical transverse isotropic. We use two different
correlation lengths bx and bz for horizontal and vertical directions, and define the
Riemannian relative distance (13):
p
(12)
r/b = (rx /bx )2 + (rz /bz )2 .
Figure 1 shows, for comparison, the signal and associated energy spectrum of the
synthetic fGn and of a 2D section from a high-resolution model of a clastic reservoir
in Canada. The spectrum of the synthetic heterogeneous medium is similar to the one
from the reservoir model, but the synthetic fGn, although exhibiting some comparable
roughness in the space domain, does not contain coherent, large geological structures,
i.e. folded beds.

Nonlinear parameter estimation on sonic well logs
We propose to use the synthesis of a random medium detailed in Table 2 for s=1 as
a basis for the procedure to estimate heterogeneity parameters from sonic logs. We
achieve optimization by using a weighted least-squares method in the spectral domain
on the logarithm of the amplitude, with the model derived from equation 7 :


ln |F (k)| = ln |F (0)| − p ln 1 + (kb)2 ,
(13)
H 1
+
and
(14)
p =
2q 4
|F (0)| = σ

(1)

2b CH .

(15)

We estimate the three parameters, b, H, and σ, using a separable least-squares method
(14) for ln |F (0)| and the slope p, and a Gauss Newton optimization algorithm on
the nonlinear parameter b2 . Parameter ln |F (0)| is included in the optimization algorithm because it is difficult to estimate directly from the zero-frequency component
in the data. Standard deviation σ, extracted from relation 15, is confirmed by direct
evaluation on the spatial signal. When applying the method, we first substract the
signal expectation and use it as a scaling factor. We have tested the efficiency of the
algorithm on synthetic fGn and fBm generated by the procedure in Table 2 with a
discrete length of 4056 points. Three synthetic fractal signals and their parameter
estimations are shown in Figure 2. Results of the validation tests are presented in
Table 3.
Well log data come from a sandy channel reservoir with a clastic overburden, and
the facies evolves from silty sandstone to mudstone, which is characteristic of alluvial
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Figure 2: Synthetic signals generated as fGn with H = −0.25, b = 10 m,
σ = 20 % in (a); fBm with H = 0.25, b = 5 m, σ = 30 % in (c); and
fBm with H = 0.5, b = 5 m, σ = 30 % in (e). Parameter estimations
on the logarithm of the spectral amplitude are shown on the right (b, d, f).
atten/karman1 cgaussM025,lligaussfM025,cgauss025,lligaussf025,cgauss05,lligaussf05
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Figure 3: Sonic log VP (a) from well N◦ 1 and VS (b) from well N◦ 3,
scaled by their respective average value V0 .
Parameter estimation on the
logarithm of the spectral amplitude (c, d) shows the existence of different slopes for low, medium, and high frequencies.
These tool artefacts
are removed by restricting the estimation method to low frequency (e, f).
atten/karmand signalA1,signalC2,llisignalfA1,llisignalfC2,rllisignalfA1L,rllisignalfC2L
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Parameters
Generated fGn
Recovered
Generated fGn
Recovered
Generated fBm
Recovered
Generated fBm
Recovered
Generated fBm
Recovered

H b (m) σ (%)
-0.25 10.0
20
-0.21 11.0
18
-0.25
5.0
20
-0.21
5.9
17
0.25 10.0
30
0.26 10.2
23
0.50
5.0
40
0.51
5.3
32
0.75
3.0
40
0.79
2.7
30

Table 3: Comparison of the stochastic medium parameters used to generate synthetics
fGn and fBm and their recovery by the nonlinear estimation method.

deposition. Velocities VP and VS were both measured with a spatial sampling of
0.125 m. Figure 3 shows the parameter estimation for two sonic logs. Comparison
with the method applied to the synthetics in Figure 2 uncovers the existence of
different slopes for different frequencies in Figures 3(c) and 3(d). We can reasonably
delimit three domains, denoted (A) for low frequencies, (B) for medium frequencies,
and (C) for very high frequencies. These domains can be identified by parameters rS
and rI , representing specific values of relative distance r, namely
(A) for r ≥ rS , (B) for rS ≥ r ≥ rI , (C) for rI ≥ r,
where 1 m < rS < 2 m and rI < 1 m. The sharp break (B) in the medium frequencies
followed by a white noise (C) at high frequencies is characteristic of the tool artefact.
Data acquisition involves a convolution with a box-car window (43; 9). Application
of the estimation method is thus restricted to relative distances r > rS , and results
are shown in Figures 3(e) and 3(f).
Results are summarized in Table 4 for the four different sonic logs VP and VS . The
ratio hVP i/hVS i is almost constant for the four well logs and roughly equal to two.
The updated estimation in the spatial wavelength domain (A) produces reasonable
results in Table 4. Standard deviation σ varies from 20 to 45 % and is larger for VS
logs than for VP logs. Correlation length b is about 5 m for both VP and VS , except
for the well N◦ 4, which is 2.5 m. Exponent H for VP varies from 0.1 to 0.4 and for VS
from 0.2 to 0.6. In Figure 4, comparison of the frequency content of one real sonic log
with one realization of a synthetic fBm, generated using similar parameters, shows
that the sonic-log data contain higher peaks for very large wavelengths. We detected
in the different sonic well logs the recurrence of some particular spatial cycles at 2.5 m,
5 m, 10 m, and 20 m.
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Well
N◦ 1
r
r
◦

N2
r
r
N◦ 3
r
r
◦

N4
r
r

Log b (m)
VP full 0.79
> 1.5 m 6.70
VS full 1.05
> 2.0 m 5.92
VP full 1.90
> 1.6 m 5.34
VS full 2.84
> 1.5 m 3.08
VP full 1.34
> 1.9 m 7.22
VS full 1.25
> 1.8 m 5.01
VP full 0.64
> 1.4 m 2.58
VS full 0.57
> 1.3 m 2.46
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H
σ (%) hV i (m/s)
1.32
17
2791
0.13
22
1.16
32
1218
0.21
35
0.92
27
2842
0.38
29
0.83
45
1240
0.62
44
1.16
20
2787
0.18
21
1.23
32
1216
0.32
36
1.98
18
2745
0.39
38
2.26
32
1247
0.56
33

Table 4: Parameters estimation from four wells in a clastic overburden, for the full
sonic logs, and for limited spatial frequency bandwidths using the indicated restriction
on the relative distance r to remove the tool artefacts. Relevant physical values are
underlined.

Figure 4: Fourier spectrum of the scaled VS sonic log from well N◦ 3 (a). The
shape of the low-frequency content is different from that of the Fourier spectrum of
the fractional Brownian motion (b) synthesized with the von Kármán model using
H = 0.25, b = 5 m, and σ = 30 %. atten/spectra rfsignalC2,fitfiltb025
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Fractal heterogeneities and cycles in sediments
(33) and (1) described variations in well logs by the superposition of different types
of deposition, leading to “layers inside layers”. Their classification includes
1. A large number of small thickness layers (≤ 1 m) for weakly transitional depositions with small reflection coefficients;
2. Cyclic layers of thicknesses from 1 to 10 m with sharp interfaces, corresponding
to fine layering depositions inside a facies for short-period sea cycles; and
3. Horizons imaged by seismic reflection, i.e. different facies for a small number of
thicker blocky layers associated with low-order cycles.
They suggested that transmission losses could be compensated by multiple reflections,
depending on seismic wavelength. This classification is in agreement with the fact that
high exponents, H, appear for shorter scales, b, in Table 4. The estimation performed
on the sonic logs indicates fractal properties for distances shorter than b ' 5 m.
Acccording to (1), well log signals are the superposition of several processes with
different scales. The von Kármán model captures part of it. Parameters extracted by
our analysis describe heterogeneities corresponding to type 2 of the O’Doherty-Anstey
classification, which is a fractal behavior inside major geological units, at least from 10
down to 1 m, with a correlation length of 5 m. Previous estimations of the correlation
length on well logs were produced by direct calculation of the spatial autocorrelation
(56; 43). (56) suggested the possibility of superposition of two correlation lengths at
5 and 20 m. The wavelet detection analysis of gamma-ray and resistivity well logs
for a sandstone confirmed the strong evidence of local cyclicity in the stratigraphic
sequences (36). We think that direct estimation of correlation distance b using the
autocorrelation function, or our estimation method, captures the shortest dominant
cycle in the sedimentary layers. This would explain why the fractal behavior seems
to hold for larger scales in Figures 3(e) and 3(f).
Parameter H, estimated from well logs, is 0 < H ≤ 0.5 and consistent with
an antipersistent fractional Brownian motion characteristic of cyclicity (see Table 1).
The Hurst exponent commonly exhibits some antipersistence in sediments with values
from 0.2 to 0.5 for sandstones (9; 27). High values of 0.5 and 0.6 could be interpreted,
in a clastic context, to be caused by a transitional deposition involving persistency,
as in natural floods. Natural flood records exhibit a Hurst exponent, 0.5 ≤ Hu ≤ 1.0,
associated with so-called black noise (18; 29).
Seismic-scale heterogeneities
Inside a main facies, we can not recover the short wavelengths of type 1 in the
O’Doherty-Anstey classification because of well-logging tool limitation. Type 3 of
the classification includes Milankovitch cycles of about 10 to 20 m and third-order
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sea-level cycles from 15 to 300 m (1). Seismic reflectors are conventionally identified
as being chronostratigraphic horizons separating different geological units. They correspond to the wavelength of conventional seismic surveys, up to 100 Hz, and should
induce some resonant scattering with “friendly” multiples. Multipathing is observed
for this ratio of seismic wavelength to the size of heterogeneities, as shown by numerical experiments (10). This domain should be treated using wave-localization theory
and the Rytov method. These could nevertheless fail to explain the data because
of quasi-periodicity of the medium at this scale, violating the ergodicity assumption
required by wave-localization theory. Statistical methods using the autocorrelation
function seem to be adapted to describe quasi-periodic media when the ratio of b
over the seismic wavelength is small. When the wavelength is of the same size, local
quasi-cyclicity of the sedimentary sequence should not be ignored (31; 46).
The non-Gaussian nature and non-stationarity of sedimentary layers call for more
sophisticated methods to be used, especially in order to capture larger scale pseudocyclic heterogeneities, as, for example, a multifractal analysis (30) or a local cyclicity
detection by wavelet analysis (36). The wavelet transform was indeed introduced so
that seismic signals in locally cyclic sedimentary layers could be analyzed (31).

SCATTERING ATTENUATION IN 3D
Different scattering regimes exist when waves propagate in heterogeneous media, according to the ratio of the wavelength, λ, to the size, b, of heterogeneities. The
formalism including the different scattering regimes, when heterogeneities are modeled by spherical inclusions, is the Mie scattering theory. Recent experimental results
(23) on sonic-wave reflectivity in a granular medium, made up of beads of size b in a
water tank, illustrate this classification :
1. for low frequencies, when λ > πb, backward scattering is dominant, the Born
approximation can be used, and the regime is Rayleigh scattering;
2. for wavelengths similar in size to heterogeneity, when πb > λ > πb/2, lateral
scattering is important, multiples should not be neglected, and the regime is
called resonant scattering; and
3. for high frequencies, when πb/2 > λ, waves are scattered mainly forward, and
localization theory and the Rytov formalism are appropriate.
Experiments have demonstrated that wave reflectivity strongly decreases when the
wavelength of the incident wave is twice the diameter of the beads, for which lateral scattering starts to be dominant. Mean wavefield formalism is valid only for a
low frequency, when the wavelength is larger than the size of heterogeneities because
of the assumptions in the derivation (20). The Born approximation can describe
the Rayleigh regime and the approach of resonant phase scattering (10; 38). For
wavelengths shorter than the size of heterogeneities, artificial decoherence by phase
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randomization occurs (57; 38). We intend to describe the 3D attenuation in a stochastic fractal medium, when kb ≤ 1, which is relevant for seismic survey frequencies. The
limit of validity corresponds to wavelengths approaching the size of heterogeneities.
We assume heterogeneities to be isotropic. The schemes in Figure 5 compare a realistic
geological structure with two different end-member models. Scattering calculations
in 1D underestimate the scattering loss by small-scale heterogeneities.

Figure 5: Schematic comparison of single scattering effects, during a vertical wave propagation in sediments, between a realistic geological structure
(a) and two end-member models: horizontal layers with propagation including 1D scattering (b) and isotropic heterogeneities with 3D scattering (c).
atten/XFig schemescatter3dgg,schemescatterd,schemescatter3d

Low-frequency waves in 3D isotropic heterogeneous media
A scalar wave u(x, ω) in a weakly inhomogeneous medium (7; 47; 20) satisfies the
Helmholtz wave equation
∆u(x, ω) + k02 [1 + f (x)]2 u(x, ω) = 0 ,

(16)

where f (x) is a small perturbation of the medium from homogeneity, and k0 = ω/c0 .
Phase velocity c0 is the background velocity. Assuming a second-order stationary
statistical distribution for fluctuations f (x) and a zero expectation value hf i = 0,
spatial covariance of the velocity variations is defined by relation 1. Expectation
hu(x, ω)i of random plane-wave realizations is calculated (20) using a perturbation
theory to the second order in f (x) by
Z


2
2
4 2
∆ + k0 (1 + σ ) hu(x, ω)i − 4 k0 σ
N (x0 − x) G(x, x0 , ω) hu(x0 , ω)i dx0 = 0 , (17)
where G(x, x0 , ω) is Green’s function of the operator [∆ + k02 ], and integration is
performed over the 3D space. The dispersion relation for a plane wave propagating
in the heterogeneous medium follows as


Z
k2
2
2
i k·r
= 1 + σ 1 − 4 k0 N (r) G(r, ω) e dr ,
(18)
k02
eik0 r
,
(19)
G(r, ω) =
4πr
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where r = x0 − x is the relative position, with an absolute value r = |r|, and G(r, ω)
is the 3D isotropic free-space Green’s function with the outward radiation condition
(5). The path of waves should be sufficiently long to significantly sample medium heterogeneities statistically (11). The Born approximation is present because of Green’s
function. Heterogeneities with the isotropic correlation function N (r) produce an
isotropic wave vector k. Combining Green’s function in equation 19 with the isotropic
integral in equation 5 reduces the squared dispersion relation of equation 18 to


Z
4 k02 ∞
k2
2
ik0 r
= 1+σ 1−
N (r) e
sin(kr) dr .
(20)
k02
k 0
Second-order expansion k/k0 = 1 + O(σ 2 ) in the solution constrains validity to the
domain k0 b  1/σ, where b is the characteristic length scale of the heterogeneities.
The second-order approximation for the 3D dispersion relation is finally
k
σ2
+ i σ 2 k0 [S(0) − S(2k0 )] .
= 1+
k0
2

(21)

Quantity S(k), introduced above, is related to the real and even function E (1) (k),
defined by the isotropic integral of equation 4 :
Z +∞
N (r)eikr dr ,
(22)
S(k) =
0
Z +∞
(1)
−2
N (r)eikr dr = 2 Re[S(k)] ,
(23)
E (k) σ
=
−∞

2 i Im[S(k)] = S(k) − S(−k).

(24)

Connection to the O’Doherty-Anstey formula is detailed in Appendix A.

Attenuation in 3D fractal media
(1)

The energy spectrum, EH,b (k), of von Kármán’s autocorrelation function NH,b (r) in
equation 7 is real and even :
Z +∞
(1)
−2
EH,b (k) σ
=
NH,b (r) eikr dr ,
(25)
−∞

2b

(1)

= CH

1

(1 + b2 k 2 )H+ 2

.

(26)

Values of S(k) defined by equation 22 are
(1)

S(0) = CH b ,
Re[S(2k0 )] =

(1 +

(1)
CH b
1
4 b2 k02 )H+ 2

(27)
.

(28)
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(1)

Coefficient CH , defined by equation 8, is an increasing function of exponent H and
has to be calculated numerically, except for some specific values :
(1)

CH ∼ π/Γ(H) → 0 for H → 0 ,
(1)
(1)
(1)
C−0.25 = 1.3110 . . . , C0.25 = 0.5991 . . . , C0.5 = 1 ,
(1)
(1)
C0.75 = 1.3317 . . . , C1 = π/2 .
The dispersion relation of equation 21 solves for an explicit solution of attenuation
and dispersion :
σ2
(1 + 2k0 Im[S(2k0 )]) ,
2
"
#
1
(1)
Im[k/k0 ] = σ 2 k0 b CH 1 −
.
1
(1 + 4 b2 k02 )H+ 2
Re[k/k0 ] = 1 +

(29)
(30)

When H = 0.5, the derivation produces simple expressions as detailed in Appendix B.
The use of S ∗ (k) = S(−k) with the Kramers-Krönig relation can be used to determine
the real part of k. In the context of the second-order approximation, scattering
attenuation in a von Kármán isotropic medium is
"
#
1
2 Im[k]
1
(1)
=
= 2 σ 2 k0 b C H 1 −
.
(31)
1
Q
Re[k]
(1 + 4 b2 k02 )H+ 2
For k0 b  1, the scattering attenuation reduces to the Rayleigh diffusion regime :


1
1
2 (1)
' 8 σ CH H +
(k0 b)3 .
(32)
Q
2
Penetration depth
Waves propagating in disordered media are exponentially attenuated by scattering
(33; 56). We define penetration depth d(f ) to be the skin depth (52) for low-frequency
waves propagating in the heterogeneous medium :
k0
1
=
= Im[k] ,
d(f )
2Q

(33)
1

b (1 + 4 b2 k02 )H+ 2
h
i,
d(f ) =
1
(1)
σ 2 (k0 b)2 CH (1 + 4 b2 k02 )H+ 2 − 1

(34)

where f is frequency. Penetration depth d(f ) corresponds to a decrease of wave
amplitude by 1/e. For two-way traveltime, recorded amplitude is 14 % of the initial
one. Figure 6 shows the frequency dependence of the penetration depth for different
values of parameters b and H and the scattering attenuation for acoustic P- and Swaves. Seismic background velocities are VP = 2700 m/s and VS = 1230 m/s.
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Figure 6: Penetration depth for P (solid) and S (dashed) scalar waves in heterogeneous media described by the von Kármán model with σ = 30 %. For
b = 5 m, a higher exponent H decreases the penetration (a, c, e). The value of b
strongly influences the penetration of waves (b, d). The slope break in the attenuation curve (f) determines the frequency below which our scattering model is valid.
atten/qcurve depthlfb05M025,depthlfb25025,depthlfb05025,depthlfb10025,depthlfb05075,llqfb05025
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Scattering attenuation 1/Q is proportional to 1/λ3 at low frequencies and corresponds to the Rayleigh diffusion regime. Attenuation increases at higher frequencies,
where 1/Q is proportional to 1/λ and wavelength is comparable to the size of the
heterogeneities. Nevertheless, the validity of our scattering theory is constrained to
the low-frequency bandwidth until the attenuation curves in Figure 6(f) reach the
change of slope at 45 Hz for S-waves and 70 Hz for P-waves. For a conventional
seismic survey and for correlation length b = 5 m, previously estimated, wavelengths
of P- and S-waves and ratio λ/b are indicated in Table 5.
Wave Frequency (Hz) λ (m) λ/b
P
10
270
54
90
30
6
S
10
123
24
50
25
5
Table 5: Ratio of the wavelength λ over the size of heterogeneities b = 5 m for realistic
seismic frequencies, when VP = 2700 m/s, VS = 1230 m/s.
Scattering is more important for seismic wavelengths with a dimension similar to
that of heterogeneities : high frequencies and S-waves, because their wavelengths are
shorter than P-waves, are more attenuated. Penetration depth is close to infinity at
very low frequencies but decreases drastically in a narrow frequency band, depending
on parameters H and b (see Figure 6). This steep descent shifts to higher frequencies
when the fractal exponent decreases, corresponding to a stronger cyclicity of the
layers. A shorter correlation length of heterogeneities highly improves penetration of
high frequencies for both types of wave (see Figures 6(b) and 6(d)). For large-size
heterogeneities, i.e. b > 20 m, the scattering theory we use is not valid because the
seismic frequencies statisfy k0 b ≥ 1. Scattering regimes and the suggested description
of heterogeneities are summarized in Figure 7. Our results therefore ignore the effects
of large cycles in sediments. We refer the reader to (46) for more information on the
effects of cycles on wave progagation.

Dominant frequency versus depth
If seismic pulse is defined as a Ricker wavelet, a relation can be derived for modification of the frequency content of P and S acoustic waves by scattering attenuation.
Dominant frequency fdom (z) with depth z and initial spectrum SI (f ) of the source
are defined by

SI (f ) =
fdom (z) =

f
f0

2

e−f

2 /f 2
0

,


d
SI (f ) e−z/d(f ) ,
df

(35)
(36)
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Figure 7: Schematic representation, including the suggested description of heterogeneities, of the different scattering regimes depending on the ratio between the seismic wavelength λ and the size of heterogeneities b. The scale is for indication only
and depends on the frequency band of the survey. atten/XFig schemeshetb

with initial condition fdom (0) = f0 , and where d(f ) is the penetration depth defined
in equation 34. Dispersion involves different traveltimes at different frequencies but
does not modify the frequency content or amplitude. For convenience, we estimate
dominant frequency as frequency expectation :
Z
1
f SI (f ) e−z/d(f ) df ,
(37)
fdom (z) =
hSI iz
Z
hSI iz =
SI (f ) e−z/d(f ) df .
(38)
Figure 8 shows the evolution of the dominant frequency with depth in fractal media,
with VP = 2700 m/s, VS = 1230 m/s, and standard deviation σ = 30 %. The value of
correlation length b again has a very high impact, whereas the fractal exponent moderately influences results. For a multicomponent seismic survey in a clastic reservoir,
evolution of the peak frequency should show a more important decrease with depth
for PS data than for PP data.

DISCUSSION
The attenuation caused by anticorrelated 3D small-scale heterogeneities can be explained by a low-frequency scattering theory. The length scales that we estimated
from sonic logs justify this approach for conventional seismic frequencies. The intensity of scattering attenuation and the value of frequency cutoff strongly depend on
the size of the heterogeneities, and S-waves are more attenuated than P-waves at the
same frequency. Using low-frequency P-waves provides a better depth of penetration. More reflectors can be detected and imaged, but, of course, with less resolution.
This phenomenon was observed in sub-basalt imaging (61). Our analysis of sonic
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Figure 8: Evolution of the dominant frequency with depth for P (solid line)
and S (dashed line) scalar waves modeled by a Ricker wavelet (f0 = 60 Hz) in
heterogeneous media with σ = 30 %. For a constant exponent H = 0.25, the
dominant frequency shifts to lower frequencies faster for larger values of b (a, c, e).
The exponent H weakly influences the evolution of the dominant frequency (b, d, f).
atten/pdepth fdomfb25025,fdomfb05M025,fdomfb05025,fdomfb0505,fdomfb10025,fdomfb05075
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logs confirms the relevance of a fractal description for the high-frequency content of
quasi-periodic geological layers. Because sediments are highly stratified, their layered
structure has previously motivated use of 1D models for seismic scattering attenuation, but a realistic estimate needs to be conducted in 3D. More generally, description
of geological heterogeneities and use of scattering theories should be as depicted in
Figure 7.
Several limitations should be pointed out in our study. Well logs constitute 1D
samples of the geological medium in the near vertical direction. Use of 3D isotropy
is the simplest assumption consistent with our limited knowledge. We consequently
ignore the anisotropic effect of layering, which undoubtly affects lateral scattering
when λ ∼ b. Also note that the relation between fractal exponent β and parameter
H depends on spatial dimension s. We have therefore proposed different values of parameter H for depth of penetration and evolution of dominant frequency in Figures 6
and 8 and have attempted to extract some general trends.
Our analysis is limited by the fact that we used variations of the seismic velocity, but not of density, in order to be consistent with the mean field theory. This
theory retrieves the Backus limit and the Rayleigh diffusion regime. Fortunately,
densities commonly exhibit fewer variations. Meanwhile, analysis of the logarithm
of impedance Z relates directly to the reflection coefficients (44). Backscattering is
known to be related to impedance fluctuations (4; 58). Modification of the Helmholtz
equation (16) in 1D to incorporate ln Z was succesfully achieved by (4), and they provided a proof of O’Doherty-Anstey formula. Impedance Z(z), depending on depth z,
and reflection coefficient series R(z) are connected by
lim R(z + dz/2) =

dz→0

R(z) =

lim

dz→0

Z(z + dz) − Z(z)
,
Z(z + dz) + Z(z)

1
d ln Z(z).
2

(39)
(40)

Reflection series can reasonably be considered to be Gaussian and stationary only
inside blocky layers, using the segmentation method (48). Incrementation of the
fractional Gaussian noise, corresponding to reflection series R(z), produces the nonstationary and non-Gaussian fBm describing quantity ln Z(z) (44). A white spectrum
of reflectivity coefficients occurs for β = 2 and generates a Brownian walk describing
ln Z(z) and involving an exponential autocorrelation. We advocate the use of a nonwhite reflectivity hypothesis, as previously recommended by several authors (48; 22;
2).

CONCLUSIONS
The high-frequency quasi-cyclic variations of seismic velocities can be described as
an antipersistent fractional Brownian motion as demonstrated by our sonic-log data
from a clastic reservoir. The correlation length, estimated for von Kármán’s model, is
about 5 m, but the sonic logs contain larger local cycles at 10 and 20 m : our method
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extracts one dominant cycle of deposition. Conventional seismic surveys contain
frequencies as high as 100 Hz, with typical peak frequencies at 25 Hz. Our statistical
description of geological heterogeneities below 10 m can thus be used consistently in
our low-frequency scattering theory to estimate the scattering loss caused by smallscale heterogeneities.
Shear waves have shorter wavelengths than compressional waves and can be more
attenuated because they are more sensitive to heterogeneities. We showed the existence of a high-frequency cutoff for the depth of penetration of waves, whose position
in frequency depends on the maximum size of fractal heterogeneities. The dominant
frequency of a wavelet decreases faster for higher fractal exponents and for larger
characteristic sizes of heterogeneities. This loss of high-frequency content influences
resolution in seismic imaging. Our study recommends using low-frequency P-waves
for deep targets under a strongly heterogeneous overburden.
Agreement of our results with the Backus limit and the Rayleigh diffusion regime
is due to the use of velocity fluctuations. Nevertheless, proper connection with the
O’Doherty-Anstey formula requires use of the logarithm of impedance. Moreover,
more complex, multiple scattering occurs when sizes of heterogeneities are similar to
that of the seismic wavelength. Large-scale local cycles, present in the sonic-log data,
call for incorporation of resonant scattering effects into high-frequency scattering
theories.
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APPENDIX A
O’DOHERTY-ANSTEY FORMULA AND THE MEAN
FIELD THEORY
O’Doherty and Anstey (33; 35) proposed that local transmission coefficient T (ω) for
traveltime ∆t in sedimentary layers should be


ω ∆t
= e−R(ω) ∆t ,
(A-1)
T (ω) = exp −
2 Q(ω)
where R(ω) is the spectrum of reflection coefficients, which is related to the spectrum
of impedance fluctuations (4). Because we have used velocity fluctuations, attenuation
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in the dispersion relation of equation 21 depends on the velocity spectrum :
1
Im[k]
= 2
,
Q(ω)
Re[k]


= k0 E (1) (0) − E (1) (2k0 ) ,



k0 ω  (1)
(1)
T (ω) = exp −
E (0) − E (2k0 ) ∆t .
2

(A-2)
(A-3)
(A-4)

These formulae have been previously derived and analyzed (24; 58; 38). The term
E (1) (2k0 ) can be interpreted as backward scattering with exchange wavenumber 2k0 ,
whereas the term E (1) (0) is forward scattering with exchange wavenumber 0. Both
energy terms reduce to 1D expressions because of isotropic integration, whereas one
symmetry axis is imposed by propagation direction of the wave. Further interpretation can be found using a dynamic effective model for multiple scattering (55) : the
scattered waves interfere with the main wavefield, and their relative phase continuously changes in all directions, except for significant interferences in forward and
backward directions. Previous 1D derivations (38) have incorporated a traveltime
correction, corresponding to neglecting forward scattering in order to reproduce the
O’Doherty-Anstey formula. This approach extends validity of the analytical expressions to higher frequencies, but no simple traveltime phase correction exists for the
mean field theory in 3D. Constant E (1) (0) ensures recovery of the Backus effective
medium and the Rayleigh diffusion regime for very low frequencies.

APPENDIX B
EXPONENTIALLY CORRELATED HETEROGENEITIES
Results have been derived several times (20; 38) using exponential correlation function N (r) = exp[−r/b] and are added here as a specific case with simple analytical
expressions within the general framework of von Kármán’s media. Values of the
integral in equation 22 are
S(0) = b ,
S(2k0 ) =

b
.
1 − 2 i k0 b

(B-1)
(B-2)

Using these expressions in the dispersion relation of equation 21, the new dispersion
relation, phase velocity c(ω), and attenuation are


k
c0
i
σ2
(2 k0 b)2
=
+
= 1+
1+
+ O(σ 4 ) ,
(B-3)
k0
c(ω) 2 Q(ω)
2
1 − 2 i k0 b


2
1
1
2 1/2 + (2 k0 b)
=
1+σ
,
(B-4)
c(ω)
c0
1 + (2 k0 b)2
1
8 (k0 b)3
= σ2
.
(B-5)
Q(ω)
1 + (2 k0 b)2
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In the limit of very long wavelengths, i.e. k0 → 0, attenuation and velocity
respectively to the Rayleigh diffusion regime and the effective medium theory


1
1
σ2
→
1+
,
c(ω)
c0
2
1
∼ 8 σ 2 (k0 b)3 → 0 .
Q(ω)

reduce
of (3) :
(B-6)
(B-7)
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Adaptive multiple subtraction using regularized
nonstationary regression
Sergey Fomel ∗

ABSTRACT
Stationary regression is the backbone of different seismic data processing algorithms including match filtering, which is commonly applied for adaptive multiple
subtraction. However, the assumption of stationarity is not always adequate for
describing seismic signals. I present a general method of nonstationary regression and show its application to nonstationary match filtering. The key idea is
the use of shaping regularization for constraining the variability of nonstationary
regression coefficients.
As shown by simple computational experiments, shaping regularization has clear
advantages over conventional Tikhonov’s regularization, incuding a more intuitive
selection of parameters and a faster iterative convergence.
Using benchmark synthetic data examples, I demonstrate successful applications
of this method to the problem of adaptive subtraction of multiple reflections.

INTRODUCTION
Many natural phenomena, including geological events and geophysical data, are fundamentally nonstationary. They may exhibit stationarity on the short scale but eventually change their behavior in space and time. Nonstationary adaptive filtering is a
well-developed field in signal processing (13). In seismic signal processing, nonstationary filters were analyzed by (15) and applied to many important problems, including
multiple suppression (17), data interpolation (3; 4), migration deconvolution (10; 21).
In this paper, I present a general approach to designing nonstationary operators,
including the case of nonstationary matching and prediction-error filters. The key
idea is the application of shaping regularization (8) for constraining the continuity
and smoothness of the filter coefficients. Regularization makes the estimation problem
well-posed and leads to fast numerical algorithms. Advantages of shaping regularization in comparison with the classic Tikhonov regularization include an easier control
of the regularization parameters and a faster iterative convergence resulting from the
better conditioning of the inverted matrix.
Adaptive subtraction is a method for matching and removing coherent noise, such
as multiple reflections, after their prediction by a data-driven technique (24). Adap∗
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tive subtraction involves a matching filter to compensate for the amplitude, phase, and
frequency distortions in the predicted noise model. Different techniques for matching
filtering and adaptive subtraction have been developed and discussed by a number of
authors (24; 16; 18; 22; 25; 12; 14; 1; 5). The regularized non-stationary regression
technique, proposed in this paper, allows the matching filter to become smoothly
nonstationary without the need to break the input data into local windows.
The paper is organized as follows. I start with an overview of stationary and
nonstationary regression theory and introduce a method of regularized nonstationary
regression. Next, I demonstrate this method using toy examples of line fitting and
nonstationary deconvolution. Finally, I apply it to the adaptive multiple suppression problem and test its performance using a number of benchmark synthetic data
examples.

STATIONARY AND NONSTATIONARY REGRESSION
Consider a “master” signal m(x), where x represents the coordinates of a multidimensional space, and a collection of “slave” signals sk (x), k = 1, 2, . . . , N . The goal
of stationary regression is to estimate coefficients ak , k = 1, 2, . . . , N such that the
prediction error
N
X
ak sk (x)
(1)
e(x) = m(x) −
k=1

is minimized in the least-squares sense. Particular examples include:

Line fitting
Let x be one-dimensional (denoted by x), N = 2, s1 (x) = 1, and s2 (x) = x. The
problem of minimizing e(x) amounts to fitting a straight line a1 + a2 x to the master
signal.

Match filtering
If the slave signals are translates of the same signal s(x), the regression problem
corresponds to the problem of match filtering between s(x) and m(x). In the 1-D
case, one can take, for example,
sk (x) = s(x − k + N/2) ,
which turns the sum in equation 1 into a convolution with an unknown matching
filter.
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Prediction-error filtering
If the slave signals are causal translates of the master signal, the regression problem
corresponds to the problem of autoregressive prediction-error filtering. In the 1-D
case, one can take, for example,
sk (x) = m(x − k) .

Nonstationary regression
Non-stationary regression uses a definition similar to equation 1 but allows the coefficients ak to change with x. The error turns into
e(x) = m(x) −

N
X

bk (x) sk (x) ,

(2)

k=1

and the problem of its minimization becomes ill-posed, because one can get more
unknown variables than constraints. The remedy is to include additional constraints
that limit the allowed variability of the estimated coefficients.
The classic regularization method is Tikhonov’s regularization (20; 6), which
amounts to minimization of the following functional:
F [b] = ke(x)k + 
2

2

N
X

kD [bk (x)] k2 ,

(3)

k=1

where D is the regularization operator (such as the gradient or Laplacian filter) and 
is a scalar regularization parameter. If D is a linear operator, least-squares estimation
reduces to linear inversion
b = A−1 d ,
(4)

T
where b = b1 (x) b2 (x) · · · bN (x) ,

T
d = s1 (x) m(x) s2 (x) m(x) · · · sN (x) m(x) , and the elements of matrix A
are
Aij (x) = si (x) sj (x) + 2 δij DT D .
(5)
Shaping regularization (8) formulates the problem differently. Instead of specifying
a penalty (roughening) operator D, one specifies a shaping (smoothing) operator S.
The regularized inversion takes the form
b,
b −1 d
b=A

(6)

where
b=
d



S [s1 (x) m(x)] S [s2 (x) m(x)] · · ·

S [sN (x) m(x)]

T

,
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b are
the elements of matrix A


bij (x) = λ2 δij + S si (x) sj (x) − λ2 δij ,
A

(7)

and λ is a scaling coefficient.The main advantage of this approach is the relative ease
of controlling the selection of λ and S in comparison with  and D. In all examples
of this paper, I define S as Gaussian smoothing with an adjustable radius and choose
b is
λ to be the median value of si (x). As demonstrated in the next section, matrix A
typically much better conditioned than matrix A, which leads to fast inversion with
iterative algorithms.
In the case of N = 1 (regularized division of two signals), a similar construction
was applied before to define local seismic attributes (7).

TOY EXAMPLES
In this section, I illustrate the general method of regularized nonstationary regression
using simple examples of nonstationary line fitting and nonstationary deconvolution.

Nonstationary line fitting
Figure 1a shows a classic example of linear regression applied as a line fitting problem. When the same technique is applied to data with a non-stationary behavior
(Figure 1b), stationary regression fails to produce an accurate fit and creates regions
of consistent overprediction and underprediction.

Figure 1: Line fitting with stationary regression works well for stationary data (a)
but poorly for non-stationary data (b). lpf/regr pred,pred2
One remedy is to extend the model by including nonlinear terms (Figure 2a),
another is to break the data into local windows (Figure 2b). Both solutions work
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Figure 2: Nonstationary line fitting using nonlinear terms (a) and local windows (b).
lpf/regr pred3,pred4

to a certain extent but are not completely satisfactory, because they decreases the
estimation stability and introduce additional non-intuitive parameters.
The regularized nonstationary solution, defined in the previous section, is shown in
Figure 3. When using shaping regularization with smoothing as the shaping operator,
the only additional parameter is the radius of the smoothing operator.

Figure 3: Nonstationary line fitting by regularized nonstationary regression.
lpf/regr pred5
This toy example makes it easy to compare shaping regularization with the more
traditional Tikhonov’s regularization. Figures 4 and 5 show inverted matrix A from
equation 5 and the distribution of its eigenvalues for two different values of Tikhonov’s
regularization parameter , which correspond to mild and strong smoothing constraints. The operator D in this case is the first-order difference. Correspondingly,
b from equation 7 and the distribution of its eigenvalFigures 6 and 7 show matrix A
ues for mild and moderate smoothing implemented with shaping. The operator S is
Gaussian smoothing controlled by the smoothing radius.
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When a matrix operator is inverted by an iterative method such as conjugate
gradients, two characteristics control the number of iterations and therefore the cost
of inversion (9; 23):
1. the condition number κ (the ratio between the largest and the smallest eigenvalue)
2. the clustering of eigenvalues.
Large condition numbers and poor clustering lead to slow convergence. Figures 4–
7 demonstrate that both the condition number and the clustering of eigenvalues are
significantly better in the case of shaping regularization than in the case of Tikhonov’s
regularization. In toy problems, this difference in behavior is not critical, because one
can easily invert both matrices exactly. However, this difference becomes important
in large-scale applications, where inversion is iterative and saving the number of
iterations is crucial for performance.
b approaches the identity matrix, and
As the smoothing radius increases, matrix A
the result of non-stationary regression regularized by shaping approaches the result
of stationary regression. This intuitively pleasing behavior is difficult to emulate with
Tikhonov’s regularization.

Figure 4: Matrix inverted in Tikhonov’s regularization applied to nonstationary line
fitting (a) and the distribution of its eigenvalues (b). The regularization parameter  = 0.1 corresponds to mild smoothing. The condition number is κ ≈ 888888.
lpf/regr tmat0,teig0

Nonstationary deconvolution
Figure 8 shows an application of regularized nonstationary regression to a benchmark
deconvolution test from (2). The input signal is a synthetic trace that contains events

Adaptive multiple suppression

807

Figure 5: Matrix inverted in Tikhonov’s regularization applied to nonstationary line
fitting (a) and the distribution of its eigenvalues (b). The regularization parameter  =
10 corresponds to strong smoothing. The condition number is κ ≈ 14073. Eigenvalues
are poorly clustered. lpf/regr tmat2,teig2

Figure 6: Matrix inverted in shaping regularization applied to nonstationary line
fitting (a) and the distribution of its eigenvalues (b). The smoothing radius is 3
samples (mild smoothing). The condition number is κ ≈ 6055. lpf/regr smat0,seig0
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Figure 7: Matrix inverted in shaping regularization applied to nonstationary line
fitting (a) and the distribution of its eigenvalues (b). The smoothing radius is 15
samples (moderate smoothing). The condition number is κ ≈ 206. Eigenvalues are
well clustered. lpf/regr smat1,seig1

Figure 8: Benchmark test of nonstationary deconvolution from (2). Top: input signal,
bottom: deconvolved signal using nonstationary regularized regression. lpf/lpf lpf
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with variable frequencies. A prediction-error filter is estimated by setting N = 2,
s1 (x) = m(x − 1) and s2 (x) = m(x − 2). I use triangle smoothing with a 5-sample
radius as the shaping operator S. The deconvolved signal (bottom plot in Figure 8)
shows the nonstationary reverberations correctly deconvolved.

Figure 9: Frequency of different components in the input synthetic signal from Figure 8 (solid line) and the local frequency estimate from non-stationary deconvolution
(dashed line). lpf/lpf freq
A three-point prediction-error filter {1, a1 , a2 } can predict an attenuating sinusoidal signal
m(x) = ρx cos(ω x) ,
(8)
where ω is frequency, and ρ is the exponent factor, provided that the filter coefficients
are defined as
a1 = −2 ρ cos(ω) ;
a2 = ρ 2 .

(9)
(10)

This fact follows from the simple identity
m(x) + a1 m(x − 1) + a2 m(x − 2) =
ρ [cos(ω x) − 2 cos(ω) cos(ω x − ω) + cos(ω x − 2 ω)] = 0 .
x

(11)
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According to equations 9–10, one can get an estimate of the local frequency ω(x)
from the non-stationary coefficients b1 (x) = −a1 (x) and b2 (x) = −a2 (x) as follows:
!
b1 (x)
p
.
(12)
ω(x) = arccos
2 −b2 (x)
Figure 9 shows frequency of the different components in the input non-stationary
signal from Figure 8 and the local frequency estimate using equation 12. A reasonably
accurate match between the true nonstationary frequencies and their estimate from
nonstationary regression can be observed. The local frequency attribute (7) provides
a different approach to the same problem.

ADAPTIVE MULTIPLE SUBTRACTION
In this section, I apply regularized nonstationary regression to the problem of adaptive
subtraction and evaluate its performance using benchmark synthetic tests.
One possible variation of non-stationary regression applied to adaptive subtraction
is an introduction of the signal prediction filter (18). The signal prediction applies to
the residual error e(x) in equation 2, thus modifying the objective function (11).

Abma test
(1) present a comparison of different adaptive subtraction algorithms used for multiple
suppression. I use Abma’s benchmark examples to illustrate an application of nonstationary regression to the adaptive subtraction problem. Figure 10 shows the first test:
the input data (Figure 10a) contain a horizontal “signal” event and dipping “noise”
events. We are provided with a model of the noise (Figure 10b). However, the model
events are slightly shifted and have a different amplitude behavior. This test simulates a typical situation in adaptive surface-related multiple elimination, where there
are phase and amplitude distortions in the multiple model, caused by an imperfect
prediction. To handle the variability in noise amplitudes, I design a non-stationary
matching filter with 13 coefficients and 3-sample smoothing radius and apply it to
match the noise model to the data. Subtracting matched noise (Figure 10d) produces
the desired and nearly perfect signal estimate (Figure 10c). The variability of filter
coefficients is illustrated in Figure 11, which displays the zero-lag coefficient and the
mean coefficient of the non-stationary matching filter.
Another benchmark from (1) is shown in Figure 12. This time, the noise part
of the data is a curved event which has a predictive model (Figure 12b) with some
amplitude and phase differences. Non-stationary regularized regression correctly predicts the noise signal (Figure 12d) using match filtering and produces an accurate
signal estimate (Figure 12c). The variability of non-stationary filter coefficients is
shown in Figure 13.
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Figure 10: Benchmark test on adaptive subtraction from (1). a – Input synthetic
data. b – Model of the noise containing amplitude and phase differences with respect
to the corresponding part of the data. c – Extracted signal. d – Estimated noise.
lpf/ray planes

Figure 11: Variability of non-stationary match filter coefficients for the example shown
in Figure 10. a – Zero-lag coefficient. b – Mean coefficient. lpf/ray filt
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Figure 12: Benchmark test on adaptive subtraction from (1). a – Input synthetic
data. b – Model of the noise containing amplitude and phase differences with respect
to the corresponding part of the data. c – Extracted signal. d – Estimated noise.
lpf/ray curves

Figure 13: Variability of non-stationary match filter coefficients for the example shown
in Figure 12. a – Zero-lag coefficient. b – Mean coefficient. lpf/ray dfilt
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Spitz test

Figure 14: Benchmark test on multiple attenuation from (19). a – Input synthetic
data containing a signal (primary reflection) and noise (multiple reflection) events. b
– Model of the noise containing phase differences with respect to the corresponding
part of the data. c – Extracted signal. d – Estimated noise. lpf/simon simon
The next benchmark example (Figure 14) reproduces a test created by (19), which
simulates a seismic gather after migration or normal moveout correction. The signal (primary reflection) event is horizontal while the noise (multiple reflection) event
exhibits curvature and overlaps with the signal at small offsets (Figure 14a). Multiple prediction (Figure 14b) contains a curved event but with incorrect curvature.
As in the previous examples, non-stationary regularized regression correctly predicts
the noise signal (Figure 14d) using match filtering and produces an accurate signal
estimate (Figure 14c).

Pluto test
Finally, Figure 15 shows an application of the nonstationary matching technique
to the Pluto synthetic dataset, a well-known benchmark for adaptive multiple sub-
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Figure 15: Adaptive multiple subtraction in the Pluto synthetic dataset. (a) Input
data. (b) Extracted Signal. Surface-related multiples are successfully subtracted.
lpf/plut ref,sig
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Figure 16: Multiple model from surface-related prediction (a) and estimated multiples
(b) for the Pluto synthetic dataset. lpf/plut mod,pre
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Figure 17: Variability of non-stationary match filter coefficients for the Pluto test.
(a) Zero-lag coefficient. (b) Mean coefficient. lpf/plut zero,csum
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traction. Matching and subtracting an imperfect model of the multiples created by
the surface-related multiple elimination approach of (24) leaves a clean estimate of
primary reflections. Figure 16 shows a comparison between the multiple model obtained by surface-related prediction and the multiple model generated by nonstationary matching. The matching filter non-stationarity is depicted in Figure 17, which
shows the variability of filter coefficients with time and space.

CONCLUSIONS
I have presented a general method for regularized nonstationary regression. The key
idea is the application of shaping regularization for constraining the variability of nonstationary coefficients. Shaping regularization has clear advantages over conventional
Tikhonov’s regularization: a more intuitive selection of regularization parameters and
a faster iterative convergence because of better conditioning and eigenvalue clustering
of the inverted matrix.
I have shown examples of applying regularized regression to benchmark tests of
adaptive multiple subtraction. When the signal characteristics change with time or
space, regularized nonstationary regression provides an effective description of the
signal. This approach does not require breaking the input data into local windows,
although it is analogous conceptually to sliding (maximum overlap) spatial-temporal
windows.
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First-break traveltime tomography with the
double-square-root eikonal equation
Siwei Li[1], Alexander Vladimirsky[2] and Sergey Fomel[1] ∗

ABSTRACT
First-break traveltime tomography is based on the eikonal equation. Since the
eikonal equation is solved at fixed shot positions and only receiver positions can
move along the ray-path, the adjoint-state tomography relies on inversion to resolve possible contradicting information between independent shots. The doublesquare-root eikonal equation allows not only the receivers but also the shots to
change position, and thus describes the prestack survey as a whole. Consequently,
its linearized tomographic operator naturally handles all shots together, in contrast with the shot-wise approach in the traditional eikonal-based framework. The
double-square-root eikonal equation is singular for the horizontal waves, which
require special handling. Although it is possible to recover all branches of the
solution through post-processing, our current forward modeling and tomography
focus on the diving wave branch only. We consider two upwind discretizations
of the double-square-root eikonal equation and show that the explicit scheme is
only conditionally convergent and relies on non-physical stability conditions. We
then prove that an implicit upwind discretization is unconditionally convergent
and monotonically causal. The latter property makes it possible to introduce
a modified fast marching method thus obtaining first-break traveltimes both efficiently and accurately. To compare the new double-square-root eikonal-based
tomography and traditional eikonal-based tomography, we perform linearizations
and apply the same adjoint-state formulation and upwind finite-differences implementation to both approaches. Synthetic model examples justify that the
proposed approach converges faster and is more robust than the traditional one.

INTRODUCTION
The first-break traveltime tomography (46; 26; 22; 36; 25) has been an established
tool for estimating near-surface macro-feature seismic velocities. Starting from a prior
model, tomographic inversion gradually modifies the velocities such that the misfits
between predicted and observed first-breaks decrease. Since the problem is nonlinear,
several linearization iterations may be required until convergence. Moreover, inversion must be carried out with careful choice of regularization in order to avoid local
∗
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minima (35; 34; 14). The estimated model has a direct influence on subsequent applications, for example static corrections (24; 9; 3) where it provides a medium-to-long
wavelength near-surface model, and waveform tomography (33; 5; 38) where it serves
as a low-frequency prior.
The traditional first-break traveltime tomography is based on the eikonal equation
that arises from high-frequency approximation of the wave equation (8). During forward modeling, the first-breaks computed through the eikonal equation are naturally
shot-indexed because only receiver coordinates move while the source is fixed. At tomography stage, one may formulate the minimization of cost function as a sequence
of explicitly linearized problems or directly as a nonlinear optimization problem. The
first choice (42; 45; 10; 28) requires computation of Fréchet derivatives, which is
usually carried out by combining an eikonal solver with posterior ray tracing. Then
an algorithm such as LSQR (27) is applied to solve the linearized tomographic system iteratively. While this approach accounts for information from both source and
receiver dimensions, it faces computational limitations when the Fréchet derivative
matrix becomes difficult to handle because of a large number of model parameters.
The nonlinear optimization approach, on the other hand, can be combined with the
adjoint-state method (29) and avoids an explicit computation of Fréchet derivatives
(36). The cost of computing gradient is equivalent to twice the solution of the forward
modeling problem, regardless of the size of input data. However, one major drawback of this approach, as we will show later, is that the resulting gradient disregards
information available along the shot dimension.
The drawback of eikonal-based adjoint-state tomographies is that they always face
conflicting information that propagates across different shots. Such conflicts must be
resolved during inversion, or else an erroneous model update may appear. In practice,
the inversion may be less robust and may take more iterations to converge, compared
to the situation where we replace the eikonal equation with another governing equation that allows both source and receiver positions to change along ray-paths. The
double-square-root (DSR) eikonal equation is a promising candidate in this regard,
because it describes the prestack data as a whole by linking the evolution of traveltimes to both sub-surface source and receiver positions. In this paper, we investigate
the feasibility of using the DSR eikonal equation for first-break traveltime tomography
with the adjoint-state method.
DSR eikonal was analyzed previously by (2), (13) and (1). Ray-tracing methods
applied to DSR are capable of providing multi-arrivals by extrapolating isochron
rays (17) or using perturbation theory, but their extra costs in computing non-firstbreaks are not necessary for first-break tomography purpose. We first prove that an
implicit discretization of the DSR eikonal equation is causal and thus can be solved
by a Dijkstra-like non-iterative method (12). The DSR singularity and two DSR
branches that are non-causal need special treatment. Our current implementation
employs a modified fast-marching (32) DSR eikonal solver. We first test its accuracy
by DSR forward modeling. Next, we linearize the DSR eikonal equation and use
the resulting operators in adjoint-state tomography. For comparison, we apply an
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analogous linearization and adjoint-state formulation to the traditional tomography
based on shot-indexed eikonal equation. Then we demonstrate the differences between
the proposed and traditional approaches and justify advantages of the new method
using several synthetic model examples. We conclude by discussing possible further
improvements and extensions of our method.

THEORY
DSR eikonal equation
The DSR eikonal equation can be derived by considering a ray-path and its segments
between two depth levels. Figure 1 illustrates a diving ray (46) in 2-D with velocity
v = v(z, x). We denote T (z, r, s) as the total traveltime of the ray-path beneath depth
z, where r and s are sub-surface receiver and source lateral positions, respectively.

s

r

z

Figure 1: A diving ray and zoom-in of the ray segments between two depth levels.
dsrtomo/. raypath

At both source and receiver sides the traveltime satisfies the eikonal equation,
therefore
s
 2 s
 2
∂T
1
∂T
1
∂T
=−
−
−
−
.
(1)
2
2
∂z
v (z, s)
∂s
v (z, r)
∂r
The negative signs before the two square-roots in equation 1 correspond to a decrease
of traveltime with increasing depth, or geometrically a downward pointing of slowness
vectors on both s and r sides. Since the slowness vectors could also be pointing upward
and the directions may be different at r and s, the DSR eikonal equation (2) should
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account for all the possibilities (Figure 2):
∂T
=±
∂z

s

1
−
v 2 (z, s)



∂T
∂s

2

s
±

1
−
v 2 (z, r)



∂T
∂r

2
.

(2)

The boundary condition for DSR eikonal equation is that traveltimes at the subsurface
zero-offset plane, i.e. r = s, are zero: T (z, r = s) = 0.
Equation 2 has a singularity when ∂T /∂z = 0, in which case the slowness vectors
at s and r sides are both horizontal and equation 2 reduces to


∂T
∂s

2

1
;
= 2
v (z, s)



∂T
∂r

2
=

1
v 2 (z, r)

.

(3)

The two independent equations in 3 are not in conflict according to the source-receiver
reciprocity, because they are the same with an exchange of s and r.
Note that equations 2 and 3 describe T in full prestack domain (z, r, s) by allowing
not only receivers but also sources to change positions. In contrast, the eikonal
equation
 2  2
∂T
∂T
1
+
= 2
(4)
∂z
∂x
v (z, x)
with boundary condition T (z = 0, x = s) = 0 can be used only for one fixed source
position at a time and thus traveltimes of different shots are independent of each
other. In equation 4 s is surface source lateral position. In the 3-D case, the scalars
s, r and x in equations 2, 3 and 4 become 2-D vectors s, r and x that contain in-line
and cross-line positions. The prestack traveltime is then in a 5-D space. Our current
work is restricted to 2-D and we consider the 3-D extension in the Discussion section.

1
s

2
r

s

3
s

r
4

r

s

r

Figure 2: All four branches of DSR eikonal equation from different combination of
upward or downward pointing of slowness vectors. Whether the slowness vector is
pointing leftward or rightward does not matter because the partial derivatives with
respect to s and r in equation 2 are squared. Figure 1 and equation 1 belong to the
last situation. dsrtomo/. root
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Similarly to the eikonal equation, the DSR eikonal equation is a nonlinear firstorder partial differential equation. Its solutions include in general not only first-breaks
but all arrivals, and can be computed by solving separate eikonal equations for each
sub-surface source-receiver pair followed by extracting the traveltime and putting the
value into prestack volume. However, such an implementation is impractical due to
the large amount of computations. Meanwhile, for first-break tomography purposes,
we are only interested in the first-arrival solutions but require an efficient and accurate
algorithm. In this regard, a finite-difference DSR eikonal solver analogous to the fastmarching (32) or fast-sweeping (43) eikonal solvers is preferable.
In upwind discretizations of the DSR eikonal equation on the grid in (z, r, s)
domain, one has to make a decision about the z-slice, in which the finite differences
are taken to approximate ∂T /∂s and ∂T /∂r. In Figure 1, it appears natural to
approximate these partial derivatives in the z-slice below T (z, r, s). We refer to the
corresponding scheme as explicit, since it allows to directly compute the grid value
T (z, r, s) based on the already known T values from the next-lower z. An alternative
implicit scheme is obtained by approximating ∂T /∂s and ∂T /∂r in the same z-slice
as T (z, r, s), which results in a coupled system of nonlinear discretized equations. In
Appendix A, we prove the following:

1. The explicit scheme is very efficient to use on a fixed grid, but only conditionally
convergent. This property is also confirmed numerically in Synthetic Model
Examples section.
2. The implicit scheme is monotone causal, meaning T (z, r, s) depends on the
smaller neighboring grid values only. This enables us to apply a Dijkstra-like
method (12) to solve the discretized system efficiently. Importantly, the DSR
singularity requires a special ordering in the selection of upwind neighbors,
which switches between equations 1 and 3 when necessary. We provide a modified fast-marching (32) DSR eikonal solver along with such an ordering strategy
in Numerical Implementation section.
3. The causality analysis in Appendix A applies only to the first and last causal
branches out of all four shown in Figure 2. Additional post-processings, albeit
expensive, can be used to recover the rest two non-causal branches as they may
be decomposed into summations of the causal ones.

In practice, we find that, for moderate velocity variations, the first-breaks correspond only to causal branches. An example in Synthetic Model Examples section
serves to illustrate this observation. Therefore, for efficiency, we turn off the noncausal branch post-processings in forward modeling and base the tomography solely
on equations 1 and 3.
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DSR tomography
The first-break traveltime tomography with DSR eikonal equation (DSR tomography)
can be established by following a procedure analogous to the traditional one with
the shot-indexed eikonal equation (standard tomography). To further reveal their
differences, in this section we will derive both approaches.
For convenience, we use slowness-squared w ≡ 1/v 2 instead of velocity v in equations 1, 3 and 4. Based on analysis in Appendix A, the velocity model w(z, x) and
prestack cube T (z, r, s) are Eulerian discretized and arranged as column vectors w of
size nz × nx and t of size nz × nx × nx. We denote the observed first-breaks by tobs ,
and use tstd and tdsr whenever necessary to discriminate between t computed from
shot-indexed eikonal equation and DSR eikonal equation.
The tomographic inversion seeks to minimize the l2 (least-squares) norm of the
data residuals. We define an objective function as follows:
1
E(w) = (t − tobs )T (t − tobs ) ,
2

(5)

where the superscript T represents transpose. A Newton method of inversion can be
established by considering an expansion of the misfit function 5 in a Taylor series and
retaining terms up to the quadratic order (4):
1
E(w + δw) = E(w) + δwT ∇w E(w) + δwT H(w)δw + O(|δw|3 ) .
2

(6)

Here ∇w E and H are gradient vector and Hessian matrix, respectively. We may
evaluate the gradient by taking partial derivatives of equation 5 with respect to w,
yielding
∂E
∇w E ≡
= JT (t − tobs ) ,
(7)
∂w
where J is the Frechét derivative matrix and can be found by further differentiating
t with respect to w.
We start by deriving the Frechét derivative matrix of standard tomography. Denoting
∂
; m = z, x, r, s
(8)
Dm ≡
∂m
as the partial derivative operator in the m’s direction, equation 4 can be re-written
as
std
std
std
Dz tstd
(9)
k · Dz tk + Dx tk · Dx tk = w ; k = 1, 2, 3, ..., nx .
Here we assume that there are in total nx shots and use tstd
for first-breaks of the
k
kth shot. Applying ∂/∂w to both sides of equation 9, we find
Jkstd ≡

∂tstd
1
k
std
−1
= (Dz tstd
; k = 1, 2, 3, ..., nx .
k · Dz + Dx tk · Dx )
∂w
2

(10)
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Kinematically, each Jkstd contains characteristics of the kth shot. Because shots are
independent of each other, the full Frechét derivative is a concatenation of individual
Jkstd , as follows:


std T
J std = J1std J2std · · · Jnx
.
(11)
Inserting equation 11 into equation A-1, we obtain
∇w E =

nx
X

Jstd
k

T

obs
(tstd
k − tk ) ,

(12)

k=1
obs
where, similar to tstd
k , tk stands for the observed first-breaks of the kth shot.

Figure 3 illustrates equation 12 schematically, i.e. the gradient produced by standard tomography. The first step on the left depicts the transpose of the kth Frechét
derivative acting on the corresponding kth data residual. It implies a back-projection
that takes place in the z − r plane of a fixed s position. The second step on the right
is simply the summation operation in equation 12.

s

s
r

r

z

z

Figure 3: The gradient produced by standard tomography. The solid curve indicates
a shot-indexed characteristic. dsrtomo/. cartonstd
To derive the Frechét derivative matrix associated with DSR tomography, we first
re-write equation 1 with definition 8
p
p
(13)
Dz tdsr = − ws − Ds tdsr · Ds tdsr − wr − Dr tdsr · Dr tdsr ,
where ws and wr are w at sub-surface source and receiver locations, respectively. Note
that in equation 13 w appears twice. Thus a differentiation of tdsr with respect to w
must be carried out through the chain-rule:
J

dsr

∂tdsr
∂tdsr
≡
=
∂w
∂ws

wr

∂ws
∂tdsr
+
∂w
∂wr

ws

∂wr
.
∂w

(14)
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We recall that w and tdsr are of different lengths. Meanwhile in equation 13, both
ws and wr have the size of tdsr . Clearly in equation 14 ∂ws /∂w and ∂wr /∂w must
achieve dimensionality enlargement. In fact, according to Figure 1, ws and wr can
be obtained by spraying w such that ws (z, r, s) = w(z, s) and wr (z, r, s) = w(z, r).
Therefore, ∂ws /∂w and ∂wr /∂w are essentially spraying operators and their adjoints
perform stackings along s and r dimensions, respectively.
In Appendix B, we prove that J dsr has the following form:
J dsr = B −1 (Cs + Cr ) .
Combining equations A-1 and 15 results in

∇w E = CTs + CTr B−T (tdsr − tobs ) .

(15)

(16)

Note that unlike equation 12, equation 16 can not be expressed as an explicit summation over shots.
Figure 4 shows the gradient of DSR tomography. Similarly to the standard tomography, the gradient produced by equation 16 is a result of two steps. The first
step on the left is a back-projection of prestack data residuals according to the adjoint
of operator B −1 . Because B contains DSR characteristics that travel in prestack domain, this back-projection takes place in (z, r, s) and is different from that in standard
tomography, although the data residuals are the same for both cases. The second step
on the right follows the adjoint of operators Cs and Cr and reduces the dimensionality
from (z, r, s) to (z, x). However, compared to standard tomography this step involves
summations in not only s but also r.

NUMERICAL IMPLEMENTATION
Following the analysis in Appendix A, we consider an implicit Eulerian discretization.
For forward modeling, we solve the DSR eikonal equation by a version of the fastmarching method (FMM) (32). First, a plane-wave with T = 0 at subsurface zerooffset r = s is initialized. Next, in the update stage the traveltime at a grid point is
computed from its upwind neighbors. A priority queue keeps track of the first-break
wave-front, and the computation is non-recursive.
To properly handle the DSR singularity, we design an ordering of the combination of upwind neighbors during the update stage. Assuming that T i is the upwind
neighbor of T in the i’s direction for i = z, r, s, we summarize the ordering as follows:
1. First try a three-sided update:
Solve equation A-9, return T if T ≥ max(T z , T r , T s );
2. Next try a two-sided update: solve equations A-10, A-12 and A-13 and keep
the results as Trs , Tzr and Tzs , respectively.

TCCS-6
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r

z

Figure 4: The gradient produced by DSR tomography. The solid curve indicates a
DSR characteristic, which has one end in plane z = 0 and the other in plane s = r.
Compare with Figure 3. dsrtomo/. cartondsr

If Tzr ≥ max(T z , T r ) and Tzs ≥ max(T z , T s ), return min(Tzr , Tzs , Trs );
If Tzr < max(T z , T r ) and Tzs ≥ max(T z , T s ), return min(Tzs , Trs );
If Tzr ≥ max(T z , T r ) and Tzs < max(T z , T s ), return min(Tzr , Trs );
3. Finally try a one-sided update:
Solve equation A-14, return min(T, Trs ).
An optional search routine A-17 may be added after the update to recover all branches
of the DSR eikonal equation. The overall cost can be reduced roughly by half by
acknowledging the source-receiver reciprocity and thus computing only the positive
(or negative) subsurface offset region.
For an implementation of linearized tomographic operators 12 and 16, we choose
upwind approximations (15; 23; 21) for the difference operators in equation 8. In
Appendix C, we show that the upwind finite-differences result in triangularization
of matrices 11 and 15. Therefore, the costs of applying Jstd and Jdsr and their
transposes are inexpensive. Moreover, although our implementation belongs to the
family of adjoint-state tomographies, we do not need to compute the adjoint-state
variable as an intermediate product for the gradient.
Additionally, the Gauss-Newton approach approximates the Hessian in equation
6 by H ≈ JT J. An update δw at current w is found by taking derivative of equation
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−1 T obs
δw = JT J
J (t − t) .
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(17)

To add model constraints, we combine equation 17 with Tikhonov regularization (37)
with the gradient operator and use the method of conjugate gradients (16) to solve
for the model update δw.

SYNTHETIC MODEL EXAMPLES
The numerical examples in this section serve several different purposes. The first
example will test the accuracy of modified FMM DSR eikonal equation solver (DSR
FMM) and show the drawbacks of the alternative explicit discretization. The second
example will demonstrate effect of considering non-causal branches of DSR eikonal
equation in forward modeling. The third example will compare the sensitivity kernels
of DSR tomography and standard tomography in a simple model. The last example
will present a tomographic inversion and demonstrate advantages of DSR method
over the traditional method.
Figure 5 shows a 2-D velocity model with a constant-velocity-gradient background
plus a Gaussian anomaly in the middle. We use ∆ to denote the grid spacing in z and
δ in x. The traveltimes on the surface z = 0 km of a shot at (0, 0) km are computed
by DSR FMM at a gradually refined ∆ or δ while fixing the other one. For reference,
we also calculate first-breaks by a second-order FMM (31; 30) for the same shot at a
very fine grid spacing of ∆ = δ = 1 m. In Figure 6, a grid refinement in both ∆ and
δ helps reducing errors of the implicit discretization, although improvements in the
∆ refinement case are less significant because the majority of the ray-paths are nonhorizontal. The results are consistent with the analysis in Appendix A, which shows
that the implicit discretization is unconditionally convergent. On the other hand, as
shown in Figure 7, the explicit discretization is only conditionally convergent when
∆/δ → 0 under grid refinement in order to resolve the flatter parts of the ray-paths.
This explains why its accuracy deteriorates when refining δ and fixing ∆. A more
detailed error analysis remains open for future research.
Next, we use a smoothed Marmousi model (Figure 8) and run two DSR FMMs, one
with the search process for non-causal DSR branches turned-on and the other turnedoff. In Figure 9, again we compute reference values by a second-order FMM. The three
groups of curves are traveltimes of shots at (0, 0) km, (0.75, 0) km and (1.5, 0) km,
respectively. The maximum absolute differences between the two DSR FMMs, for
all three shots, are approximately 5 ms at the largest offset. This shows that, if the
near-surface model is moderately complex, then the first-breaks are of causal types
described by equations 1 and 3, and we therefore can use their linearizations 15 for
tomography.
According to equations 11 and 15, the sensitivity kernels (a row of Frechét derivative matrix) of standard tomography and DSR tomography are different. Figure 10
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Figure 5: The synthetic model used for DSR FMM accuracy test. The overlaid curves
are rays traced from a shot at (0, 0) km. dsrtomo/accuracy modl

compares sensitivity kernels for the same source-receiver pair in a constant velocitygradient model. We use a fine model sampling of ∆ = δ = 2.5 m. The standard
tomography kernel appears to be asymmetric. Its amplitude has a bias towards the
source side, while the width is broader on the receiver side. These phenomena are
related to our implementation, as described in Appendix C. Note in the top plot of
Figure 10, the curvature of first-break wave-front changes during propagation. Upwind finite-differences take the curvature variation into consideration and, as a result,
back-project data-misfit with different weights along the ray-path. Meanwhile, the
DSR tomography kernel is symmetric in both amplitude and width, even though it
uses the same discretization and upwind approximation as in standard tomography.
The source-receiver reciprocity may suggest averaging the standard tomography kernel with its own mirroring around x = 1 km, however the result will still be different
from the DSR tomography kernel as the latter takes into consideration all sources at
the same time.
Finally, Figure 9(a) illustrates a prestack first-break traveltime modeling of the
Marmousi model by DSR FMM. We use a constant-velocity-gradient model as the
prior for inversion. There are 287 shots evenly distributed on the surface, each shot
has a maximum absolute receiver offset of 6 km. Figure 12 shows a zoom-in of the
exact model that is within the tomographic aperture. The DSR tomography and
standard tomography are performed with the same parameters: 10 conjugate gradient iterations per linearization update and 4 linearization updates in total. Figure 13
shows the convergence histories. While both inversions converge, the relative l2 data
misfits of DSR tomography decreases faster than that of standard tomography. Figure 14 compares the recovered models. Although both results resemble the exact
model in Figure 12 at the large scale, the standard tomography model exhibits sev-
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Figure 6: Grid refinement experiment (implicit discretization). In both figures, the
solid blue curve is the reference values and the dashed curves are computed by DSR
FMM. Top: fixed δ = 10 m and ∆ = 50 m (cyan), 10 m (magenta), 5 m (black).
Bottom: fixed ∆ = 10 m and δ = 50 m (cyan), 10 m (magenta), 5 m (black).
dsrtomo/accuracy imp
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Figure 7: Grid refinement experiment (explicit discretization). The experiment setups are the same as in Figure 6. dsrtomo/accuracy exp
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Figure 8: A smoothed Marmousi model overlaid with rays traced from a shot at (0, 0)
km. Because of velocity variations, multi-pathing is common in this model, especially
at large offsets. dsrtomo/causal marmsmooth

Figure 9: DSR FMM with non-causal branches. The solid black lines are reference
values. There are two groups of dashed lines, both from DSR FMM but one with the
optional search process turned-on and the other without. The differences between
them are negligible and hardly visible. dsrtomo/causal causal
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Figure 10: (Top) model overlaid with traveltime contours of a source at (0, 0) km
and sensitivity kernels of (middle) the standard tomography and (bottom) the DSR
tomography. dsrtomo/hessian grad
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eral undesired structures. For example, a near-horizontal structure with a velocity
of around 2.75 km/s at location (0.85, 4.8) km is false. It indicates the presence of a
local minimum that has trapped the standard tomography. In practice, it is helpful
to tune the inversion parameters so that the standard tomography takes more iterations with a gradually reducing regularization. The inversion parameters are usually
empirical and hard to control. Our analysis in preceeding sections suggests that part
of the role of regularization is to deal with conflicting information between shots. In
contrast, we find DSR tomography less dependent on regularization and hence more
robust.

Figure 11: DSR first-break traveltimes in the Marmousi model. The original model is
decimated by 2 in both vertical and lateral directions, such that nz = 376, nx = 1151
and ∆ = δ = 8 m. dsrtomo/marm data
The advantage of DSR tomography becomes more significant in the presence of
noise in the input data. We generate random noise of normal distribution with zero
mean and a range between ±600 ms, then threshold the result with a minimum
absolute value of 250 ms. This is to mimic the spiky errors in first-breaks estimated
from an automatic picker. After adding noise to the data, we run inversions with the
same parameters as in Figures 13 and 14. Figures 15 and 16 show the convergence
history and inverted models. Again, the standard tomography seems to provide a
model with higher resolution, but a close examination reveals that many small scale
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Figure 12: (Top) a zoom-in of Marmousi model and (bottom) the initial model for
tomography. dsrtomo/marm marm
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Figure 13: Convergency history of DSR tomography (solid) and standard tomography
(dashed). There is no noticeable improvement on misfit after the fourth update.
dsrtomo/marm conv

details are in fact non-physical. On the other hand, DSR tomography suffers much
less from the added noise. Adopting a l1 norm in objective function 5 can improve the
inversion, especially for standard tomography. However, it also raises the difficulty in
selecting appropriate inversion parameters.

DISCUSSION
There are three main issues in the DSR tomography. The first issue comes from a large
dimensionality of the prestack space, which results in a considerable computational
domain size after discretization. The memory consumption becomes an immediate
problem for 3-D models, where the prestack traveltime belongs to a 5-D space and
may require distributed storage.
The second issue is related to the computational cost. The FMM DSR we have introduced in this paper has a computational complexity of O(N log N ), where N is the
total number of grid points after discretization, N = nz ×nx2 . The log N factor arises
in the priority queue used in FMM for keeping track of expanding wave-fronts. Some
existing works could accelerate FMM to an O(N ) complexity and may be applicable
to the DSR eikonal equation (19; 41). A number of other fast methods developed
for the eikonal equation might be similarly applicable to the DSR eikonal equation.
These include fast sweeping (43), hybrid two-scale marching-sweeping methods and
various label-correcting algorithms (see (6) and references therein).
The last issue is possible parallelization of the proposed method. Our current
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Figure 14: Inverted model of (top) standard tomography and (bottom) DSR tomography. Compare with Figure 12. dsrtomo/marm tomo
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Figure 15: Inversion with noisy data. Convergency history of DSR tomography (solid)
and standard tomography (dashed). No significant decrese in misfit appears after the
fourth update. dsrtomo/marm nconv

implementation of the FMM DSR tomography algorithm is sequential, while the
traditional tomography could be parallelized among different shots. However, we
notice that the DSR eikonal equation has a plane-wave source, therefore a distributed
wave-front propagating at the beginning followed by a subdomain merging is possible.
A number of parllelizable algorithms for the eikonal equation have been developed
(44; 18; 40; 7; 11). Extending these methods to the DSR eikonal equation would be
the first step in parallelizing DSR tomography.

CONCLUSIONS
We propose to use the DSR eikonal equation for the first-break traveltime tomography. The proposed method relies on an efficient DSR solver, which is realized by
a version of the fast-marching method based on an implicitly causal discretization.
Since the DSR eikonal equation allows changing of source position along the ray-path,
its linearization results in a tomographic inversion that naturally handles possible conflicting information between different shots. Our numerical tests show that, compared
to the traditional tomography with a shot-indexed eikonal equation, the DSR tomography converges faster and is more robust. Its benefits may be particularly significant
in the presence of noise in the data.
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Figure 16: Inversion with noisy data. Inverted model of (top) standard tomography
and (bottom) DSR tomography. Compare with Figure 14. dsrtomo/marm ntomo
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APPENDIX A: CAUSAL DISCRETIZATION OF DSR
EIKONAL EQUATION
To simplify the analysis, we consider first the DSR branch as shown in Figure 1 and
described by equation 1. We assume a rectangular 2-D velocity model v(z, x) and thus
a cubic 3-D prestack volume T (z, r, s) with r and s axes having the same dimension
as x. After an Eulerian discretization of both v and T , we denote the grid spacing in
z as ∆, and in x, r and s as δ.

Ts
r

s

T
Tr
Tz
z

Figure A-1: An implicit discretization scheme. The arrow indicates a DSR characteristic. Its root is located in the simplex T z T r T s . dsrtomo/. update1

In Figure A-1, we study the traveltime at grid point y = (z, r, s) and its relationship with neighboring grid points yz = (z + ∆, r, s), yr = (z, r − δ, s) and
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ys = (z, r, s + δ) with a semi-Lagrangian scheme. According to the geometry in
Figure 1, in the (z, r, s) space the DSR characteristic (13) is straddled by yz yr ys .
In order to compute T , we could continue along this characteristic up until its
intersection with the simplex yz yr ys . Suppose the intersection point is ỹ = (z̃, r̃, s̃)
and αi ’s are its barycentric coordinates, i.e.
αz , αr , αs ∈ [0, 1]; αz + αr + αs = 1; ỹ = αz yz + αr yr + αs ys .

(A-1)

This leads to the following discretization:
)
(
p
p
(z − z̃)2 + (r − r̃)2
(z − z̃)2 + (s − s̃)2
T ≡ T (y) = min
T (ỹ) +
+
.
ỹ∈yz yr ys
v(z, r)
v(z, s)
(A-2)
Here we further assume that v(z, r) and v(z, s) are locally constant and that raysegments between z and z + ∆ are well approximated by straight lines. This also
means that a linear interpolation in T within the simplex yz yr ys is exact, i.e. T (ỹ) =
αz T z + αr T r + αs T s , where T i = T (yi ) for i = z, r, s. The minimization over all
possible intersection points in equation A-2 guarantees a first-arrival traveltime.
Defining the ratio in grid spacing as µ ≡ ∆/δ and denoting vr = v(z, r) and
vs = v(z, s), equation A-2 can be re-written with the barycentric coordinates in A-1
as


p
δ
δp 2
z
r
s
αr + µ2 αz2 +
αs2 + µ2 αz2 . (A-3)
T = min
(αz T + αr T + αs T ) +
(αz ,αr ,αs )
vr
vs
Figure A-1 is based on a particular direction of the diving wave: rightward from the
source and leftward from the receiver, as in Figure 1. This yields the above positions
of ys and yr , and the formula A-3 becomes an update from the yz yr ys quadrant.
Since in general the direction of a diving wave is not a priori known, we compute one
such update from each of the lower quadrants and take the smallest amongst them
as a value of T .
To explore the causal properties of equation A-3, we first assume that the minimum
is attained at some ỹ∗ = ξz yz + ξr yr + ξs ys such that ξi > 0 for i = z, r, s. From the
Kuhn-Tucker optimality conditions (20), there exists a Lagrange multiplier λ such
that
!
2
2
µ
ξ
µ
ξ
z
z
p
+ p
;
(A-4)
λ = Tz + δ
vr ξr2 + µ2 ξz2 vs ξs2 + µ2 ξz2
!
ξ
p i
λ = Ti + δ
; i = r, s .
(A-5)
vi ξi2 + µ2 ξz2
Taking a linear combination of A-4 and A-5 to match the right-hand side of A-3, we
find that λ = T and thus
!
2
2
µ
ξ
µ
ξ
z
z
p
T − Tz = δ
+ p
>0;
(A-6)
vr ξr2 + µ2 ξz2 vs ξs2 + µ2 ξz2

842

Li et al.

T − Ti = δ

ξ
p i
2
vi ξi + µ2 ξz2

TCCS-6

!
> 0 ; i = r, s .

(A-7)

This means that if T defined by equation A-3 depends on T i then T > T i for i = z, r, s,
or
T > max(T z , T r , T s )
(A-8)
and a Dijkstra-like method (12) is applicable to solve the discretized system.
A direct substitution from equations A-6 and A-7 results in
s
2 s
2


T − Tz
1
1
T − Tr
T − Ts
=
+
.
−
−
∆
vr2
δ
vs2
δ

(A-9)

If T z , T r and T s are known, then T can be recovered by solving the 4th degree
polynomial equation A-9 and choosing the smallest real root that satisfies condition
A-8. This gives a three-sided update at T . The discretization is implicitly causal and
provides unconditional consistency and convergence.
If there is no real root or none of the real roots satisfy A-8, the minimizer ỹ can
not lie in the interior of simplex yz yr ys and at least one of the ξi s must be zero. If
ξz = 0, it is easy to show that one of the other barycentric coordinates is also zero
and equation A-3 simplifies to


δ
δ s
r
,
(A-10)
T = min T + , T +
vr
vs
which is a causal discretization of the DSR singularity in equation 3. On the other
hand, if ξz 6= 0 and ξr 6= 0 but ξs = 0, i.e. the slowness vector at s is vertical, then
δp 2
∆
T = (ξz T z + ξr T r ) +
ξr + µ2 ξz2 + ξz .
(A-11)
vr
vs
A similar Kuhn-Tucker-type argument shows that equation A-11 is also causal: if
ξz , ξr > 0, then T > max(T z , T r ). In this case, T can be computed by solving
s

2
z
1
T − Tr
T −T
1
=
−
+
.
(A-12)
2
∆
vr
δ
vs
Equation A-12 is equivalent to setting ∂T /∂s = 0 in equation 1. Analogously, when
ξz 6= 0 and ξs 6= 0 but ξr = 0, we have ∂T /∂r = 0 and
s

2
T − Ts
T − Tz
1
1
−
=
+
,
(A-13)
∆
vr
vs2
δ
with the causal solution satisfying T > max(T z , T s ). Equations A-12 and A-13
provide a two-sided update at T . Finally, if ξz 6= 0 but ξs = 0 and ξr = 0, i.e.
∂T /∂s = 0 and ∂T /∂r = 0, we obtain the simplest one-sided update:
T − Tz
1
1
=
+
.
∆
vr vs

(A-14)
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We note that the one-sided update A-14 could be considered a special case of
two-sided updates: if T = T r (or T s ), then A-14 becomes equivalent to A-12 (or,
respectively, A-13). Similarly, the two-sided updates can be viewed as special versions
of the three-sided one: e.g., if T = T r = max(T z , T r , T s ), then A-9 becomes equivalent
to A-13. This means that the causal criteria for formulas A-9, A-12 and A-13 can
be relaxed (the inequalities do not have to be strict). This relaxation is used to
streamline the update strategy in the Numerical Implementation section.
In Figure A-1 and the corresponding semi-Lagrangian discretization A-2, the raypath is linearly approximated up to its intersection with the simplex yz yr ys at a
priori unknown depth z + ξz ∆. An alternative explicit semi-Lagrangian discretization
can be obtained in the spirit of Figure 1 by tracing the ray up to the pre-specified
depth z + ∆. In Figure A-2, we consider the DSR characteristic being straddled by
y∗z y∗r y∗s , where y∗z = (z + ∆, r, s), y∗r = (z + ∆, r − δ, s) and y∗s = (z + ∆, r, s + δ).
Denoting ỹ∗ = (z + ∆, r̃∗ , s̃∗ ) for the intersection point between DSR characteristic
and simplex y∗z y∗r y∗s , we obtain the following discretization:
)
(
p
p
∆2 + (r − r̃∗ )2
∆2 + (s − s̃∗ )2
+
.
(A-15)
T (ỹ∗ ) +
T = min
ỹ∗ ∈y∗z y∗r y∗s
v(z, r)
v(z, s)
One could perform the same analysis of A-3 through A-9 to equation A-15. For the
sake of brevity, we omit the derivation and show the resulting explicit discretization
scheme:
s
 z
2 s
 z
2
T − T∗z
T∗ − T∗r
T∗ − T∗s
1
1
+
,
(A-16)
=
−
−
∆
vr2
δ
vs2
δ
where T∗i = T (y∗i ) for i = z, r, s. More generally, to account for various possible directions of the diving wave, we can set T∗r = min (T (z + ∆, r − δ, s), T (z + ∆, r + δ, s))
and T∗s = min (T (z + ∆, r, s − δ), T (z + ∆, r, s + δ)).
Compared with equation A-9, equation A-16 does not require solving a polynomial
equation. Moreover, T depends only on values in lower z-slices, which means that the
system of equations can be solved in a single sweep in the −z direction. Unfortunately,
despite this efficiency on a fixed grid, the explicit discretization has a major disadvantage stemming from the requirement that the characteristic should be straddled
by y∗z y∗r y∗s . This imposes an upper bound on µ based on the slope of the diving wave.
Moreover, since every diving ray is horizontal at its lowest point, the convergence is
possible only if µ → 0 under mesh refinement. In practice, this means that the results are meaningful only if ∆ is significantly smaller than δ. We note that restrictive
stability conditions also arise for time-dependent Hamilton-Jacobi equations of optimal control, where sufficiently strong inhomogenieties can make nonlinear/implicit
schemes preferable to the usual linear/explicit approach (39).
The above analysis also applies to the first branch of the DSR eikonal equation in
Figure 2. However, in the discretized (z, r, s) domain, the slowness vectors at s and
r are always aligned in the z direction, either upward or downward. For this reason,
there is no DSR characteristic that accounts for the second and third scenarios. We
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Figure A-2: An explicit discretization scheme. Compare with Figure A-1. The arrow
again depicts a DSR characteristic with its root confined in the simplex T∗z T∗r T∗s .
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will refer to the first and last branches in Figure 2 as causal branches of DSR eikonal
equation, and the left-over two as non-causal branches.

s

q

r

Figure A-3: When slowness vectors at s and r are pointing in the opposite directions,
the ray-path must intersect with line s − r at certain point q. dsrtomo/. search

Note that when the slowness vectors at s and r are pointing in opposite directions,
there must be at least one intersection of the ray-path with the z depth level inbetween. As shown in Figure A-3, ray segments between these intersections fall into
the category of causal branches. Thus a search process for the intersections is sufficient
in recovering the non-causal branches during forward modeling. Moreover, because
we are interested in first-breaks only, the minimum traveltime requirement allows us
to search for only one intersection, such as q denoted in Figure A-3:
T (z, r, s) = min {T (z, q, s) + T (z, r, q)} .

(A-17)

q∈(s,r)

Other possible intersections in intervals (s, q) and (q, r) have already been recovered
when computing T (z, q, s) and T (z, r, q), as long as we enable the intersection searching from the beginning of forward modeling. The traveltime of non-causal branches
from equation A-17 is then compared with that from causal branches, and the smaller
one should be kept.
Unfortunately, this search routine induces considerable computational cost. Moreover, we note that, under a dominant diving waves assumption, the first DSR branch,
despite being causal, becomes useless if A-17 is turned-off.

APPENDIX B: FRECHÉT DERIVATIVE OF DSR
TOMOGRAPHY
To derive the Frechét derivative, we start from equations 13 and 14. Applying ∂/∂ws
to both sides of equation 13 results in
Dz

1
∂tdsr
= − √
∂ws
2 ws − Ds tdsr · Ds tdsr

 dsr
Ds tdsr · Ds
Dr tdsr · Dr
∂t
√
+
+√
. (B-1)
dsr
dsr
dsr
dsr
∂ws
ws − Ds t · Ds t
wr − Dr t · Dr t
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Analogously
Dz

1
∂tdsr
= − √
∂wr
2 wr − Dr tdsr · Dr tdsr

 dsr
Ds tdsr · Ds
Dr tdsr · Dr
∂t
√
√
+
. (B-2)
+
ws − Ds tdsr · Ds tdsr
wr − Dr tdsr · Dr tdsr ∂wr

Inserting equations B-1 and B-2 into 14 and regrouping the terms, we prove equation
15
J dsr = B −1 (Cs + Cr ) ,
(B-3)
where
B = Dz −
and



Ds tdsr · Ds
√
ws − Ds tdsr · Ds tdsr



−



Dr tdsr · Dr
√
wr − Dr tdsr · Dr tdsr


,

(B-4)

1
∂ws
Cs = − √
;
dsr
dsr
∂w
2 ws − Ds t · Ds t

(B-5)

∂wr
1
.
Cr = − √
2 wr − Dr tdsr · Dr tdsr ∂w

(B-6)

At the singularity of DSR eikonal equation, the operators B, Cs and Cr take
simpler forms and can be derived directly from equation 3.

APPENDIX C: ADJOINT-STATE TOMOGRAPHY WITH
UPWIND FINITE-DIFFERENCES
Following Appendix A, we let Tij,k in the DSR case be the traveltime at vertex
(zi , rj , sk ) and approximate Dz in equation 8 by a one-sided finite-difference
Dz± Tij,k

j,k
Ti±1
− Tij,k
,
=±
∆

(C-1)

where the ± sign corresponds to the two neighbors of Tij,k in z direction. An upwind
scheme (15) picks the sign by


Dz Tij,k = max Dz− Tij,k , −Dz+ Tij,k , 0 .
(C-2)
The above strategy can be applied to Dr and Ds straightforwardly. For the shotindexed eikonal equation 9, we approximate Dx with the same upwind method while
T in this case is indexed for z and x.
For a Cartesian ordering of the discretized T , i.e. vector t, the discretized operators Dm T · Dm with m = z, x, r, s are matrices. Thanks to upwind finite-differences,
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these matrices are sparse and contain only two non-zero entries per row. For instance,
j,k
suppose Tij,k has its upwind neighbor in z at Ti−1
, then


..
.


..


.




...
Dz T · Dz = 
(C-3)
 ,




−κz
κz


..
.
where

j,k
Tij,k − Ti−1
Dz Tij,k
=
.
(C-4)
κz ≡
∆
∆2
Definitions of κr , κs and κx follow their upwind approximations, respectively. In
equation C-3, ±κz are located in the same row as that of Tij,k in t. While κz sits on
j,k
the diagonal, −κz has a column index equals to the row of Ti−1
in t. At T = 0, there
is no upwind neighbor and the corresponding row contains all zeros.

We can sort entries of t by their values in an increasing order, which equivalently
performs column-wise permutations to Dm T · Dm . The results are lower triangular
matrices. In fact, during FMM forward modeling, such an upwind ordering is maintained and updated by the priority queue and thus can be conveniently imported for
usage here.
Note that the summation and subtraction of two (or more) Dm T · Dm matrices
are still lower triangular. These matrices are also invertible, except for a singularity
at T = 0 where we may set the entries to be zero. Naturally, the inverted matrices
are also lower triangular. One example is the linearized eikonal equation that gives
rise to equation 10. Following notation C-4 and assuming the upwind neighbors of
j
Tij are Ti−1
and Tij−1 , the linearized equation 9 reads
j
) + 2κx (δTij − δTij−1 ) = δwij .
2κz (δTij − δTi−1

(C-5)

After regrouping the terms, we get
δTij =

j
2κz δTi−1
+ 2κx δTij−1 + δwij
.
2 (κz + κx )

(C-6)

Equation C-6 means the inverse of the operator Dz T · Dz + Dx T · Dx does not need to
be computed by an explicit matrix inversion. Instead, we can perform its application
to a vector by a single sweep based on causal upwind ordering. The same conclusion
can be drawn for operator B-4.
Lastly, the adjoint-state calculations implied by equations 12 and 16 multiply the
transpose of these inverse matrices with the data residual. The matrix transposition
leads to upper triangular matrices. Accordingly, we solve the linear system with
anti-causal downwind ordering that follows a decrease in values of t.
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Generalized nonhyperbolic moveout approximation
Sergey Fomel[1] and Alexey Stovas[2] ∗

ABSTRACT
Reflection moveout approximations are commonly used for velocity analysis,
stacking, and time migration. We introduce a novel functional form for approximating the moveout of reflection traveltimes at large offsets. While the classic
hyperbolic approximation uses only two parameters (the zero-offset time and the
moveout velocity), our form involves five parameters, which can be determined,
in a known medium, from zero-offset computations and from tracing one nonzero-offset ray. We call it a generalized approximation because it reduces to some
known three-parameter forms (the shifted hyperbola of Malovichko, de Baziliere,
and Castle; the Padé approximation of Alkhalifah and Tsvankin; and others)
with a particular choice of coefficients. By testing the accuracy of the proposed
approximation with analytical and numerical examples, we show that it can bring
several-orders-of-magnitude improvement in accuracy at large offsets compared
to known analytical approximations, which makes it as good as exact for many
practical purposes.

INTRODUCTION
Reflection moveout approximations are commonly used for velocity analysis, stacking,
and time migration (31). The reflection traveltime as a function of the source-receiver
offset has a well-known hyperbolic form in the case of plane reflectors in homogeneous
isotropic (or elliptically anisotropic) overburden. A hyperbolic behavior of the PP
moveout is always valid around the zero offset thanks to the source-receiver reciprocity
and the first-order Taylor series expansion. However, any deviations from this simple
model may cause nonhyperbolic behavior at large offsets (18).
Considerable research effort has been devoted to developing nonhyperbolic moveout approximations in both isotropic and anisotropic media. The work on isotropic
approximations goes back to (8), (27), (23), (12), (9), and others. (20) provides a
comprehensive review of many different approximations developed for non-hyperbolic
moveout in anisotropic (VTI – vertically transversally isotropic) media. A particularly simple “velocity acceleration” model for nonhyperbolic moveout is suggested
by (28; 29). (10) approximates nonhyperbolic moveout by expanding it into a sum
of basis functions. (13) and (14) build an accurate moveout approximation by using
rational interpolation between several rays.
∗
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In this paper, we propose a general functional form for nonhyperbolic approximations that can be applied to different kinds of seismic media. The proposed form
includes five coefficients as opposed to two coefficients in the classic hyperbolic approximation. In certain cases, the number of coefficients can be reduced. In the case
of a homogeneous VTI medium and the “acoustic approximation” of (3), our approximation becomes identical to the one proposed previously by (17). In the general case,
determining the optimal coefficients requires tracing of only one non-zero-offset ray.
Using analytical ray-tracing solutions and numerical experiments, we compare
the accuracy of our approximation with the accuracy of other known approximations
and discover an improvement in accuracy of several orders of magnitude. Potential
applications of the new approximation include velocity analysis and time-domain
imaging.

NONHYPERBOLIC MOVEOUT APPROXIMATION
Let t(x) represent the reflection traveltime as a function of the source-receiver offset
x. We propose the following general form of the moveout approximation:
t (x) ≈ (1 −
2

q
+ a x ) + ξ t40 + 2 b t20 x2 + c x4 .

ξ) (t20

2

(1)

The five parameters a, b, c, ξ, and t0 describe the moveout behavior. By simple
algebraic manipulations, one can also rewrite equation 1 as

t2 (x) ≈ t20 +

x2
+
v2

v4

x2
t20 + B 2 +
v

A x4
r

x4
x2
t40 + 2 B t20 2 + C 4
v
v

!,

(2)

where the new set of parameters A, B, C, v, and t0 is related to the previous set by
the equalities
A B + B2 − C
;
v 2 (A + B 2 − C)
B
b = 2 ;
v
C
c = 4 ;
v
A
ξ =
.
C − B2

a =

(3)
(4)
(5)
(6)
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The inverse transform is given by
1
;
a (1 − ξ) + b ξ
ξ (c − b2 )
A =
;
[a (1 − ξ) + b ξ]2
b
B =
;
a (1 − ξ) + b ξ
c
.
C =
[a (1 − ξ) + b ξ]2

v2 =

(7)
(8)
(9)
(10)

The existence of the nonhyperbolic part in the traveltime approximation 1 and 2 is
controlled by parameter A. When A is zero (which implies that ξ = 0 or c = b2 ),
approximation 1 is hyperbolic. When both B and C are very large, approximation 2
also reduces to the hyperbolic form.

Connection with other approximations
Equations 1-2 reduce to some well-known approximations with special choices of
parameters.
• If A = 0, the proposed approximation reduces to the classic hyperbolic form
t2 (x) ≈ t20 +

x2
,
v2

(11)

which is a two-parameter approximation.
• The choice of parameters A = (1 − s)/2; B = s/2; C = 0 reduces the proposed
approximation to the shifted hyperbola (23; 12; 9), which is the following threeparameter approximation:
r


1
x2
1
+
t20 + s 2 .
(12)
t(x) ≈ t0 1 −
s
s
v
• The choice of parameters A = −4 η; B = 1 + 2 η; C = (1 + 2 η)2 reduces
approximation 2 to the form proposed by (4) for VTI media, which is the
following three-parameter approximation:
t2 (x) ≈ t20 +

x2
−
v2

2 η x4
v

4



t20

x2
+ (1 + 2 η) 2
v

.

(13)

• The choice of parameters A = −2 γ t20 v 2 ; B = −A/2; C = A2 /4 reduces approximation 2 to the following three-parameter approximation suggested by (5)
and reminiscent of the “velocity acceleration” equation proposed by (28; 29):
t (x) ≈
2

t20

x2
+ 2
.
v (1 + γ x2 )

(14)
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• The choice of parameters A = (1 − s)/2; B = 1; C = 2 − s reduces the proposed
approximation to the following three-parameter approximation suggested by
(6):
r
r
2
√
√

 x2
x
1
1
t20 + 1 − s − 1 2 +
t20 + 1 + s − 1 2 .
t(x) ≈
(15)
2
v
2
v
• The choice of parameters B = 0; C = 2 A reduces the proposed approximation
to the following three-parameter approximation also suggested by (6):
r
2
2
2 A x4
x
t
1
t40 +
t2 (x) ≈ 0 + 2 +
.
(16)
2
v
2
v4
• The choice of parameters A = 2 tan2 θ, B = 1 − tan2 θ, C = 1/ cos4 θ reduces
the proposed approximation to the double-square-root expression
r
r
x
(x
+
t
v
sin
2θ)
1
x (x − t0 v sin 2θ)
1
0
t20 +
+
t20 +
t(x) ≈
2
2
2p
v cos θp
2
v 2 cos2 θ
z 2 + (y + x/2)2
z 2 + (y − x/2)2
=
+
,
(17)
V
V
where V = v cos θ, z = (t0 V /2) cos θ, and y = (t0 V /2) sin θ. Equation 17
describes moveout precisely for the case of a diffraction point in a constant
velocity medium.
Thus, the proposed approximation encompasses some other known forms but introduces more degrees of freedom for optimal fitting.

General method for parameter selection
Zero-offset ray
The Taylor expansion of approximation 2 around the zero offset
t2 (x) = t20 +

x2 A x4
+
+ O(x6 )
v2
2 v 4 t20

(18)

provides a convenient method for evaluating coefficients t0 , v, and A by matching
expansion 18 to the corresponding expansion of the exact traveltime. This is the
method used previously for deriving approximations 2 and 12.
In the special case of an isotropic V (z) medium, the coefficients are readily available and reduce to statistical averages of the velocity distribution (8)
t0 = 2 m−1 ,
m1
v2 =
,
m−1


1
m3 m−1
A =
1−
,
2
m21

(19)
(20)
(21)
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V k (ζ) dζ

0

Equations 19-21 are easily extensible to the vertical transverse isotropy (VTI) case
(22; 7; 2; 30).
Nonzero-offset ray
To determine uniquely the remaining coefficients B and C, we propose to use just one
additional ray reflected at a nonzero offset. Suppose that a reflection ray with the ray
parameter P arrives at the offset X and traveltime T . Substituting approximation 2
into equations t(X) = T and dt/dX = P and solving for B and C produces the
explicit analytical solution
A X2
t20 (X − P T v 2 )
−
,
X (t20 − T 2 + P T X) X 2 + v 2 (t20 − T 2 )
2 A v 2 t20
t40 (X − P T v 2 )2
+
.
C =
X 2 (t20 − T 2 + P T X)2 X 2 + v 2 (t20 − T 2 )

B =

(22)
(23)

Horizontal ray
If the reference ray happens to be horizontal, both X and T are infinite, and equations 22-23 are not directly applicable. However, one can use the same principle and
match two terms for the behavior of the traveltime at infinitely large offsets. If the
traveltime behaves as
2
2 2
t2 (x) ≈ T∞
+ P∞
x

(24)

for x approaching infinity, then, matching the corresponding behavior of approximation 2, we find that
2
A
t20 (1 − v 2 P∞
)
−
,
2
2
t20 − T∞
1 − v 2 P∞
2 2
t4 (1 − v 2 P∞
)
C = 0 2
.
2
2
(t0 − T∞ )

B =

(25)
(26)

ACCURACY TESTS
To illustrate the applicability of the proposed approximation, we try several analytical
and numerical models. Using these models, we test the proposed approximation
against the hyperbolic approximation 2, the shifted hyperbola approximation 12, and
the Alkhalifah-Tsvankin approximation 13.
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Analytical examples
Linear velocity and linear sloth
We start with two analytical isotropic three-parameter models: linear velocity model
(described in Appendix A) and linear sloth model (described in Appendix B). In both
models, it is possible to compute the exact moveout analytically and thus to compare
directly the accuracy of different approximations with the exact moveout. We show
this comparison in Figures 1 and 2, where the relative absolute approximation error is
plotted for different approximations against a large range of the offset-to-depth ratio
and the maximum-to-minimum velocity ratio. As evident from the figures, threeparameter approximations (shifted-hyperbola and Alkhalifah-Tsvankin) improve the
accuracy of the two-parameter hyperbolic approximation. However, the proposed
five-parameter generalized approximation brings a more significant improvement and
reduces the error by several orders of magnitude.
Curved reflector in a constant-velocity medium
Our next analytical example is a curved reflector under a constant-velocity overburden. The reflector curvature is one of the possible causes of non-hyperbolic moveout
(18). The Taylor expansion around zero offset for the case of a curved reflector has
the form of equation 18 with the following set of parameters (15)
2L
,
V
V
v =
,
cos β
A = 2 tan2 β G ,

t0 =

(27)
(28)
(29)

where L is the length of the normal (zero-offset) ray, V is the true velocity, β is the
reflector dip angle at the normal reflection point, G = K L/(1 + K L), and K is the
reflector curvature at the normal reflection point.
The two additional parameters B and C depend on the particular shape of the
reflector. In the case of a hyperbolic reflector, analyzed in Appendix C, equation 2
happens to be exact. In this case,
G
,
G + tan2 β
1
1
=
=
,
V
v cos β

2
T∞
= t20

(30)

P∞

(31)

which, after substitution in equations 25-26, produce
B = G − tan2 β ,
2
C = G + tan2 β .

(32)
(33)
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Figure 1: Relative absolute error of different traveltime approximations as a function
of velocity contrast and offset/depth ratio for the case of a linear velocity model.
(a) Hyperbolic approximation, (b) Shifted hyperbola approximation, (c) AlkhalifahTsvankin approximation, (d) Generalized nonhyperbolic approximation. The proposed generalized approximation reduces the maximum approximation error by several orders of magnitude. hyper/Math linvel
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Figure 2: Relative absolute error of different traveltime approximations as a function of velocity contrast and offset/depth ratio for the case of a linear sloth model.
(a) Hyperbolic approximation, (b) Shifted hyperbola approximation, (c) AlkhalifahTsvankin approximation, (d) Generalized nonhyperbolic approximation. The proposed generalized approximation reduces the maximum approximation error by several orders of magnitude. hyper/Math linsloth
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In the special case of a plane (zero curvature) reflector, G = 0, and the generalized
approximation reduces to a hyperbolic form. In the special case of a diffraction point
(infinite curvature), G = 1, and the generalized approximation reduces to the doublesquare-root equation 17. In both of those cases, as well as in the case of a hyperbolic
reflector, the generalized approximation is simply exact.
Figure 3 shows a comparison between different approximations for the case of a
circular reflector, analyzed in Appendix D. As in the other examples, the proposed
five-parameter generalized approximation brings an improvement in accuracy in several orders of magnitude in comparison with the three-parameter approximations.

Figure 3: Relative absolute error of different traveltime approximations for the case of
a circular reflector as a function of the radius/depth ratio and the offset/depth ratio.
The midpoint location with respect to the center of the circle is equal to the depth of
the reflector. (a) Hyperbolic approximation, (b) Shifted hyperbola approximation, (c)
Alkhalifah-Tsvankin approximation, (d) Generalized nonhyperbolic approximation.
The proposed generalized approximation reduces the maximum approximation error
by several orders of magnitude. hyper/Math circle
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Homogeneous VTI layer
Our next analytical example is a horizontal reflector in a homogeneous VTI (vertically transverse isotropic) medium. As derived in Appendix E, the approximation
coefficients, under the assumption of the acoustic approximation of (3), take the form
A = −4 η ,
1 + 8 η + 8 η2
,
B =
1 + 2η
1
C =
.
(1 + 2 η)2

(34)
(35)
(36)

Equation 2 with coefficients given by equations 34-36 is precisely equivalent to the
traveltime approximation suggested previously by (17). (17) shows comparisons with
alternative non-hyperbolic approximations, which demonstrate superior accuracy of
equation 2 in case of strongly anisotropic media.

Numerical example
For a numerical test, we create a one-dimensional velocity model by extracting a
depth column out of the anisotropic Marmousi model, created by (1) and shown in
Figure 4. We evaluate exact reflection traveltimes by ray tracing (Figure 5). Next, we
compare the exact time for different reflection rays with values predicted by different
traveltime approximations. As shown in Figure 6, only the proposed generalized
approximation is able to predict the true traveltime accurately over the full range of
offsets. To define approximation parameters, we used equations 19-21 and 22-23 and
the ray with the largest offset as the reference ray.

DISCUSSION
Approximation is more of an art than a science. We don’t have a justification for
suggesting equations 1 or 2 other than pointing out that they reduce to known forms
with particular choices of parameters.
The choice of a proper functional form is important for the approximation accuracy. Suppose that we try to replace the five-parameter approximation in equation 2
with the four-parameter equation
t2 (x) ≈ t20 +

x2
+
v2

A x4

,
x2
4
2
v
2 t0 + D 2
v

(37)

√
where D = B + C. Equation 37 has the same behavior as equation 2 at small offsets
and the same asymptote as x approaches infinity. However, its accuracy is not nearly
as spectacular (Figure 7).
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Figure 4: Anisotropic Marmousi model. (a) Vertical velocity. (b) NMO velocity. (c)
η parameter. hyper/amarm vz,v,eta
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Figure 5: One-dimensional model extracted from the left column of the anisotropic
Marmousi model and corresponding reflection rays. hyper/amarm vz1

Figure 6: Exact moveout from ray tracing in the one-dimensional anisotropic
Marmousi model (dots) and different approximations (solid lines).
(a) Hyperbolic approximation, (b) Shifted hyperbola approximation, (c) AlkhalifahTsvankin approximation,
(d) Generalized nonhyperbolic approximation.
hyper/amarm hynmo,shnmo,atnmo,fsnmo
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A proper selection of the reference ray for equations 22 and 23 is also important
for approximation accuracy. If this ray is taken not at the largest possible offset, the
accuracy will deteriorate. As an extreme example, suppose that we try to define B and
C by fitting subsequent terms of the Taylor expansion 18 near the zero offset rather
than the behavior of the approximation at large offsets. Figure 8 shows the result for
the case of a linear sloth model: the approximation is more accurate than alternatives
(shown in Figure 2) but not nearly as accurate as the generalized approximation fitted
at the critical offset.
Possible extensions of this work may include nonhyperbolic approximations for
diffraction traveltimes (for use in prestack time migration) and reflection surfaces (for
use in common-reflection-surface methods) as well as approximations for anisotropic
phase and group velocities in ray tracing and wave extrapolation.

Figure 7: Relative absolute error of Padé approximation in equation 37 as a function of
velocity contrast and offset/depth ratio for the case of a linear sloth model. Compare
with Figure 2. hyper/Math linsloth2

CONCLUSIONS
We propose a five-parameter nonhyperbolic moveout approximation that generalizes
the classic two-parameter hyperbolic approximation as well as some known threeparameter approximations. We propose a method for selecting the approximation
parameters, which involves only two rays: the normal-incident ray and one additional
ray, preferably at a large offset. The special case of the additional ray being horizontal
can be handled as well.
A comparison with the classic hyperbolic approximation, the shifted hyperbola
approximation and the Alkhalifah-Tsvankin approximation for analytical and numerical isotropic and transversely isotropic models shows that the proposed generalized
nonhyperbolic approximation can bring an improvement of several orders of magnitude in approximation accuracy. Based on these experiments, we claim that, for
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Figure 8: Relative absolute error of the generalized approximation fitted to the zero
offset as opposed to the critical offset. Compare with Figure 2. hyper/Math linsloth1

many practical purposes, the proposed approximation can be used in place of the
exact moveout.
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APPENDIX A: LINEAR VELOCITY MODEL
The linear velocity model is defined by
V (z) = V0 (1 + g z)

(A-1)

where g is the velocity gradient and V0 is velocity at zero depth.
The reflection traveltime can be expressed in an analytical form as a function of
offset (24)



2H
(r − 1)2
x2
t(x) =
arccosh 1 +
1+
,
(A-2)
V0 (r − 1)
2r
4 H2
where H is the depth of the reflector, and r = V (H)/V0 is the ratio of velocity at the
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bottom and the top of the model. The traveltime parameters are given by
2 H ln r
,
V0 r − 1
r2 − 1
v 2 = V02
,
2 ln r 2

r +1
1
1− 2
ln r .
A =
2
r −1
t0 =

This model has maximum (critical) offset and traveltime that are defined by
r
r+1
X = 2H
,
r−1
2 H arccosh r
.
T =
V0
r−1

(A-3)
(A-4)
(A-5)

(A-6)
(A-7)

Substituting equations A-6 and A-7 into equations 22-23 and also using the expressions for traveltime parameters A-3, A-4, and A-5 results in complicated but analytical
expressions for additional parameters B and C.

APPENDIX B: LINEAR SLOTH MODEL
The linear sloth model is defined by
1
V

2 (z)

=

1
(1 + G z) .
V02

(B-1)

where G is the sloth gradient and V0 is velocity at zero depth.
The equation for traveltime can be computed analytically, as follows (11):
t2 (x) = t20 +

x4 (r2 − 1)2 (2 Q + 1)
x2
−
,
v 2 144 Q3 H 2 v 2 (Q + 1)2

(B-2)

where H is the depth of the reflector, r = V (H)/V0 is the ratio of velocity at the
bottom and the top of the model and
r
x2 (r2 − 1)2
Q= 1−
.
16 r2 H 2
The main traveltime parameters are given by
4 H 1 + r + r2
,
3 V0 r (r + 1)
3 r2
v 2 = V02
,
1 + r + r2
(r − 1)2
A = −
.
6r
t0 =

(B-3)
(B-4)
(B-5)
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The maximum offset and traveltime are defined by
4H
X = √
,
(B-6)
r2 − 1
4 H r2 + 2
√
.
(B-7)
T =
3 V0 r r2 − 1
Substituting equations B-6 and B-7 into equations 22-23 and using the expressions for
traveltime parameters B-3, B-4, and B-5 results in the following analytical expressions
for additional parameters B and C:
(r − 1)2 (1 + r + r2 )
,
2 r (r + 2) (2 r + 1)
(r − 1)4 (1 + r + r2 )2
C = −
.
3 r (r + 2) (2 r + 1)2

B = −

(B-8)
(B-9)

APPENDIX C: REFLECTION FROM A HYPERBOLIC
REFLECTOR IN A HOMOGENEOUS VELOCITY
MODEL
In this appendix, we derive an analytical expression for reflection traveltime from a hyperbolic reflector in a homogeneous velocity model (Figure C-1). Similar derivations
apply to an elliptic reflector and were used previously in the theory of dip moveout,
offset continuation, and non-hyperbolic common-reflection surface (25; 16; 19).

m

x/2

h

α

Figure C-1: Reflection from a hyperbolic reflector in a homogeneous velocity model
(a scheme). hyper/XFig hyper
Consider the source point xs and the receiver point xr at the surface z = 0 above
a 2-D constant-velocity medium and a hyperbolic reflector defined by the equation
p
z(x) = h2 + x2 tan2 α .
(C-1)
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The reflection traveltime as a function of the reflection point location y is
p
p
(xs − y)2 + z 2 (y) + (xr − y)2 + z 2 (y)
.
t=
V

(C-2)

According to Fermat’s principle, the traveltime should be stationary with respect to
the reflection point y:
0=

∂t
y − xs + y tan2 α
y − xr + y tan2 α
p
= p
+
. (C-3)
∂y
V (xs − y)2 + h2 + y 2 tan2 α V (xr − y)2 + h2 + y 2 tan2 α

Putting two terms in equation A-3 on different sides of the equation, squaring them,
and reducing their difference to a common denominator, we arrive at the equation
i2
y
−
x
s
cos2 α
h y
i2
−
−
x
r
cos2 α

0 =

h



(xr − y)2 + h2 + y 2 tan2 α


(xs − y)2 + h2 + y 2 tan2 α



(C-4)

which simplifies to the following quadratic equation with respect to y:

y 2 (xs + xr ) tan2 α − 2 y xs xr sin2 α − h2 − h2 (xs + xr ) cos2 α = 0 .

(C-5)

The discriminant is
D = xs xr sin2 α − h2

2

+ h2 (xs + xr )2 sin2 α = (h2 + x2s sin2 α) (h2 + x2r sin2 α) .
(C-6)
Only one of the two branches of the solution
p
xs xr sin2 α − h2 + (h2 + x2s sin2 α) (h2 + x2r sin2 α)
y =
(xs + xr ) tan2 α
h2 (xs + xr ) cos2 α
p
=
h2 − xs xr sin2 α + (h2 + x2s sin2 α) (h2 + x2r sin2 α)

(C-7)

has physical meaning. Substituting equation into equation A-2, we obtain, after a
number of algebraic simplifications,

t=

q
p
2h2 + x2s + x2r − 2 xs xr cos2 α + 2 (h2 + x2s sin2 α) (h2 + x2r sin2 α)
V

. (C-8)

Making the variable change in equation A-5 from xs and xr to the midpoint and
offset coordinates m and x according to xs = m − x/2, xr = m + x/2, we notice
that this equation is exactly equivalent to equation 1 with the following definition of
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parameters:
t0 =
a =
b =
c =
ξ =

√
2 h2 + m2 sin2 α
,
V
2 − sin2 α
,
V2
sin2 α h2 − m2 sin2 α
,
V 2 h2 + m2 sin2 α
sin4 α
,
V4
1
.
2

(C-9)
(C-10)
(C-11)
(C-12)
(C-13)

APPENDIX D: REFLECTION FROM A CIRCULAR
REFLECTOR IN A HOMOGENEOUS VELOCITY
MODEL
In the case of a circular (cylindrical or spherical) reflector in a homogeneous velocity
model, there is no closed-form analytical solution. However, the moveout can be
described analytically by parametric relationships (21).
Consider the geometry of the reflection shown in Figure B-1. According to the
trigonometry of the reflection triangles, the source and receiver positions can be expressed as
xs = R sin α + (H + R − R cos α) tan (α − θ) ,
xr = R sin α + (H + R − R cos α) tan (α + θ) ,

(D-1)
(D-2)

where R is the reflector radius, H is the minimum reflector depth, α is the reflector
dip angle at the reflection point, and θ is the reflection angle. Correspondingly, the
midpoint and offset coordinates can be expressed as
cos α sin α
xs + xr
= R sin α + (H + R − R cos α)
,
2
cos2 θ − sin2 α
cos θ sin θ
x = xr − xs = 2 (H + R − R cos α)
,
cos2 θ − sin2 α

m =

and the reflection traveltime can be expressed as


H + R − R cos α
1
1
t =
+
V
cos (α − θ) cos (α + θ)
H + R − R cos α cos α cos θ
= 2
,
V
cos2 θ − sin2 α

(D-3)
(D-4)

(D-5)

where V is the medium velocity. Expressing the reflection angle θ from equation A-7
and substituting it into equations D-4 and B-4, we obtain a pair of parametric equa-
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xr

H
θ
θ

α
R

Figure D-1: Reflection from a circular reflector in a homogeneous velocity model (a
scheme). hyper/XFig crefl
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tions
[m cos α − (H + R) sin α] [m sin α + (H + R) cos α − R]
, (D-6)
cos α sin α
4 (m − R sin α) [m sin α + (H + R) cos α − R]
t2 (α) =
,
(D-7)
V2
sin α

x2 (α) = 4

which define the exact reflection moveout for the case of a circular reflector in a
homogeneous medium.
The connection with parameters of equations 27-29 is given by
p
L =
m2 + (H + R)2 − R ,
H +R
,
cos β = p
2
m + (H + R)2
L
R
G =
=1− p
.
L+R
m2 + (H + R)2

(D-8)
(D-9)
(D-10)

The behavior of the moveout at infinitely large offsets is controlled by P∞ = 1/V and
T∞ =

2H
G + cos β − 1
= t0
.
V
G cos β

(D-11)

After substitution in equations 25-26, we obtain somewhat complicated but analytical
expressions for parameters B and C.

APPENDIX E: HOMOGENEOUS VTI MODEL
According to the acoustic approximation of (3), one can use the following parametric
equations to define the traveltime-offset relationship in a homogeneous VTI model:
x(p) =

2H
p v2
q
vz (1 − 2 η p2 v 2 )2 1 −

,

(E-1)

t(p) =

2 H (1 − 2 η p2 v 2 )2 + 2 η p4 v 4
q
,
vz (1 − 2 η p2 v 2 )2 1 − p2 v2
1−2 η p2 v 2

(E-2)

p2 v 2
1−2 η p2 v 2

where p is the ray parameter, H is the depth of the reflector, vz is the vertical velocity,
v is the NMO velocity, and η is the dimensionless parameter introduced by (4).
At small offsets, the homogeneous VTI traveltime behaves as
t2 (x) ≈ t20 +

x2 2 η x4
− 2 4 ,
v2
t0 v

which allows us to define A = −4 η according to equation 18.

(E-3)
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At large offsets, the homogeneous VTI traveltime behaves as
t2 (x) ≈ t20 (1 + 2 η) +

x2
.
v 2 (1 + 2 η)

(E-4)

√
1 + 2 η and P∞ =
Comparing
with
equation
24,
we
note
that
T
=
t
∞
0
√
1/(v 1 + 2 η). Substituting into equations 25-26, we derive the coefficients B and C
to be
1 + 8 η + 8 η2
,
1 + 2η
1
C =
.
(1 + 2 η)2

B =

(E-5)
(E-6)
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Lowrank seismic wave extrapolation on a
staggered grid
Gang Fang[1], Sergey Fomel[2], Qizhen Du[3], and Jingwei Hu[4] ∗

ABSTRACT
We propose a new spectral method and a new finite-difference method for seismic
wave extrapolation in time. Using staggered temporal and spatial grids, we derive
a wave extrapolation operator using a lowrank decomposition for a first-order
system of wave equations and design the corresponding finite-difference scheme.
The proposed methods extend previously proposed lowrank and lowrank finitedifference wave extrapolation methods from the cases of constant density to those
of variable density. Dispersion analysis demonstrates that the proposed methods
have high accuracy for a wide wavenumber range and significantly reduce the
numerical dispersion. The method of manufactured solutions coupled with mesh
refinement is used to verify each method and to compare numerical errors. 2-D
synthetic examples demonstrate that the proposed method is highly accurate and
stable. The proposed methods can be used for seismic modeling or reverse time
migration.

INTRODUCTION
Wave extrapolation in time is an essential part of seismic imaging, modeling, and full
waveform inversion. Finite-difference methods (8; 37) and spectral methods (33; 24)
are the two most popular and straightforward ways of implementing wave extrapolation in time. The finite-difference (FD) methods are highly efficient and easy to
implement. However, the traditional FD methods are only conditionally stable and
suffer from numerical dispersion (10). Thanks to advances in supercomputer technology, spectral methods have become feasible for large-scale problems. Compared
with FD methods, spectral methods have superior accuracy and are able to suppress
dispersion artifacts (9).
Several spectral methods have been developed for seismic wave extrapolation in
variable-velocity media (14; 6). (39) and (38) proposed a one-step extrapolation algorithm, which is derived from an optimized separable approximation (OSA). This
algorithm formulates the two-way wave equation as a first-order partial differential
equation in time without suffering from numerical instability or dispersion problems.
(30) proposed a two-step extrapolation method that is based on a high-order differential operator, which allows for large time steps in extrapolation. However, the
∗

e-mail: sergey.fomel@beg.utexas.edu
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decomposition algorithm in OSA can be expensive, particularly in anisotropic media. (13) presented an approach to approximating the mixed-domain operator using
a lowrank decomposition, which reduces computational cost by optimally selecting
reference velocities and weights. (27) developed a related method, Fourier finitedifferences (FFD), by cascading a Fourier transform operator and a finite-difference
operator to form a chain operator.
In practice, first-order wave equations are often involved in handling wave extrapolation in media with both velocity and density variations. (20) provided a derivation
of the k-space method for solving the ultrasonic wave equation. (31) extended this
method to solving coupled first-order differential equations for wave propagation,
efficiently accounting for velocity and density variations. In the k-space method, dispersion errors from a second-order time integration operator are compensated by a
modified spectral operator in the wavenumber domain. This correction is exact for a
medium with constant velocity in particular. (29) modified the k-space method with
a mixed-domain operator and applied FFD to hand these operators. This method
has highly accurate for variable velocity and density.
In the FD methods, the FD coefficients are conventionally determined through a
Taylor-series expansion around the zero wavenumber (5; 15). Traditional FD methods are therefore particularly accurate for long-wavelength components. Several approaches have been proposed to improve the performance of FD method in practice.
Implicit FD operators (18; 3) can be used to achieve high numerical accuracy. Another way to control numerical errors is to use optimized FD operators (32; 4; 17).
(28) derived optimized coefficients of the FD operator from a lowrank approximation
(13) of the space-wavenumber extrapolation matrix.To improve the accuracy and stability, the FD methods have been developed on a staggered grid (19; 34; 35; 16). (21)
investigated the stability and grid dispersion in the 3D fourth-order staggered grid
FD scheme. In the past years, the viscous wave modeling using staggered grid FD
methods (25; 2; 23)have also been studied and reported.
In this paper, we use modified staggered grid k-space method (31; 29) to handle
the derivative operator in mixed-domain for variable velocity and density. We introduce lowrank decomposition (13) to approximate the modified k-space extrapolation
operator and reduce the computational cost. Inspired by lowrank finite-differences
(28), we derive optimized finite-difference coefficients for coupled first-order wavepropagation equations using staggered spatial and temporal grids (34; 35; 16). We apply dispersion analysis and use the method of manufactured solutions to evaluate the
accuracy of the proposed methods. Numerical tests demonstrate that the proposed
SGL(staggered grid lowrank) and SGLFD(staggered grid lowrank finite-differences)
methods are highly accurate and applicable for variable velocity and density modeling
and reverse time migration (RTM) in complicated models. Our implementation of
the new methods and the numerical examples are based on Madagascar software (11)
and can be reproduced using the latest version of Madagascar.
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THEORY
Second-order and first-order mixed-domain methods
We consider first-order acoustic wave equations for a medium of variable velocity and
density. For a lossless 2-D medium,
∂u(x, t)
= −∇p(x, t),
∂t
∂p(x, t)
1
= −∇ · u(x, t),
2
ρ(x)v (x) ∂t

ρ(x)

(1)

where u(x, t) is acoustic particle velocity with components ux (x, t) and uz (x, t); p(x, t)
is the acoustic pressure; ρ(x) is density of the medium; v(x) is seismic wave velocity
of the medium; and x = (x, z) denotes the space location in vector coordinate.
The second-order wave equation corresponding to equation 1 is
∇·

1
1
∂ 2 p(x, t)
∇p(x, t) −
= 0.
ρ(x)
ρ(x)v 2 (x) ∂t2

(2)

In the case of homogeneous velocity and density, equation 2 can be written in the
spatial-frequency domain as
∂ 2 p̂(k, t)
= −v02 k2 p̂(k, t),
2
∂t

(3)

where p̂(k, t) is the 2-D spatial Fourier transform of p(x, t). Equation 3 has an
analytical solution,
p̂(k, t + ∆t) = e±iv0 |k|∆t p̂(k, t).
(4)
Applying the second-order time-marching scheme leads to the k-space scheme (31),
p̂(k, t + ∆t) − 2p̂(k, t) + p̂(k, t − ∆t)
∆t2
2
2
= −(v0 |k|) sinc (v0 |k| ∆t/2)p̂(k, t),

(5)

where sinc(x) = sin(x)/x. In general, velocity and density vary in space. When
both the gradient of velocity and the time step are small, replacing v0 with v(x) in
equation 5 provides a new approximation. Applying inverse Fourier transform to this
approximation leads to the scheme
p(x, t + ∆t) − 2p(x, t) + p(x, t − ∆t)
∆t2
 2

2
2
−1
= −v (x)F
|k| sinc (v(x) |k| ∆t/2)F [p(x, t)] ,

(6)

where F denotes a spatial Fourier transform. The operator on the right-hand side of
equation 6 depends on both x and k. Following (31) we call it second-order kx-space
operator,
 v(x)∆t 2


∇
p(x, t) ≡ −F−1 |k|2 sinc2 (v(x) |k| ∆t/2)F [p(x, t)] ,
(7)
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2
where the operator ∇v(x)∆t is analogous to the standard gradient operator, but it
is a function of parameter v(x)∆t. Similar to the definition of the standard gradient
operator, we can define


 v(x)∆t 2
∂ ∂
∂ ∂
p(x, t) ≡
∇
+
p(x, t).
(8)
∂ +x ∂ −x ∂ +z ∂ −z
(31) suggested a factorization, which can factor their second-order k-space operator
into parts associated with each spatial direction. This factorization can also be applied to kx-space operator by replacing constant velocity with variable velocity. The
factored operators are called first-order kx-space operators:
∂p(x, t)
∂ +x
∂p(x, t)
∂ −x
∂p(x, t)
∂ +z
∂p(x, t)
∂ −z



≡ F−1 ikx eikx ∆x/2 sinc(v(x) |k| ∆t/2)F[p(x, t)] ,


≡ F−1 ikx e−ikx ∆x/2 sinc(v(x) |k| ∆t/2)F[p(x, t)] ,


≡ F−1 ikz eikz ∆z/2 sinc(v(x) |k| ∆t/2)F[p(x, t)] ,


≡ F−1 ikz e−ikz ∆z/2 sinc(v(x) |k| ∆t/2)F[p(x, t)] .

(9)

The spatial frequency components kx and kz are defined so that k 2 = kx2 + kz2 .
Application of the exponential coefficient in equation 9 requires the corresponding
wavefield to be evaluated on grid points staggered by distance of ∆x/2 along the positive or negative x direction and ∆z/2 along the positive or negative z direction. The
spatial staggering in equation 9 is implicitly incorporated into the spatial derivative
by the shift property of the Fourier transform. Using operators in equation 9 within
equation 1 enables a new construction of spectral method. The first-order coupled
equations for acoustic-wave extrapolation in variable velocity and density media with
staggered spatial and temporal grids are therefore:
1 ∂p(x, t)
ux (x1 , t+ ) − ux (x1 , t− )
=−
,
∆t
ρ(x1 ) ∂ + x
1 ∂p(x, t)
uz (x2 , t+ ) − uz (x2 , t− )
=−
,
∆t
ρ(x2 ) ∂ + z
p(x, t + ∆t) − p(x, t)
∂ux (x1 , t+ ) ∂uz (x2 , t+ )
= −ρ(x)v 2 (x)(
+
),
∆t
∂ −x
∂ −z

(10)

where x1 ≡ (x + ∆x/2, z), x2 ≡ (x, z + ∆z/2), t+ ≡ t + ∆t/2, t− ≡ t − ∆t/2.
The partial derivative operators in equation 10 are defined by equation 9. Note
that the ordering of ∂/∂ + x and ∂/∂ − x is arbitrary depending on the configuration of
staggered grid. However, these operators should be used in pairs, such that the spatial
shifting cancel out over any temporal interval length ∆t. The spatial and temporal
staggered grids used in equation 10 are analogous to staggered scheme employed in
previous finite-difference methods(19; 34; 35), which are know to increase accuracy
and stability by halving spatial and time interval without increasing the number of
computational points. Equation 9 can be solved with a localized Fourier transform
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(36). However, this kind of solution has a high computational cost. (29) proposed
to apply FFD method to calculate the first-order kx-space operators in equation 9,
which can handle the variable velocity and density accurately and efficiently. Another
possible ways to speed up the computation is to represent the extrapolation operator
with a lowrank matrix.

Lowrank approximation for first-order extrapolation operators
In this section, we apply lowrank decomposition to approximate the extrapolation
operator in equation 9. As indicated by (12; 13), the mixed-domain matrix in equa∂p(x, t)
as an example,
tion 9, taking
∂ +x
Wx (x, k) = kx sinc(v(x) |k| ∆t/2),

(11)

can be efficiently decomposed into a separated representation as follows:
Wx (x, k) ≈

M X
N
X

Wx (x, km )amn Wx (xn , k),

(12)

m=1 n=1

where Wx (x, km ) is a submatrix of Wx (x, k) which consists of selected columns associated with km ; Wx (xn , k) is another submatrix that contains selected rows associated
with xn ; and anm stands for middle matrix coefficients. The numerical construction
of the separated representation in equation 12 follows the method of (7).
Using representation 12, we can calculate
Fourier transforms (FFTs), because

∂p(x, t)
using a small number of fast
∂ +x

M
N
 ikx ∆x/2

∂p(x, t) X X
−1
≈
W
(x,
k
)a
F
ie
W
(x
,
k)F
[p(x,
t)]
.
x
m
mn
x
n
∂ +x
m=1 n=1

(13)

The same lowrank decomposition approach can be applied to the remaining three
partial derivative operators in equation 9. Evaluation of equation 13 only needs N
inverse FFTs, whose computational cost is O(N Nx logNx ). However a straightforward
application of equation 9 needs computational cost of O(Nx2 ), where Nx is the total
size of the space grid. N is related to the rank of the decomposed mixed-domain
matrix 12, which is usually significantly smaller than Nx . Note that the number
of FFTs N also depends on the given error level of lowrank decomposition with a
predetermined ∆t. Thus a complex model or increasing the time interval size ∆t
may increase the rank of the approximation matrix and correspondingly N . In the
numerical examples in this paper, the values of rank are usually between 2 and 4.
Lowrank decomposition saves cost in calculating equations 9 and 10. We propose to
apply it for seismic wave extrapolation in variable velocity and density media on a
staggered grid. We call this method staggered grid lowrank (SGL) method.
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Lowrank FD for first-order extrapolation operators
Approximation 12 can also be used to design accurate finite-difference schemes. Here
we extend the lowrank finite-difference method (28) to first-order kx-space operators.
Note that Wx (xn , k) in equation 13 is a matrix related only to wavenumber k. It can
be further decomposed as follows:
Wx (xn , k) ≈

L
X

C(xn , ξl )B(ξl , k),

(14)

l=1

where
of
P3B isj an L × Nx matrix.j Specifically, we can define B(ξl , k) to take the1 form
2 3
sin( j=1 ξl kj ∆j ), in which ξl is the j-th component of a 3-D vector, ξl = (ξl , ξl , ξl ),
kj is the j-th component of wavenumber k, ∆j is the space grid size in the j-th
direction, j = 1, 2, 3 corresponds to x, y, z direction in space. C is the matrix product
of Wx and the pseudo-inverse of B. If we define
G(x, l) =

M X
N
X

Wx (x, km )amn C(xn , ξl ),

(15)

m=1 n=1

then equation 13 can be described as
L
 ikx ∆x/2

∂p(x, t) X
−1
≈
G(x,
l)F
ie
B(x
,
ξ
)F
[p(x,
t)]
n
l
∂ +x
l=1
"
#
L
3
P
P
≈
G(x, l)F−1 ieikx ∆x/2 sin( ξlj kj ∆j )F [p(x, t)]
j=1

l=1

≈

1
2

L
X

G(x, l)F−1 [eikx ∆x/2 (ei

l=1

−e−i

j
j=1 ξl kj ∆j

P3

j
j=1 ξl kj ∆j

P3

(16)

)F [p(x, t)]].

For a staggered grid, in which pressure is defined on main grid points and partial
velocity on half-grid points, we can choose ξl as ξl1 = (2l1 − 1)/2, ξl2 = l2 , ξl3 = l3 to
calculate partial derivative in x-direction, where l1 , l2 , l3 = 1, 2, · · · , L, and L is the
length of the stencil. According to the shift property of FFTs, we can finally obtain
the following expression in the space domain:
L

∂p(x, t)
1X
≈
G(x, l)[P (xR , t) − P (xL , t)],
∂ +x
2 l=1

(17)

where xR = (x1 + l1 ∆1 , x2 + l2 ∆2 , x3 + l3 ∆3 ) and xL = (x1 − (l1 − 1)∆1 , x2 − l2 ∆2 , x3 −
l3 ∆3 ).
Equation 17 corresponds to the procedure of finite-difference scheme for calculating the kx-space operator. The vector ξl = (ξl1 , ξl2 , ξl3 ) provides stencil information,
and G(x, l) stores the corresponding coefficients. A similar derivation can be applied
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to the remaining partial derivative operators in equation 9. We call this staggered
grid lowrank finite-differences (SGLFD) method.
While the SGL method (equation 13) is proposed by applying lowrank approximation to the kx−space method on a staggered grid (equation 9), SGLFD (equation 17)
is a further approximation of SGL. Theoretically, the SGLFD method using a longer
stencil reaches higher accuracy. It is hard to derive stability condition for SGL.
However, applying Von Neumann stability analysis, we can easily obtain a sufficient
condition of stability for SGLFD as
∆tvmax

L
X
l=1

G(x, l)sin(

3
X

ξlj kj ∆j ) ≤ 1,

(18)

j=1

where vmax is the maximum value of velocity. Once we obtain the finite difference
coefficient G(x, l) for certain velocity v(x) and the predefined parameters ∆j and ∆t,
we can use condition 18 to estimate the stability of the SGLFD scheme in equation 17.
Next, we use the plane wave theory to evaluate numerical dispersion for SGLFD
method. Inserting the plane wave solution,
p(x, t) = p0 eik·x−ωt
u(x, t) = u0 eik·x−ωt

(19)

into equation 17, and also adopting the dispersion relation ω = |k|v, the relative error
of phase velocity is defined as
!
L
3
X
X
1
vLF D
−1=
arcsin
G(x, l)
sin(ξlj kj ∆j ) − 1.
(20)
ε=
v
ω∆t
j=1
l=1
The relative error ε describes the numerical dispersion of SGLFD method. If ε equals
0, there is no dispersion. If ε is far from 0, a large dispersion will occur. Here we define
the order of SGLFD as that of conventional FD, which has the same stencil length
(L). Next we compare the conventional SGFD method with the SGLFD method by
the dispersion curves for different orders, time intervals and velocities.
Figure 1 shows the variation of ε with frequency for different order. This figure
demonstrates that dispersion decrease with the increase of the order for both SGFD
and SGLFD method. Note that for SGFD method increase of order decreases the
magnitude of the dispersion error without increasing the area where ε nearly equals
0. Compared with the SGFD method, the SGLFD method is high accurate in a
wider range of wavenumber. Figure 2 shows the variation of the ε with frequency
for difference time interval. From this figure, we can see that the dispersion becomes
stronger when the SGFD method uses larger time interval. Moreover, if a large time
interval is used, like ∆t = 2.5ms in this example, the SGFD method will be unstable.
However, for the SGLFD method, its dispersion mainly depends on the frequency.
Compared with the SGFD method, the SGLFD method keeps high accuracy for
different time intervals (up to 70% of the Nyquist frequency). Figure 3 illustrates the
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effect of velocity on dispersion. Note that for the SGFD method, its dispersion curves
change greatly with the variation of velocity. Compared with the SGFD method, the
SGLFD method is more stable and accurate in a wider range of frequency(up to 70%
of the Nyquist frequency). In the previous examples, we used least squares to fit to
nearly the 67% of the Nyquist frequency.

COMPARISON OF ACCURACY BETWEEN THE
CONVENTIONAL SGFD METHOD AND THE
LOWRANK METHODS
The study of the accuracy is important especially for the heterogeneous media. However, for lowrank methods, it is hard to derive the theoretical accuracy order as what
the Taylor-series expansion based SGFD method usually did. In this section, we compare the accuracy of the conventional SGFD method and the new lowrank methods
numerically. We focus on the variable velocity case in the following analysis.

A simple illustration of the accuracy
We first use a simple 1-D example shown in Figure 4 to demonstrate the accuracy
of the SGL method and SGLFD method when they are used to calculate the partial
derivatives in equation 9. The velocity increases linearly from 1000 to 2275 m/s. The
rank is 2 for lowrank decomposition, assuming 1 ms time step. The exact kx-space
operator ∂/∂ + x in equation 9 is shown in Figure 4(a). Figures 4(b), 4(c) and 4(d)
display errors of approximation operators of SGL, SGLFD and conventional staggered
grid finite-difference (SGFD), respectively. Figure 5 shows the middle column of the
error matrix. The errors of SGL and SGLFD are significantly smaller than that of
SGFD.

Error analysis using the Method of Manufactured Solutions
Next we use the method of manufactured solutions (MMS) (26) to analyze numerical error of the proposed methods. MMS provides an approach to designing exact
reference solutions for wave equations in heterogeneous media. We couple the use of
manufactured solutions with mesh refinement to plot the error curve for each method.
To begin our investigation, we consider the system of 1D first order wave equations,
1 ∂p(x, t)
∂u(x, t)
=−
+ su (x, t),
∂t
ρ(x) ∂x
∂p(x, t)
∂u(x, t)
= −ρ(x)v 2 (x)
+ sp (x, t),
∂t
∂x

(21)

which are subjected to appropriate boundary and initial conditions, where su and sp
represent inject source terms for the particle velocity u and pressure p, respectively.
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Figure 1: Plot of 1-D dispersion curves of (a) the conventional SGFD method
and (b) the SGLFD method for different orders, 4th−order(red, 2L = 4),
6th−order(pink, 2L = 6), 8th−order(green, 2L = 8), 16th−order(blue, 2L = 16),
time interval ∆t = 1ms, space interval ∆x = 10m, velocity v = 3000m/s.
sglowrank/dispersion Mfd,Mlr
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Figure 2: Plot of 1-D dispersion curves of (a) the conventional SGFD method and (b)
the SGLFD method for different time interval, ∆t = 1ms(red), ∆t = 1.5ms(pink),
∆t = 2ms(green), ∆t = 2.5ms(blue), ∆x = 10m, v = 3000m/s, 2L = 16.
sglowrank/dispersion Mfdt,Mlrt
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Figure 3: Plot of 1-D dispersion curves of (a) the conventional SGFD method and (b)
the SGLFD method for different velocity, v = 2500m/s(red), v = 3500m/s(pink),
v = 4000m/s(green), ∆t = 4500m/s(blue), ∆t = 1ms, ∆x = 10m, 2L = 16.
sglowrank/dispersion Mfdv,Mlrv
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Figure 4: (a) kx-space operator ∂/∂ + x for 1-D linearly increasing velocity model. (b)
Error of SGL operator. (c) Error of 8th order SGLFD operator. (d) Error of 8th
order SGFD operator. sglowrank/oned Mexact,Mlrerr,Mapperr,Mfd10err

Figure 5: Middle column of the error matrix. Blue dashed line: SGL operator. Green
dotted line: the 8th order SGLFD operator. Red solid line: the 8th order SGFD
operator. sglowrank/oned slicel
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For this study, we are interested in the governing equation. We choose a Gaussian
pulse as the solution of the pressure and particle velocity in variable velocity media
(22),
2
2
u(x, t) = p(x, t) = e−λ (x−x0 −v(x)t) ,
(22)
where λ is the wavelength of the Gaussian pulse. x0 is the source location and v(x)
is the variable velocity. It is easy to derive the corresponding source terms from
equations 21 and 22,
v 0 (x)t − 1
]p(x, t),
ρ(x)
sp (x, t) = 2λ2 [x − x0 − v(x)t][v(x) + ρ(x)v 2 (x)(v 0 (x)t − 1)]p(x, t).

su (x, t) = 2λ2 [x − x0 − v(x)t][v(x) +

(23)

For numerical solution, accuracy is often affected by various factors. In this study,
we examine the numerical error of the proposed methods when using different temporal and spatial discretization and wavelets of different dominant frequencies. The
velocity we used here increases with x, defined as v(x) = 2.1 + 0.1x2 (km/s). Its
gradient is v 0 (x) = 0.2x correspondingly. We use constant density in this experiment.
Figure 6(a) shows the RMS errors of the wavefields for different time interval. For all
these calculations, we keep space interval ∆x = 25m as constant. The blue dashed
line and green dotted line indicate the errors of SGL method and SGLFD method
respectively, while red solid line plots the errors of the traditional SGFD method.
Compared with the traditional SGFD method, the proposed lowrank methods correct the distortion caused by increasing ∆t. They exhibit a high accuracy in time.
Figure 6(b) shows the recorded trace at the x of 4km for ∆t = 4ms.The black solid
line corresponds to the exact solution generated by MMS. The colors of remaining
lines has the same meaning as in Figure 6(a). Numerical dispersion is more visible
when ∆t is increased; this effect is much less significant in our methods.
Figure 7(a) shows the RMS errors of the wavefields for different space intervals.
We use a small time interval ∆t = 0.4ms to keep time error small. Figure 7(b) shows
the recorded data for ∆x = 40m. The first-order kx-space operators (equation 9)
have a high accuracy in space which make the error of SGL method increase slowly
when ∆x increase. The coefficients of the SGLFD are obtained by applying leastsquares fitting to the SGL method. The error from the least-squares fitting make
SGLFD method less accurate than SGL method. On the other hand, the coefficients
of lowrank FD are optimized and auto-adapted to variations in velocity, which makes
it significantly more accurate than SGFD method.
In applications of seismic wave extrapolation, temporal and spatial intervals are
often increased at a certain ratio for saving computational cost. Figure 8 show the
error curves for a temporal and spatial refinement study where both ∆x and ∆t
are increased simultaneously. We define the Courant-Friedrichs-Lewy (CFL) number
as α = vmax ∆t/∆x to specify the stability condition, where vmax is the maximum
velocity. Figure 8(a) shows the RMS errors for α = 0.2. Figure 8(b) shows the
RMS error of α = 0.4, while figure 8(c) for α = 0.8. The color of the lines has
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Figure 6: (a) RMS errors as function of time interval. (b) Recorded data for ∆t =
4ms. Blue dashed line: SGL method. Green dotted line: SGLFD method. Red solid
line: SGFD method. Black solid line: MMS. sglowrank/mms1d-dt-vv et,trec19
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Figure 7: (a) RMS errors as function of space interval. (b) Recorded data for ∆x =
40m. Blue dashed line: SGL method. Green dotted line: SGLFD method. Red solid
line: SGFD method. Black solid line: MMS. sglowrank/mms1d-dx-vv em,mrec7
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the same meaning as indicated before. We can see that the errors increase with the
CFL number α. This increase is especially significant for SGFD method. Both SGL
and SGLFD methods keep high accuracy for a larger scale of temporal and spatial
intervals than SGFD.
Seismic exploration techniques, such as prestack depth migration or FWI, need the
modeling engine which remains highly accurate for a wide band seismic wavelet. The
numerical dispersion can be serious for a high frequency source. Figure 9(a) compares
the accuracy of different methods for different source frequencies. The meanings of
different line colors are the same as before. Figure 9(b) shows the recorded data
with source frequency of 40Hz. It can be seen that the SGFD method has a visible
dispersion, while SGL and SGLFD methods remain almost dispersion free.

The accuracy estimation for planar interface

For seismic modeling, it is important to estimate the accuracy of the proposed methods for heterogeneous media, especially for the amplitude variation with offset(AVO)
or amplitude variation with angle(AVA) effects of reflected or transmitted wavefields
along the interface. The theoretical analysis of this feature can be complicated. Here,
we provide a simple numerical test to illustrate the accuracy of the proposed methods.
We design a planar interface model which is defined on a grid system of 601×501 with
a space interval of 10m in both horizontal and vertical direction, as shown in figure 10.
The planar interface is aligned with the vertical 251th grid. The velocities of upper
and lower layer are designed as 4000m/s and 2000m/s to avoid critical reflection.
We use constant density ρ = 1700kg/m3 . We synthesize a shot record to examine
the accuracy of our methods. The source is located at the position of 3000m in horizontal direction and 1500m in vertical direction. Thus the maximum incident angle
is 71.6◦ . We place two receiver lines above and below the interface and measure the
amplitudes of incident, reflected and transmitted wavefields. The reflection coefficient
is given by the ratio of amplitudes of the reflected wavefield and the incident wavefield. The transmission coefficient is given by the ratio of amplitudes of transmitted
wavefield and reflected wavefield. Figure 11 compares the reflection and transmission
coefficients calculated by the SGL and SGLFD methods with the theoretical values
calculated by solving Zoeppritz equations. From this figure, we see that the reflection and transmission coefficients calculated by the SGL and SGLFD method match
well with the theoretical values. Thus, both the SGL and SGLFD methods appear
sufficiently accurate to provide correct dynamic information of wavefields.
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Figure 8: RMS errors for CFL number (a) α = 0.2, (b) α = 0.4, (c) α = 0.8. Blue
dashed line: SGL method. Green dotted line: SGLFD method. Red solid line: SGFD
method. sglowrank/mms1d-all-vv ea2,ea4,ea8
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Figure 9: (a) RMS errors as function of dominant frequency of source wavelet. (b)
Recorded data for frequency of 40Hz. Blue dashed line: SGL method. Green dotted line: SGLFD method. Red solid line: SGFD method. Black solid line: MMS.
sglowrank/mms1d-fre fre,frec15
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Figure 10: The geometry of the planar interface model. The star denotes the source
location and the triangles denote the receiver locations. The values of incident angle
along the planar interface are between 0 and 71.6 degree. sglowrank/. geo
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Figure 11: Comparison of reflection (a) and transmission (b) coefficients calculated
by the SGL method (red dashed line) and the SGLFD method (green dashed line)
with the theoretical values (blue solid line). sglowrank/avo rpp,tpp
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NUMERICAL EXAMPLES
2D examples of a two-layer model
To test the performance of the proposed methods with a rough velocity model, we use
a two-layer model with high velocity and density contrasts. The model is defined on
a 501 × 501 grid, with ∆x = ∆z = 10m and ∆t = 1.5ms. Velocities of the upper and
lower layers are 1.3km/s and 3.2km/s. The densities of upper and lower layers are
1.7g/cm3 and 2.7g/cm3 respectively. A point source of a Ricker-wavelet with dominant frequency of 20 Hz is located in the center of the model at a depth of 0.2km.The
maximum frequency (fmax ) is around 60Hz. Following (28), we still use the CFL
number α to specify the stability and define dispersion factor as β = vmin /(fmax ∆x)
to indicate the sample points per wavelength, where vmin is the minimum velocity of
the model. For modeling with above parameters, α = 0.32 and β = 2.2.
Figure 12 shows a wavefield snapshot generated by lowrank FD with a time interval
equal to 2ms. At this time interval, the SGFD method becomes unstable.

Example of BP model
Finally we test the proposed methods in a complex velocity model. Figure 13 shows
a part of the BP-2004 model, which is a complicated model containing a salt body
and sharp velocity and density contrasts on the flanks of the salt body (1). We use a
Ricker-wavelet at a point source with a dominant frequency of 20Hz (fmax ≈ 60Hz).
Both of the horizontal grid size ∆x and vertical grid size ∆z are 12.5m, and the time
step is 1.5ms, thus, α ≈ 0.57 and β ≈ 1.98. Figure 14 shows the wavefield snapshot
in the BP model generated by SGL method and 6th order SGLFD with a rank of 3.
This experiment confirms that the staggered grid lowrank methods are able to handle
sharp velocity and density variations.

CONCLUSIONS
FD methods and spectral methods are the two most popular wavefield extrapolation
approaches for seismic modeling and seismic wavefield imaging. To handle variable
density and velocity in seismic modeling or RTM, we have proposed SGL method
by applying lowrank decomposition to first-order kx-space propagation operators on
a staggered grid. The cost of the new method amounts to using a small number
of FFTs, which corresponds to the approximation rank. On the basis of the SGL
method, we have also designed the SGLFD method, which extends the lowrank finitedifferences from a case of constant density to one of variable density. This approach
promises higher accuracy and better stability than those of the traditional, explicit
staggered grid finite-difference methods. We tested the proposed methods using the
MMS solutions and concluded that they retained high accuracy for large temporal and
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Figure 12: Wavefield snapshot in a two-layer model with variable density and velocity using (a) 4th order SGLFD method and (b) 8th order SGLFD method.
sglowrank/tlayer3 lfd4snap2,lfd8snap2
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Figure 13: BP model: (a) velocity, (b) density.

sglowrank/bp3 vel,den
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Figure 14: Wavefield snapshot modeled through for BP Model using (a) SGL method
and (b) SGLFD method. sglowrank/bp3 lrsnap,lfdsnap
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spatial intervals or high frequency sources. Results for synthetic models illustrate that
our proposed methods are highly accurate for heterogeneous media and can handle
sharp velocity and density variations. Although the proposed methods are focused
on the acoustic case, they can also be extended in principle to elastic, anisotropic or
attenuating media. The methods can be used for seismic modeling or RTM.
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Deblending using normal moveout and median
filtering in common-midpoint gathers
Yangkang Chen[1], Jiang Yuan[2], Zhaoyu Jin[3], Keling Chen[4] and Lele
Zhang[5] ∗

ABSTRACT
The benefits of simultaneous source acquisition are compromised by the challenges of dealing with intense blending noise. In this paper, we propose a processing workflow for blended data. The incoherent property of blending noise in
the common-midpoint (CMP) gathers is utilized for applying median filtering
along the spatial direction after normal moveout (NMO) correction. The key
step in the proposed workflow is that we need to obtain a precise velocity estimation which is required by the subsequent NMO correction. Because of the
intense blending noise, the velocity scan can not be obtained in one step. We can
recursively polish both deblended result and velocity estimation by deblending
using the updated velocity estimation and velocity scanning using the updated
deblended result. We use synthetic and field data examples to demonstrate the
performance of the proposed approach. The migrated image of deblended data
is cleaner than that of blended data, and is similar to that of unblended data.

INTRODUCTION
The technique of simultaneous-source (sometimes called multisource) acquisition
means firing more than one shot at nearly the same time regardless of their interference. In conventional acquisition, however, either the temporal shooting intervals
or the spatial sampling intervals are large enough so that the interference between
successive shots can be ignored. The multisource technique can reduce the acquisition period and at the same time can improve data quality because of the decreased
spatial sampling interval (5). The benefits from simultaneous-source acquisition are
compromised by the challenges in removing strong blending interference. Because
of its economic benefits and technical challenges, this technique has attracted the
attention of researchers in both industry and academia (16; 15).
In blended acquisition, more than one source is shot simultaneously, regardless
of their interactive interference. The term source denotes a shot array, which can
contain all the shots in a conventional acquisition system. When more than one source
is involved in acquisition, either a denser or a wider shot coverage can be obtained
∗
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for a given constant acquisition period. Figure 1(a) depicts two simultaneous sources
shooting from the same position towards the same direction. In this case, a twotimes denser coverage can be obtained. Figure 1(b) depicts two simultaneous sources
far from each other shooting along the same direction, in which case, a two-times
wider shot coverage can be obtained. The number of simultaneous sources can be
even larger, yielding a much denser and wider shot coverage. The shooting sequence
of the shots and the direction of each source can also be variable. It’s natural,
that the observed data will contain strong interference, and the more simultaneous
sources involved, the more severe the interference will be. For the blended acquisition
geometry as shown in Figure 1(b) we acquire blended data with strong interference,
as shown in Figure 2(b). Figure 2(a) shows the acquired data using conventional
acquisition, supposing that the two sources in Figure 1(b) are fired with large-enough
time interval.
There are two main ways to deal with the challenges posed by simultaneoussource acquisition. The first is to use a first-separate and second-process strategy
(7), which is also known as ”deblending” (13). The other is to use direct imaging and
waveform inversion by applying some constraints to attenuate the artifacts caused
by interference (21; 9). Although the direct imaging approach has achieved some
encouraging results, the preferable way so far is still to focus on the separation of
blended data into individual sources as if acquired conventionally.
Different filtering and inversion methods have been used previously to deblend
seismic data. Filtering methods utilize the property that the coherency of the
simultaneous-source data is not the same in different domains, thus we can get the
unblended data by filtering out the randomly distributed blending noise in a particular domain, in which one source record is coherent and the other is not (14; 17; 15).
One choice is to transform seismic data from the common-shot domain to commonreceiver, common-offset or common-midpoint domain. Inversion methods treat the
separation problem as an estimation problem that aims at estimating the desired
unblended data. Because of the ill-posed property of such estimation problems, a
regularization term is usually required (12). (19), (2) and (18) use a sparsity constraint in the Radon domain to regularize the inversion. A sparsity constraint is also
used by (1) to minimize the energy of incoherent events present in the blended data.
(3) compared two separation techniques for dithered slip-sweep (DSS) data using
the sparse inversion method (18) and f -x predictive filtering (6; 8), and found the
advantage of inversion methods over random noise attenuation techniques. (20)
proposed to distribute all energy in the simultaneous shot records by reconstructing
the individual shot records at their respective locations. (17) introduced an iterative
estimation and subtraction scheme that combines the properties of filtering and inversion methods and exploits the fact that characteristics of blending noise differs
in different domains. In order to deal with the aliasing problem, (4) proposed the
alternating projection method (APM), which chooses corrective projections to exploit
data characteristics and claims to be less sensitive to aliasing than other approaches.
Median filtering is notable for its ability to remove spiky noise and is also suitable
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Figure 1: Demonstration for denser shot coverage (a) and wider shot coverage (b).
Red points denote shot positions for source 1. Green points denote shot positions for
source 2. Blue points denote receiver positions. Red and green strings denote the
shooting rays. Arrows denote the shooting directions. nmodeblend/. demo1,demo2
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to remove blending noise. However, median filtering can be applied only to seismic
profiles containing horizontal events, otherwise it will harm much of the useful energy. In this paper, we propose to implement median filtering to attenuate blending
noise after normal moveout in common-midpoint (CMP) gathers. The deblending
can be inserted into a conventional processing workflow . The benefits of the proposed deblending approach are its easy implementation and efficient improvement
for the migrated image without use of iterative deblending, which is extremely timeconsuming. Synthetic and field data examples demonstrate the effectiveness of the
deblending method and improvement for the final migrated image.

METHOD
Independent marine-streamer simultaneous shooting (IMSSS)
As shown in Figure 3, our blended survey is based on independent marine-streamer
simultaneous shooting (IMSSS). Figure 3 shows four independent marine-streamer
sources. Note that the number of simultaneous sources need not be limited to four.
They shoot independently as in the conventional way and yield their own data. For a
3D seismic survey, the IMSSS can help cover a 2D surface area efficiently. With four
sources, the efficiency is increased by four times. The increased efficiency, however,
is compromised by interference among the four sources.

Figure 3: Demonstration of independent marine-streamer simultaneous shooting
(IMSSS). nmodeblend/. streamer
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Transformation between different domains
The coherency of simultaneous-source data is not the same in different domains. The
interference appears coherent in common-shot gathers (CSG); however, the interference turns out to be incoherent when observed in common-midpoint gathers (CMG),
common-offset gathers (COG) and common-receiver gathers (CRG).The transformation from shot-receiver domain to midpoint-half-offset domain can be realized by the
following equations:

s+r
,
2
r−s
h=
,
2

m=

(1)
(2)

where m, s and r denote the coordinates of midpoint, shot, and receiver, respectively.
h denotes the half-offset (with sign).
The transformation from shot-offset domain (the acquired data from marine
streamer) to midpoint-half-offset domain can be realized by the following equations:
m=s+
h=

h0
,
2

h0
,
2

(3)
(4)

where h0 denotes the full offset.
Figure 4(a) shows synthetic shot-offset domain unblended data simulated from
marine-streamer acquisition. Figure 4(b) shows the corresponding shot-offset-domain
blended data using the IMSSS blended acquisition (with two sources). We can observe that the interference from the other source appears to be coherent in CSG. After
transformation from the shot-offset domain to the midpoint-half-offset domain, the
blending noise becomes random and spike-like, as shown in Figure 4(c). Then deblending problem thus turns into a common denoising problem. Thus, in this section
of examples, we focus on removing spiky noise in CMG. In the following sections, CSG
also refers to the shot-offset domain and CMG also refers to the midpoint-half-offset
domain.

Median filtering
Conventional median filtering is based on a scalar-value sorting process. When a set of
scalars is sorted into an ascending or descending sequence, the middle value is chosen
as standard for this sequence. In signal-processing or geophysical data analysis fields,
this filter is commonly used to remove spiky noise. The more general mathematical
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Figure 4: (a) Unblended data in the shot-offset domain. (b) Blended data in
the shot-offset domain. (c) Blended data in the midpoint-half-offset domain.
nmodeblend/class data-csg,datas-csg,data-blend
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formulation of median filtering is given as:
ûi,j = arg min

um ∈Ui,j

L
X

kum − ul kp ,

(5)

l=1

where ûi,j is the output value for location xi,j , Ui,j = {u1 , u2 , · · · , uL }, i, j are the
position indices in a 2-D profile, and l and m are both indices in the filtering window.
L is the length of the filtering window, and p denotes Lp norm. Commonly p = 1
corresponds to standard median filtering.
Unlike 2D signalprocessing , where the signal is multi-dimensionally coherent, geophysical data are only spatially coherent. Because of the temporally sparse property,
the useful signal turns into a spike-like form. This spatial coherent characteristic requires that conventional median filtering should be taken along the spatial direction.
Here, spatial direction means the horizontal direction for a 2D seismic profile. In
addition, the local slope of an event should be small in order to preserve more useful
energy. Figure 5 shows the effectiveness of median filtering in attenuating blending
noise and preserving useful events. Figure 5(b) corresponds to median filtering along
the time direction with a filter length of 11. With this choice, most of the useful energy has been removed. Figure 5(c) corresponds to median filtering along the spatial
direction with a filter length of 7. Figure 5(d) corresponds to median filtering along
the spatial direction with a filter length of 11. When the filter length is set at 7, most
of horizontal energy is preserved and some dipping energy is lost. When the filter
length is set at 11, most of the dipping energy is lost. Thus, we conclude that using
median filtering in a profile with dipping events is dangerous; if the filter length is
not appropriately chosen, the energy loss is heavy.
For dipping events, multidimensional median filtering can be used as a substitute
(15). Multidimensional median filtering, however, requires a precise estimation of
the local slope of the seismic events, which may be difficult in field-data processing
in the presence of intense random or spiky noise. Besides, using multidimensional
median filtering needs much more computational cost and memory. Here, we propose
using median filtering after NMO in the CMG, where the events are flatten and the
effectiveness of median filtering is maximized.

Median filtering after NMO
By utilizing the effectiveness of median filtering in removing spike-like noise and
inserting median filtering into a common seismic processing workflow, we propose the
following new processing workflow:
1. Transform the blended data from CSG to CMG.
2. Apply velocity scan and pick the NMO velocity.
3. Apply normal moveout.
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(a) Blended data.
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(b) Median filtering along the time direc-
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4. Apply median filtering along the offset direction in CMG.
5. Apply inverse normal moveout.
6. Prestack migration in CMG or transform back to CSG for other processing
tasks.
The key point in the above workflow is flattening the seismic events in order
to apply median filtering, which results from obtaining a convincing velocity scan.
Because of the intense blending noise, the velocity scan could not be obtained in one
step. To solve the problem, we may need to implement steps 2-4 recursively in order
to get a better velocity scan. Two velocity scanning iterations are usually adequate to
get an acceptable velocity. The proposed processing flow can recursively polish both
deblended result and velocity estimation. On one hand, the better velocity estimation
can help to make the NMO-corrected events flatter, which improve the performance of
median filtering to remove blending noise and to preserve useful energy. On the other
hand, the better deblended result can also help to improve the velocity estimation.

EXAMPLES
The first example is a single synthetic CMP gather. The clean unblended data,
blended data, and velocity scan of the blended data are shown in Figures 6(a), 1,
and 6(c), respectively. Figure 7 shows the blended data after NMO correction and
deblended data after NMO correction and median filtering. The median filtering is
effective in that most of the interferences have been removed. After inverse NMO on
Figure 7(b), the deblended data in CMP gather is shown in Figure 8(a). The blending
noise section is shown in Figure 8(b). From the deblending error section as shown in
Figure 8(c), we conclude that the proposed method can achieve an excellent result,
because the deblending error is small.
We now provide two examples to demonstrate the performance of the proposed
workflow described previously. In the next two examples, we use two sources to
simulate the blended data. The second example is based on a simple synthetic dataset,
which contains four reflectors. The velocity in the model is linearly increasing along
the depth axis. We use Kirchhoff modeling to simulate the CSG and blend the
data according to IMSSS. After common velocity-semblance scanning, we can pick
the NMO velocity and apply NMO. Applying median filtering with a 9-point filter
length along the offset direction removes the blending noise. By inverse NMO, we
get the deblended dataset in the common-midpoint domain. Figure 9 shows the
comparison of CMGs. Figure 10 shows the comparison of velocity scan, in which we
see the velocity scan for the blended CMG is smeared along with the noise. After
scanning the deblended data coming from the first rough velocity scan and first NMO
correction, we however obtain a convincing velocity map. Using the updated NMO
with new velocities, we get flatter events that are more suitable for median filtering.
Figure 11 shows the comparison of migrated images. In this example, we use prestack
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Figure 6: (a) Clean CMP gather. (b) Blended CMP gather. (c) Velocity scan for
blended CMP gather. nmodeblend/simple cmpa,cmp,semblancescn
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Figure 7: (a) CMP gather after NMO. (b) CMP gather after NMO and median
filtering. nmodeblend/simple semblancenmo,semblancenmomf

kirchhoff time migration (PSKTM) (11) as the migration operator. We then use Dix
inversion (10) to convert the time image to depth image. The migrated image after
deblending is much cleaner than that of the blended data.
The third example is a marine field dataset from the Gulf of Mexico. Figure 12
shows the comparison of CMGs. Figure 13 shows the comparison of velocity scans.
Figure 14 shows the comparison of the migrated image. In this example, we use
the same migration approach to obtain the seismic images. We have the similar
observation to that for the second example: the migrated image for the deblended
data is cleaner, especially for the shallow part, indicated by the arrows and frame
boxes. For a better view, we zoom the parts indicated by frame boxes and show them
in Figure 15. It’s obvious to see the improvement for the final migrated image after
using the proposed deblending approach.

CONCLUSIONS
We have proposed a basic workflow for dealing with blended data. The processing
domain is in CMG, where blending noise appears to be incoherent and seismic reflections appear as hyperbolic events. By applying median filtering along the spatial
direction after NMO in CMG, we can easily remove the blending noise without harming useful signal. By applying inverse NMO, we can get the deblended data. In order
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Figure 9:
Comparison of CMP gathers.
gathers.
(b) Blended CMP gathers.
nmodeblend/synth data,data-b,data-db
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(a) Original unblended CMP
(c) Deblended CMP gathers.
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Figure 10: Comparison of velocity scans. (a) Velocity scan for original unblended
data. (b) Velocity scan for blended data. (c) Velocity scan for deblended data.
nmodeblend/synth svscan,svscan-b,svscan-db
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Figure 11: Comparison of migrated images using prestack Kirchhoff time
migration (PSKTM). (a) Migrated image for unblended data.
(b) Migrated image for blended data.
(c) Migrated image for deblended data.
nmodeblend/synth spstm,spstm-b,spstm-db
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Figure 12: Comparison of CMP gathers.
gathers.
(b) Blended CMP gathers.
nmodeblend/bei gulf,gulf-b,cmps-db
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(a) Original unblended CMP
(c) Deblended CMP gathers.
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Figure 13: Comparison of velocity scans. (a) Velocity scan for original unblended
data. (b) Velocity scan for blended data. (c) Velocity scan for deblended data.
nmodeblend/bei vscan-gulf,vscan-b,vscan-db
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Figure 14: Comparison of migrated images using prestack Kirchhoff time
migration (PSKTM). (a) Migrated image for unblended data.
(b) Migrated image for blended data.
(c) Migrated image for deblended data.
nmodeblend/bei pstm,pstm-b,pstm-db
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Figure 15: Comparison of zoomed migrated images using prestack Kirchhoff time
migration (PSKTM). (a) Zoomed migrated image for unblended data. (b) Zoomed
migrated image for blended data. (c) Zoomed migrated image for deblended data.
nmodeblend/bei pstmzoom,pstm-bzoom,pstm-dbzoom
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to obtain convincing velocity estimation, we use a recursive strategy. We polish both
deblended result and velocity estimation by deblending using the updated velocity
estimation and velocity scanning using the updated deblended result. It is readily
implemented because we use a conventional version of median filtering and don’t
use any other sophisticated technique to aid in the deblending process. The migrated
image of the deblended data shows cleaner structure than that of blended data, which
confirms the effectiveness of the proposed deblending approach.
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Azimuthally anisotropic 3D velocity continuation
William Burnett and Sergey Fomel ∗

ABSTRACT
We extend time-domain velocity continuation to the zero-offset 3D azimuthally
anisotropic case. Velocity continuation describes how a seismic image changes
given a change in migration velocity. This description turns out to be of a
wave propagation process, in which images change along a velocity axis. In the
anisotropic case, the velocity model is multi-parameter. Therefore, anisotropic
image propagation is multi-dimensional. We use a three-parameter slowness
model, which is related to azimuthal variations in velocity, as well as their principal directions. This information is useful for fracture and reservoir characterization from seismic data. We provide synthetic diffraction imaging examples to
illustrate the concept and potential applications of azimuthal velocity continuation and to analyze the impulse response of the 3D velocity continuation operator.

INTRODUCTION
Velocity continuation (12; 14) provides a framework for describing how a seismic image
changes given a change in the migration velocity model. Similar in concept to residual
migration (28) and cascaded migrations (24), velocity continuation is a continuous
formulation of the same process. Velocity continuation has found applications in
migration velocity analysis (13; 30) and diffraction imaging (27; 16).
(12) and (21) point out that velocity continuation is a wave propagation process.
Instead of wavefronts propagating as a function of time, images propagate as a function of migration velocity. Recent work has extended the concept to heterogeneous
and anisotropic velocity models (4; 1; 22; 29; 31; 10). To account for anisotropy,
the seismic velocity model must become multi-parameter. Consequentially, velocity
continuation generalizes to a process of implementing image transformations caused
by changes in multiple parameters rather than the single isotropic velocity alone.
Accounting for azimuthal variations in seismic velocity results in better event focusing and improved imaging in such media (32). Azimuthal variation in velocity has
been shown to be an indicator of preferentially aligned vertical fractures (8), lateral
heterogeneity (25), regional stress (33), or a combination of these factors. However,
velocity analysis is commonly first performed on pre-stack common midpoint (CMP)
∗
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gathers, where the geologic cause of any observed azimuthal velocity variation is ambiguous. Without the help of additional diagnostic gathers such as hybrid or crossspread gathers (11), or an interpretive comparison between picked root-mean-square
(RMS) and interval velocities (23), the cause of azimuthal variations in velocity can
be identified only after migration.
Azimuthal seismic imaging commonly requires iterations between velocity analysis
and imaging. Residual azimuthal variations in traveltime after migration can be
measured by using migration binning schemes which preserve both offset and azimuth
information (5; 37). After the first pass of (isotropic) migration, azimuthal variations
in velocity are detected from residual moveout, which then provides the velocity
model for anisotropic migration. Iterative processing flows that use these strategies
are popular not only because they are fairly efficient and intuitive, but also because
they can be implemented with minimal modification to existing software. However,
iterative imaging flows cannot guarantee convergence to the correct or optimal velocity
model (9). Velocity continuation has the underlying strategy of performing velocity
analysis and imaging simultaneously, and can thus be used to directly find an optimal
velocity model without iteration. (33) have demonstrated the success of a similar
strategy of using imaging as a velocity analysis tool for 3D multiazimuth reflection
seismic data. Azimuthal velocity continuation can provide a theoretical framework
for this approach. With these benefits as motivation, we extend time-domain velocity
continuation to 3D, accounting for the case of azimuthally variable migration velocity.

THEORY
The theory of velocity continuation formulates the connection between the seismic
velocity model and the seismic image as a wavefield evolution process. In doing so,
the process can be implemented in the same variety of ways as seismic migration.
Seismic migration in its many forms is commonly derived starting at the wave equation, which is approximated by its time and amplitude components by the eikonal
and transport equations, and if necessary, a system of ray tracing equations. Velocity
continuation is derived in the opposite order (14). Starting with a geometrical description of the image, a corresponding kinematic equation for traveltime is derived
to describe how the image moves according to changes in imaging parameters. Subsequently, the kinematic equation is used to derive a corresponding wave equation,
which describes the dynamic behavior of the image as an evolution through imaging
parameter coordinates. This section outlines the key steps of this derivation, starting
with a traveltime equation that permits azimuthal variations in velocity.
(18) truncate a two-dimensional Taylor series expansion for a generally inhomogeneous anisotropic media to derive the “NMO ellipse” moveout equation. Geometrically, the NMO ellipse model still assumes that events have hyperbolic moveout with
offset, but it allows the velocity to change with azimuth. We start here by using
the same truncated 2D Taylor series expansion to describe an azimuth-dependent
traveltime equation for the summation surface of zero-offset time migration,
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T 2 (x, y, W) = 4 τ 2 + (x − y)T W (x − y) ,
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(1)

where τ is the one-way vertical traveltime after migration, x is the (x1 , x2 ) surface
position of the zero-offset receiver in survey coordinates, y is the surface position of
the point source image, and superscript T denotes transpose. The three independent
elements of the symmetric slowness matrix,

W=

W11 W12
W12 W22


,

(2)

have units of slowness-squared, and the eigenvalues and eigenvectors of W determine
the symmetry axes of the effective anisotropic medium (18). In most common geologic situations, the eigenvalues of W are positive (36), and equation 1 describes an
elliptical-hyperbolic traveltime surface in 3D—hyperbolic in cross-section view and
elliptical in map-view. The fast and slow moveout velocities are aligned with the major and minor axes of this ellipse. W11 and W22 are the squared moveout slownesses
along their respective survey coordinates, x1 and x2 . The third parameter, W12 , arises
from observing the ellipse in the x1 -x2 survey coordinates, which are generally rotated
relative to its major and minor axes.
The three-parameter moveout model of equation 1 is analytically convenient and
practical, but the parameters themselves are not intuitive to interpret in terms of
more common geophysical or geological parameters. However, some simple geometric
observations can help convert the three elements of W into more intuitive measurements. If the ellipse happens to be aligned with the survey coordinates, W12 = 0.
Finding the rotation angle which properly diagonalizes W therefore allows one to predict the orientation of the symmetry axes. This amounts to an eigenvalue problem,
where the fast and slow velocities can be found as the eigenvalues and eigenvectors of
W. The eigenvalues, Wf ast and Wslow , of the slowness matrix can be found following
(18),
Wslow,f ast



q
1
2
W11 + W22 ± (W11 − W22 )2 + 4W12
.
=
2

(3)

Since the eigenvalues have units of slowness squared, the smaller eigenvalue is Wf ast =
1/vf2ast . One can solve for the angle β between the acquisition coordinates and the
symmetry axes by using the formula found by (18),
q

2
2
W
(W
22 − W11 +
22 − W11 ) + 4W12
.
β = tan−1 
2W12


(4)

The eigenvalues can then be used together with β to solve for the zero-offset migration
slowness S as a function of source-receiver azimuth θ:

926

Burnett & Fomel

TCCS-7

S 2 (θ) = Wslow cos2 (θ − β) + Wf ast sin2 (θ − β).

(5)

Equations 3-5 allow one to convert the mathematically convenient parameters of
W to more intuitive parameters, such as the fastest and slowest propagation velocities (Vf ast ,Vslow ), the azimuth of the slowest velocity (β), and the percent anisotropy
(σ = 100 × (1 − Vslow /Vf ast )). Alternatively, W can be converted into other common
geophysical parametrizations. For example, (18) show that once the effective parameters W have been converted to slowness as a function of azimuth by equation 5, they
can be expressed in terms of horizontal transverse isotropy parameters as,
1 1 + 2δ (v) sin2 (θ)
S (θ) = 2
,
VP 0
1 + 2δ (v)
2

(6)

where δ (v) is the Thomsen-style parameter (34), introduced by (35), and VP 0 is the
vertical P-wave velocity.
Conventionally, one assumes that equation 1 characterizes a particular event defined in image coordinates (x, τ ), but one can also describe how that event would
transform given a change in the image parameters W. Regardless of the velocity
model, the traveltime T must remain unchanged between different images. From this
observation, we arrive at the following set of conditions:

∇x T 2 =

∂T 2
∂x1
∂T 2
∂x2

!
= 8τ ∇x τ + 8W(x − y) = 0,

(7)

and,

∇W T 2 =

∂T 2
∂W11
∂T 2
∂W12

∂T 2
∂W12
∂T 2
∂W22

!
= 8τ ∇W τ + 4(x − y)(x − y)T = 0.

(8)

Combining and reducing these conditions yields a system of equations that are defined
only in the image parameter coordinates,

2

2
and,

∂τ
+
∂W11

∂τ
+
∂W22


2
∂τ
∂τ
τ W22 ∂x
−
W
12 ∂x2
1
2

2
(W12
− W11 W22 )


2
∂τ
∂τ
τ W12 ∂x
−
W
11
∂x2
1
2

2
(W12
− W11 W22 )

= 0,

(9)

= 0,

(10)
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2

∂τ
−
∂W12




∂τ
∂τ
∂τ
∂τ
2τ W12 ∂x
−
W
W
−
W
11 ∂x2
12 ∂x2
22 ∂x1
1
2

2
− W11 W22 )
(W12
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= 0.

(11)

The system of kinematic equations describing azimuthally anisotropic velocity continuation is then found by combining equations 9-11. In a vector notation, this becomes
τ
∇W τ + W−1 ∇x τ (∇x τ )T W−1 = 0,
2

(12)

where ∇x and ∇W are in the form given by equations 7 and 8.
The method of characteristics (7) provides a link between a kinematic equation
(such as 12) and its corresponding wave-type equation. (14) demonstrates specifically
how the method can be used to derive a velocity continuation wave equation from its
kinematic counterpart. By first setting the characteristic surface condition,
ψ = t − τ (x, W) = 0,

(13)

and replacing τ with ψ and t, we obtain an alternative form of equation 12,
t
ψt ∇W ψ + W−1 ∇x ψ (∇x ψ)T W−1 = 0.
2

(14)

Equation 13 guarantees that the wavefronts of time-domain image wavefield P exist
only where the arrival time τ is equal to the recorded time t at a given location. Now
take both ξi and ξj to represent each of t, W11 , W12 , W22 , x1 , and x2 . According to
∂ψ ∂ψ
from kinematic
the method of characteristics, if Λij is the coefficient in front of ∂ξ
i ∂ξj
equation 14, then the corresponding wave equation will have the same coefficients Λij
2P
in front of each ∂ξ∂i ∂ξ
derivative. The time-derivative ψt is equal to 1 given equation
j
13, and is included in the first term of equation 14 to facilitate the use of the method
of characteristics. Then, by introducing Pxx as the spatial Hessian matrix of the
wavefield,

Pxx =

∂2P
∂x21
∂2P
∂x2 ∂x1

∂2P
∂x1 ∂x2
∂2P
∂x22

!
,

(15)

we arrive at the azimuthally anisotropic post-stack velocity continuation wave equation,
t
∇W Pt = − W−1 Pxx W−1 .
(16)
2
In the isotropic case, W is diagonal and W11 = W22 . Equation 16 then reduces to
the isotropic velocity continuation equation first derived by (6).
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METHOD
Since velocity continuation is described by a wave equation, it can be implemented in
analogous ways to seismic migration. Here, we demonstrate a spectral implementation
of equation 16. By first stretching the time coordinate of an input image from t to
t̃ = t2 /2, and then taking its 3D Fourier transform, equation 16 becomes the reduced
partial differential equation,
1
iΩ∇W P̂ = W−1 kkT W−1 P̂ ,
2

(17)

where Ω is the Fourier dual of t̃ and k is the wavenumber vector (Fourier dual of x).
Equation 17 has the analytical solution,
−i

P̂ (Ω, k1 , k2 , W) = P̂ (Ω, k1 , k2 , W0 )e 2Ω k

T (W−1 −W−1 )k
0

,

(18)

which shows that continuation of an image from an arbitrary W0 to W can be
achieved by multiplication with a shifting exponential in the Fourier domain. One
can also directly migrate an unmigrated image by using the 2×2 matrix W0−1 = 0 for
the initial velocity. In practice, the coordinate stretch from t to t̃ should be carefully
applied as data will be compressed along the time-axis for early samples.
With a range of slowness matrices W, equation 18 can be used to quickly generate
the corresponding range of anisotropically migrated images. When the correct velocity
model is used, diffractions collapse to points, which we recognize as the image coming
into focus. Although constant velocity models are used for each image, this type
of spectral implementation can still be useful in the heterogeneous case, as different
parts of the image will come into focus locally as the appropriate velocity is used
(20; 17). Once the range of images is generated, we search for the best-focused image
at each output location. We use the image attribute of kurtosis, defined as,
RR
φ(W) = R R

P 4 (x, t, W) dx dt
2 ,
P 2 (x, t, W) dx dt

(19)

to quantify how well a location is focused in a particular image (38; 16). Including
integration limits specifies a window size for locally measuring kurtosis in the image.
In application, the integration limits control either the size of a “sliding window”,
or when viewing kurtosis as a local attribute (15), they can be used to control the
smoothness enforced by shaping regularization. In either case, the integration limits control a trade-off between the robustness of the focusing measurement and the
resolution. From experience, typical limits for field data correspond to window sizes
on the order of 101 samples in each dimension. It should be noted that the traveltime approximation of equation 1 loses accuracy in the presence of strong lateral
heterogeneity, but is commonly used to estimate smooth effective parameter models. Following the maximum values through the resulting six-dimensional kurtosis
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hypercube, φ(t, x, W), and then slicing corresponding pieces from the output images
volume, P (t, x, W), reveals an effective medium based heterogeneous velocity model
and a well-focused image. This spectral implementation and slicing procedure is similar to searching through a set of constant-velocity f − k migrations, and can be
completed without any prior knowledge of the velocity model (17; 26).

EXAMPLES
Two simple synthetic examples are provided below to illustrate 3D velocity continuation over a range of velocity models. In the first example, we apply velocity
continuation to a point diffractor. In the second example, we apply the method
to a synthetic post-stack image of a set of faults. The second example illustrates
fracture characterization through diffraction imaging as a potential application for
3D azimuthal velocity continuation. The data in both examples are modeled using
equation 1, which geometrically approximates a diffraction surface as an ellipticalhyperbolic surface. Field data and more accurately modeled data will generally also
exhibit nonhyperbolic moveout, for which equation 1 does not account. The physical
validity and limitations of equation 1 are thoroughly discussed by (18), but we focus
here on how well diffractions can be collapsed, and how well the velocity parameters
can be measured, if the data are ideally described by equation 1.
Figure 1a shows a single diffraction event, modeled using equation 1. The fastest
direction of propagation is at β=105◦ counter-clockwise from the x1 axis, with
Vf ast =3.50 km/s. The data in Figure 1a were modeled with σ=7% anisotropy, which
may be quite high for most field cases, but it was chosen to allow the azimuthal
variations in diffraction moveout to be visibly pronounced. As described above, we
first stretch the time axis from t to t̃ and take the 3D Fourier transform of the data.
Then we apply the phase-shift prescribed by equation 18 for a range of W. We found
it more intuitive to specify the parameter ranges in terms of Vx1 , β, and σ, and then
convert them at each step into the three parameters of W for use in equation 18. The
inverse of the in-line velocity squared 1/Vx21 is equivalent to W11 , which, along with a
given fast azimuth β and percent anisotropy σ, can be used to calculate W12 and W22
using equations 3-5. Last, we apply the 3D inverse Fourier transform and unstretch
from t̃ to t to obtain the 6D image volume. Examples from the image volume using
incorrect parameters are shown in Figures 1b-1c. The correct parameters are used in
Figure 1d, where the image is well-focused.
Since only a single diffraction is present in this example, we can measure kurtosis
over a window spanning the entirety of each 3D image, reducing the kurtosis volume
from 6D to 3D. Figure 2 is a 2D slice of the kurtosis volume at the correct W11 = 1/Vx21
value of 0.0935 = 1/(3.27 km/s)2 . The peak of the kurtosis map is near the correct
values of σ=7 and β=105◦ . Once the peak of the kurtosis map is identified, one could
refine the increments around the peak to yield more accurate estimates. The physical
limitations of resolving azimuthal velocity parameters are discussed by (2).
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Figure 1: (a) A single azimuthally anisotropic diffraction. (b) The diffraction migrated by velocity continuation using correct parameters except σ=10, resulting in
overmigration along x2 . (c) Migration using the correct W11 , but assuming isotropy.
The result is now undermigrated along x2 . (d) Migration using correct parameters.
The image is well focused in both directions. vc3/threedim images
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In practice, a conventional in-line 2D velocity analysis directly yields W11 from
1/Vx21 , so Figure 2 could illustrate a realistic scenario for using 3D velocity continuation to improve upon a previous isotropic velocity model. In such a case, one would
use previous Vx1 picks to hold W11 constant, and then effectively test a variety of W12
and W22 values. Since W11 and W22 are measured with respect to the survey coordinates, either (or both) can be measured independently via a single-azimuth semblance
scan, along x1 or x2 , respectively. The best isotropic velocity based on a fully multiazimuth semblance scan will generally not represent either W11 or W22 , but it can
help limit the range of test parameters. Note that our method does not require prior
knowledge of the velocity model, but without prior knowledge, the kurtosis measure
remains a 6D volume. Although more difficult to visualize, the 6D kurtosis volume
is computationally just as easily scanned for optimal imaging parameters as the 2D
map in Figure 2.

Figure 2: Kurtosis values for the velocity continuation of the diffraction in Figure 1a.
The map covers a range of anisotropy and angle values with an increment in β of 5◦ and
an increment in σ of 0.5%. The correct values at 105◦ and 7% anisotropy (indicated
by crosshairs) coincide with the peak of the kurtosis map. vc3/threedim focus
In the next example, we illustrate the concept of applying 3D anisotropic velocity continuation to diffraction imaging and fracture characterization. Figure 3a
shows a 3D synthetic post-stack diffraction data set, equivalent to the ideal separation of diffractions from specular reflections in post-stack data following (16). A fault
map from (19) (shown in Figure 3a) was digitized and used to create a 3D fracture
model. Each fault location was used to generate a point diffraction in a homogeneous
anisotropic background via equation 1. A timeslice of the modeled diffraction data
is shown in Figure 3b. The faults in the model typically have a strike of 112◦ , and
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in cases where faults and nearby fractures (which more likely influence the seismic
velocity) are similarly aligned, the fast direction of seismic wave propagation tends
to align with their strike. By assuming a typical tight sandstone velocity of Vf ast =4.0
km/s with 3% anisotropy, we choose the modeling W to be comprised of W11 =0.0659,
W22 =0.0631, and W12 =0.0014 (all in s2 /km2 ). This results in a fast velocity direction
along the strike of the faults. In Figure 3d, we see that 3D velocity continuation
using the correct parameters (again found by maximum kurtosis) allows the faults to
be clearly imaged. If an intermediate isotropic velocity model is used, as in Figure
3c, the diffractions are still imaged, but they are not as well-focused compared to the
anisotropically migrated diffractions in Figure 3d. Conventionally, diffraction arrivals
such as those in Figure 3a may be viewed as noise, but by separating them and treating them as signal, we can see here that imaging of steep and detailed features while
simultaneously extracting anisotropy information may be possible.

Figure 3: (a) Fault map from Northwest Scotland (19) used to model diffraction
data. (b) Synthetic post-stack diffraction data modeled using equation 1 and a 3D
model based on the fault map in (a). (c) Diffractions from (b) migrated using an
isotropic velocity model. (d) Diffractions from (b) migrated by anisotropic 3D velocity
continuation. vc3/fracs images-mig-all
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DISCUSSION AND CONCLUSIONS
By extending time-domain velocity continuation to the azimuthally anisotropic 3D
case, we have combined the concepts of azimuthal imaging and diffraction imaging.
We assume a three-parameter migration slowness model that allows velocity to vary
elliptically with azimuth. We have provided simple examples to illustrate the potential
application of our method to fracture characterization through diffraction imaging.
By treating diffractions as signal, our method performs azimuthal analysis on poststack data, without the requirement for common-offset-vector or offset-vector-tile
binning schemes. This is possible because, unlike reflections, diffractions can preserve
azimuthal information post-stack. Post-stack data volumes have obvious advantages
over pre-stack or vector-binned data for analysis, including smaller memory size, and
improved signal-to-noise ratio.
Allowing azimuthal variation in the migration velocity will result in improved
imaging, which is clearly a benefit of 3D velocity continuation. However, the potential for fracture characterization may be even more useful. Our method has many
of the same ideas as the azimuthal imaging and fracture characterization flow proposed by (33) for reflection data. Under the velocity continuation framework, we
can extend the azimuthal imaging idea to 3D diffraction imaging. Since diffractiongenerating fractures and faults are often nearly vertical and preferentially aligned,
they can be associated with azimuthal anisotropy. (16) demonstrate that it is possible to separate diffractions from specular reflections, and then image their associated
discontinuities through the use of velocity continuation. Their method operates on
post-stack data, as they show that diffractions are highly sensitive to migration velocity, even in the zero-offset case. (3) have successfully demonstrated zero-offset
diffraction image focusing as a fracture detection attribute on azimuth-sectored 3D
field data. Our proposed method uses multi-azimuth image focusing primarily as a
velocity analysis criterion, but kurtosis could also be used as an image attribute. In
cases where subsurface fractures cause azimuthal anisotropy, kurtosis as an attribute
may be indicative of fracture intensity (3). By applying velocity continuation to 3D
diffraction imaging, one may be able to estimate both the orientation and the intensity of fractures from the resulting anisotropic velocity model and maximum kurtosis
volumes, respectively. This information can be useful in reservoir development, as it
can provide insight to subsurface fluid flow behavior.
Although the spectral implementation of our method allows a range of possible
images to be computed efficiently, it demands large amounts of memory to store a suite
of images as well as the kurtosis volume. Modern computational hardware makes our
approach feasible as-is, especially for target-oriented imaging and analysis strategies.
Future studies may lead to better optimization-based approaches to finding local
kurtosis maxima, in which case, our method could be practical for dense parameter
estimation throughout full 3D volumes.
The underlying strategy of velocity continuation is to simultaneously estimate the
velocity model as the data are imaged. This is beneficial in the case of azimuthal
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anisotropy discussed here, as the ambiguity between structural heterogeneity and
anisotropy is handled without the need for iteration. Other multi-parameter seismic
imaging problems, such as converted-wave imaging, which are also conventionally
handled by iterative flows, could also benefit from pre-stack versions of the 3D velocity
continuation strategy.
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Time-frequency analysis of seismic data using local
attributes
Guochang Liu[1], Sergey Fomel[2], Xiaohong Chen[1] ∗

ABSTRACT
Time-frequency analysis is an important technology in seismic data processing
and interpretation. To localize frequency content in time, we have developed
a novel method for computing a time-frequency map for nonstationary signals
using an iterative inversion framework. We calculated time-varying Fourier coefficients by solving a least-squares problem that uses regularized nonstationary
regression. We defined the time-frequency map as the norm of time-varying coefficients. Time-varying average frequency of the seismic data can also be estimated
from the time-frequency map calculated by our method. We tested the method
on benchmark synthetic signals and compared it with the well-known Stransform. Two field data examples showed applications of the proposed method for
delineation of sand channels and for detection of low-frequency anomalies.

INTRODUCTION
Time-frequency decomposition maps a 1D signal into a 2D signal of time and frequency, and describes how the spectral content of the signal changes with time.
Time-frequency analysis has been used extensively in seismic data processing and interpretation, including attenuation measurement (30), direct hydrocarbon detection
(3), and stratigraphic mapping (28). The widely used short-time Fourier transform
(STFT) method produces a time-frequency spectrum by taking the Fourier transform of data windows (7), which leads to a tradeoff between temporal and spectral
resolution.
Over the past two decades, wavelet-based methods have been applied to timefrequency analysis of seismic data. (4) compare wavelet-based with Fourier-based
methods for performing time-frequency analysis on seismic data and showed that the
wavelet-based method improves spectral resolution. The continuous-wavelet transform (CWT) provides a time-scale map, known as a scalogram (31), rather than a
time-frequency spectrum. Because a scale represents a frequency band, (15) choose
their scale to be inversely proportional to the center frequency of the wavelet, which
allowed them to transform their scalogram into a time-frequency map. (34) provide a
novel method of obtaining such a time-frequency map by taking a Fourier transform
of the inverse CWT.
∗
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937

938

Liu etc.

GEO-2011

Wigner-Ville distribution (WVD) (40) represents time-frequency components by
using the reverse of the signal as an analysis window function. WVD varies resolution
in the time-frequency plane by providing good temporal resolution at high frequencies
and good frequency resolution at a low-frequency (6). Applications of WVD are
hindered by cross-term interference, which can be suppressed by using appropriate
kernel functions. A smoothed pseudo-WVD with independent time and frequency
functions as kernels achieves a relatively good resolution in both time and frequency
(18). (41) employed smoothed pseudo-WVD with a Gaussian kernel function to
reduce cross-term interference.
The S-transform is an invertible time-frequency analysis technique that combines elements of wavelet transforms and short-time Fourier transforms. The Stransform with an arbitrary and varying shape was applied to seismic data analysis
by (29). Matching pursuit (26), which was also applied in seismic signal analysis
(4; 3; 23; 22; 39), decomposes a seismic trace into a series of wavelets that belong
to a comprehensive dictionary of functions. These wavelets are selected so as to best
match signal structures. The spectrum of the signal is then the time-shifted sum of
each of the wavelets.
Local attributes (9) can adaptively measure timevarying seismic signal characteristics in the neighborhood of each data point. Local attributes have been successfully
applied to seismic image registration (13), phase detection (38; 14), and stacking
(21; 20). A natural extension of local attributes, regularized nonstationary regression, decomposes input data into a number of nonstationary components (11; 24; 19).
In this paper, we propose a new method of time-frequency analysis in which we
use time-varying Fourier coefficients to define a time-frequency map. As in regularized nonstationary regression, shaping regularization (10) constrains continuity and
smoothness of the coefficients. Given the close connection between Fourier transforms
and the least-squares norm, the least-squares approach to time-frequency analysis is
not new, having been used previously, for example, by (42). What is novel about our
approach is the use of regularization for explicitly controlling the time resolution of
time-frequency representations.
The paper is organized as follows.We first describe the proposed method for timefrequency analysis. Then we show how to compute the time-varying average frequency
from the time-frequency map. We use benchmark synthetic examples to test the
performance of the proposed method. Finally, we apply the proposed method to
channel detection and low-frequency anomaly detection in field seismic data.

TIME-FREQUENCY ANALYSIS USING LOCAL
ATTRIBUTES
The Fourier transform has found various applications in signal analysis. The classic
Fourier transform indicates the presence of different frequencies within the analysis
window, but does not show where in that window the particular frequency components
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reside. Localized frequency information can be obtained by computing the Fourier
transform with a temporally shifted window. Such an approach to time-frequency
analysis is known as the STFT (1). The window function is commonly parameterized
by window size, overlap, and taper. Once the window function has been chosen for
the STFT, temporal and spectral resolutions are fixed for the entire time-frequency
map.
The S-transform (36) is similar to the STFT, but with a Gaussian-shaped window
whose width scales inversely with frequency. The expression of the S-transform is



 2
Z ∞
|f |
−f (τ − t)2
exp(−2πif t) dt,
(1)
S(t) √ exp
S(τ, f ) =
2
2π
−∞
where s(t) is a signal and τ is a parameter which controls the position of the Gaussian window. The S-transform is conceptually a hybrid of the STFT and wavelet
analysis, containing elements of both but having its own properties. Like STFT, the
S-transform uses a window to localize the complex Fourier sinusoid, but, unlike the
STFT and analogously to the wavelet transform, the width of the window scales with
frequency.
Consider a signal f (x) on [0, L]. The Fourier series, assuming a periodic extension
of the boundary conditions, can be expressed as




∞ 
X
2kπt
2kπt
f (t) ≈ a0 +
ak cos
+ bk sin
,
(2)
L
L
k=1
where ak and bK are the series coefficients. The relationship between k and frequency
f is k = Lf . In the case of the discrete Fourier transform, frequency is finite. Letting
Ψk (t) represent the Fourier basis
 

 
Ψ1k (t)
cos 2kπt
L 
Ψk (t) =
=
,
(3)
Ψ2k (t)
sin 2kπt
L
and Ck represent the series coefficients
Ck = [ak

bk ] ,

(4)

Ck Ψk (t).

(5)

where b0 = 0, equation 1 can be written as
f (t) =

∞
X
k=0

If frequency is finite, the range of k becomes [0, N ], N = kmax = Lfmax . In linear
notation, Ck can be obtained by solving the least-squares problem
min f (t) −
Ck

N
X
k=0

2

Ck Ψk (t)

,
2

(6)
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where ||||denotes the squared L − 2 norm of a function. By allowing coefficients Ck to
change with time t, we can define the timevarying coefficients Ck (t) via the following
least-squares problem
N
X
min
||f (t) − Ck Ψk (t)||22 .
(7)
Ck

k=0

The Fourier coefficient Ck (t) in equation 7 is a function of time t and frequency
f = kL and Ck (t) = [ak bk ]. The numerical support of frequency f can be between
zero and the Nyquist frequency (7), and the interval of frequency can be ∆f = 1L.
In practical applications, the range of frequencies can also be assigned by the user.
In matrix notation, equation 7 can be written as
[f (t) f (t)... f (t)]T ≈ [D {Ψ1 (t) ... ΨN (t)}] [C1 (t) ... CN (t)]T ,

(8)

where D{...} denotes a diagonal matrix which is composed from the elements of
Psik (t).
The problem of minimization in equation 7 is mathematically ill-posed because it
is severely underconstrained: There are more unknown variables than constraints. To
solve this ill-posed problem, we force the coefficients Ck (t) to have a desired behavior,
such as smoothness. With the addition of a regularization term, equation 7 becomes
min
Ck (t)

N
X

||f (t) − Ck (t)Ψk (t)||22 + R [Ck (t)] ,

(9)

k=0

where R denotes the regularization operator. If we use classic Tikhonov regularization
(37), equation 9 can be written as
min
Ck (t)

N
X
k=0

||f (t) −

Ck (t)Ψk (t)||22

+ε

2

N
X

||D [Ck (t)]||22 ,

(10)

k=0

where D is the Tikhonov regularization operator (roughening operator) and ε is a
scalar regularization parameter.
Shaping regularization (10) provides a particularly convenient method of enforcing
smoothness in iterative optimization schemes. In the appendix, we review the method
of shaping regularization in detail. (11) used shaping regularization to constrain the
problem of nonstationary regression. In this paper, we use shaping regularization,
analogous to the problem of nonstationary regression, to constrain estimated coefficients. We choose our shaping operator to be Gaussian smoothing with an adjustable
radius. In shaping regularization, the radius of the Gaussian smoothing operator
controls the smoothness of coefficients Ck (t).
Once we obtain time-varying Fourier coefficients Ck (t) = [ak (t) bk (t)], the timefrequency map is defined as
q
(11)
F (t, f = k/L) = a2k (t) + b2k (t).
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It is also possible to do an invertible time-frequency transform, as shown by Liu and
(24).
Consider a simple signal (Figure 1(a)), which includes three monophonic components at 10, 20, and 30 Hz and two broad-band spikes at 2 and 2.3 s. Time-frequency
maps generated by the S-transform and our method are shown, respectively, in Figure 1(b) and 1(c). Frequency components appear to be represented well from low
to high frequencies in the proposed method. In comparison with the S-transform, the
proposed method provides superior resolution for monophonic waves. At the lower
frequencies, the S-transform is as good as the proposed method on the spectral resolution for monophonic waves. Note that the S-transform represents spikes better at
high frequencies. However, because the width of analysis window is large at low frequencies, the S-transform provides poor time resolution at low frequencies for spikes.
When we use the shaping operator as a regularization term, there is an edge effect
from smoothing, which appears near 0 s and 4 s (Figure 1(c)). Figure 1(d) displays
the time-frequency map using a different parameter (30-point smoothing radius) to
demonstrate adjustable time-frequency representation of the proposed method.
To show the effect of varying frequencies, we provide a composite chirp signal
(Figure 2(a)), which includes two parabolic frequencies, each having a constant amplitude. Figure 2(b) and 2(c) shows the results of the S-transform and the proposed
method with 10-point smoothing radius, respectively. The two frequency components are detected with higher time and frequency resolution by our method. The
S-transform has high spectral resolution near low frequencies, but loses resolution at
high frequencies. Resolution of the time-frequency map deteriorates in both methods
when the curvature of the time-frequency curve becomes large (as indicated by the
arrow).
In the proposed method, the smoothing radius used in shaping regularization is
a parameter which controls the smoothness of the model. It is different from the
method of the STFT and the S-transform, in which division into local windows is
applied to the data to localize frequency content in time. In contrast to the waveletbased methods (4; 34; 39), our method, as a straightforward extension of the classic
Fourier analysis, is different because of the choice of basis functions. The waveletbased methods need to decide the wavelets, which can be regarded as patterns of
seismic data. The closer the selected wavelets are to the true pattern of the input
data, the better the result of the time-frequency analysis. In this paper, we use more
general Fourier basis functions to compute the time-frequency map.

ESTIMATION OF TIME-VARYING AVERAGE
FREQUENCY
Seismic instantaneous frequency is the derivative of the instantaneous phase
fi (t) =

1 dφ(t)
,
2π dt

(12)
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Figure 1: (a) Synthetic signal with three constant frequency components and
two spikes. (b) Time-frequency map of the S-transform. (c) Time-frequency
map of the proposed method with smoothing radius of 15 points. (d) Timefrequency map of the proposed method with smoothing radius of 30 points.
timefreq/syn s-0,st-0,proj-0,proj-0-30
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Figure 2: (a) Synthetic chirp signal with two parabolic frequency changes. (b) Timefrequency map of the S-transform. (c) Time-frequency map of the proposed method.
timefreq/syn s-1,st-1,proj-1
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where φ(t) is the instantaneous phase. Instantaneous frequency can be estimated
directly using a discrete form of equation 12. This estimate is highly susceptible to
noise. (9) modified the definition of instantaneous frequency to that of a local frequency by recognizing it as a form of regularized inversion, and by using regularization
to constrain continuity and smoothness of the output.
Average frequency can be estimated from the time-frequency map (5; 6; 15; 35;
33). Average frequency at a given time is
R
f F 2 (f, t)df
,
(13)
fa (t) = R 2
F (f, t)df
where F (f, t) is the time-frequency map. Average frequency measured by equation
13 is the first moment along the frequency axis of a time-frequency power spectrum.
(32) and (2) analyzed the relationship between instantaneous frequency and the timefrequency map in detail. Extraction of the attributes from the time-frequency map
of the seismic trace leads to considerable improvement of the signal-to-noise ratio of
the attributes (35). We therefore propose applying equation 13 to our time-frequency
map to compute the time-varying average frequency.

Figure 3:
(a) Random reflectivity series.
timefreq/syn ref-6,s-6

(b) Synthetic seismic trace.

We used a synthetic nonstationary seismic trace to illustrate our approach to
estimating time-varying average frequency. Figure 3(b) shows a synthetic seismic
trace generated by nonstationary convolution (27) of a random reflectivity series
(Figure 3(a)) using a Ricker wavelet, the dominant frequency of which is a function
of time, fd = 25t2 + 15. Figure 9 shows the scaled spectrum of the Ricker wavelet.
Both the dominant frequency (white line in Figure 9 and the bandwidth increase with
time. We computed the average frequency (black line in Figure 9 using equation 13
from the scaled spectrum of Ricker wavelets. We note that average frequency is larger
than the dominant frequency at high frequencies for Ricker wavelets.
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Figure 4: (a) Theoretical time-frequency map, which is scaled by a maximum in
the frequency axis. White and black lines indicate dominant frequency and average
frequency of Ricker wavelet, respectively. (b) Time-frequency map of the S-transform.
(c) Time-frequency map of the proposed method. timefreq/syn spec,st-6,proj-6

Figure 5: Time-varying average-frequency estimation (blue solid curve: estimated by
our method; pink dashed curve: estimated by S-transform; black dot-dashed curve:
theoretical curve, which is denoted by black line in Figure 9). timefreq/syn lcf-6
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We generated the time-frequency map of the synthetic nonstationary seismic trace
using the S-transform (Figure 4(b)) and the proposed method with a 10-point
smoothing radius (Figure 4(c)). We observe that the time-frequency map by the
proposed method has a bandwidth more similar to that of the time-frequency map
of the Ricker wavelet (Figure 9), especially at the high frequencies. We estimated
time-varying average frequency curves from the time-frequency map by the proposed
method (blue solid curve in Figure 5) and S-transform (pink dashed curve in Figure
5), respectively. Compared with the theoretical curve (black dashed curve in Figure
5), which was computed using equation 13 on the scaled spectrum of Ricker wavelets
(Figure 9), the time-varying average frequency estimated by the proposed method is
closer to the theoretical one.

EXAMPLES
We demonstrate the effectiveness of the proposed time-frequency analysis on a benchmark synthetic data set and two field data sets. We first use a synthetic seismic trace
to illustrate how the proposed method obtains a time-frequency map, and then we
test our method on two field data sets with applications to detecting channels and
low-frequency anomalies.

Synthetic data
A synthetic seismic trace (Figure 6(a)) was obtained by adding Ricker wavelets with
different frequencies and time shifts. The first event is an isolated wavelet with a
frequency of 30 Hz, and the second event consists of a 15-Hz wavelet and a 60-Hz
wavelet overlapping in time. The last event is a superposition of two 50-Hz wavelets
with different arrival times. Figure 6(b) and 6(c) show the time-frequency maps by
the S-transform and our method with 15-point smoothing radius, respectively. From
the time-frequency map of the first event at 0.2 s, we found that time duration is
long at low-frequency in the S-transform. The proposed method produces a more
temporally limited ellipsoid spectrum for the first event. Note that the proposed
method has higher spatial resolution at 0.6 s and temporal resolution at 1 s. This
simple test shows that our method can be effective in representing

3D Gulf of Mexico data for channel detection
Detecting channel structures is a common application of spectral decomposition (28).
Different frequency slices show different stratigraphic features. Figure 7 shows field
data from the Gulf of Mexico (25). To generate stratal slices (43), we flattened this
data set using predictive painting (12). The flattened data set is shown in Figure 8.
The flattening procedure can remove structural distortions and allows the interpreter
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Figure 6: (a) Synthetic seismic trace. (b) Time-frequency map of the S-transform.
(c) Time-frequency map of the proposed method. timefreq/syn s-2,st-2,proj-2

to see geologic features as they were emplaced (25). Predictive painting does a careful job of restoring true geological frequencies, as is evident from vertical sections.
Figure 9 shows the average spectrum of the data set before flattening (dashed blue
curve) and after flattening (solid red curve). We calculated the spectral decomposition of flattened data using the proposed method with a five-point smoothing radius.
Figure 10 shows horizon slices from six different volumes at the same level in reference
time. The horizontal blue lines on Figure 8b and 8c identify where the time slice is.
Comparing seismic amplitudes (Figure 10a) with spectral decomposition at different
frequencies (Figures 10b-f), several channels in 30 Hz slice are easily visible. The
high-frequency spectral-decomposition maps, such as the 30-, 40-, and 50-Hz slices,
can highlight detailed geologic features.

2D data example for low-frequency anomaly detection
Low-frequency anomalies are often attributed to abnormally high attenuation in gasfilled reservoirs and can be used as a hydrocarbon indicator (3). A number of studies
have investigated possible mechanisms of low-frequency anomalies associated with
hydrocarbon reservoirs, but no adequate explanation is accepted absolutely (8; 16).
Figure 11 shows a poststack field data set with a bandwidth of about 10150 Hz
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Figure 7: Seismic image from Gulf of Mexico. (a) Time slice. (b) Inline section.
(c) Crossline section. Blue lines in (a) identify the location of inline and crossline
sections. The horizontal blue lines in (b) and (c) identify where the time slice is.
timefreq/chev chev
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Figure 8: Seismic image from Figure 7 after flattening by predictive painting. (a)
Time slice. (b) Inline section. (c) Crossline section. The blue lines on (a) identify
the location of inline and crossline sections. The horizontal blue lines on (b) and (c)
identify where the time slice is. timefreq/chev flats
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Figure 9: Average data spectrum before flattening (dashed blue curve) and after
flattening (solid red curve). timefreq/chev spec
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Figure 10: Comparison of horizon slices, from four different volumes at the same
level: (a) conventional amplitude; and spectraldecomposition at (b) 10 Hz, (c) 20 Hz,
(d) 30 Hz, (e) 40 Hz, and (f) 50 Hz. The slice of 30 Hz displays most clearly visible
channel features. timefreq/chev slice,slice10,slice20,slice30,slice40,slice50
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(Figure 12).We used our proposed method with a ten-point smoothing radius to
generate a time-frequency spectral map. Figure 13 shows the time-frequency map
of one trace from the field data set. Note that our method has a higher temporal
resolution than that of the S-transform, especially at 0.6-0.8 s.We can observe a
general decay of frequency with time caused by seismic attenuation from the timefrequency map of one trace (Figure 13). The low-frequency anomaly is shown at
1.2-1.3 s (arrows). Figures 14 and 15 show single-frequency sections at 15, 31, and
70 Hz from two methods, the S-transform and the proposed method. We further found
that the proposed method provides higher temporal and spatial resolution, especially
in low-frequency sections. Figures 14(a) and 15(a) both show high-amplitude, lowfrequency anomalies (ellipse). However, these anomalies gradually disappear in the
high-frequency section (Figures 14(b) and 14(c) and 15(b) and 14(c)). Note that
the spatial resolution of low-frequency anomalies in the proposed method (Figure
15(a)) is higher than that in the S-transform (Figure 14(a)). We also computed the
time-varying average frequency section for this example using equation 13 (Figure
16). We find that the average frequency is about 60 Hz in shallow layers, but 25 Hz
in deep layers. The average frequency of low-frequency anomalies is very low, just
about 15 Hz. This example shows that comparison of single low-frequency sections
from the proposed method is able to detect low-frequency anomalies that might be
caused by hydrocarbons, as demonstrated in other studies (3; 17; 44). What we
demonstrate by this example is that the proposed method can be used to detect lowfrequency anomalies in seismic sections. Well control is generally needed to interpret
this section more accurately.

Figure 11: A field marine seismic data set.

timefreq/lowf old-1

CONCLUSION
We have presented a novel numerical method for computing time-frequency representation using least-squares inversion with shaping regularization. This time-frequencyanalysis technology can be applied to nonstationary signal analysis. The method is
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Figure 12: The averaged Fourier spectra of the field data.
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Figure 13: Time-frequency map of one trace (denoted by black line in Figure 12).
(a) S-transform; (b) the proposed method. timefreq/lowf tf-l,tf-s
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Figure 14: Comparison of common-frequency slices from S-transform; (a) 10 Hz,
(b) 31 Hz, and (c) 70 Hz. The lowfrequency abnormality is indicated by an ellipse.
timefreq/lowf s1,s2,s3
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Figure 15: Comparison of common-frequency slices from the proposed method; (a)
10 Hz, (b) 31 Hz, and (c) 70 Hz. The lowfrequency abnormity is indicated by an
ellipse. timefreq/lowf l1,l2,l3
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Figure 16: Estimated time-varying average frequency of the field data from timefrequency map. timefreq/lowf lcf-l

a straightforward extension of the classic Fourier analysis. The parameter used in
shaping regularization, the radius of the Gaussian smoothing operator, controls the
smoothness of time-varying Fourier coefficients. The smooth time-varying average
frequency attribute can also be estimated from the proposed time-frequency analysis
technology. We have demonstrated applications of the proposed time-frequency analysis for detecting channels and lowfrequency anomalies in seismic images. Finally, we
realize that many different algorithms are capable of computing time-frequency representations. We have provided some comparisons of our method with one of them (the
S-transform) but cannot make the comparison exhaustive and do not claim that our
method will necessarily perform better in all practical situations. Both approaches to
time-frequency analysis have advantages and disadvantages. What we see as the main
advantages of our method are its conceptual simplicity, computational efficiency, and
explicit controls on time and frequency resolution.
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SHAPING REGULARIZATION FOR INVERSE
PROBLEMS
In this appendix, we review the theory of shaping regularization in inversion problems.
(10) introduces shaping regularization, a general method of imposing regularization
constraints. A shaping operator provides an explicit mapping of the model to the
space of acceptable models.
Consider a system of linear equation given as Ax = b, where A is a forwardmodeling operator, x is the model, and b is the data. By equation 8, we can find
that the proposed time-frequency decomposition can be written as the form Ax = b.
The standard regularized least-squares approach to solving this equation seeks to
minimize ||Ax = b||22 + ε2 ||Dx||22 , where D is the Tikhonov regularization operator
(37) and ε is scaling.
The formal solution, denoted by x̂, is given by
x̂ = AT A + ε2 DT D

−1

AT b,

(A-1)

where AT denotes the adjoint operator. (10) defined a relation between a shaping
operator S and a regularization operator D as
S = I + ε 2 DT D

−1

.

(A-2)

Substituting equation A-2 into equation A-1 yields a formal solution of the estimation
problem regularization by shaping
−1 T

−1
x̂ = AT A + S−1 − I
A b = I + S AT A − I
SAT b.

(A-3)

Introducing scaling of A by 1 in equation A-3 , we obtain

−1
x̂ = λ2 I + S AT A − λ2 I
SAT b.

(A-4)

The conjugate-gradient method can be used to compute the inversion in equation
A-4 iteratively. As shown by (11), the iterative convergence for inversion in equation
A-4 can be dramatically faster that the one in equation A-1.
The main advantage of shaping regularization is the relative ease of controlling the
selection of λ and SS in comparison with ε and D cite[]Fomel2009. In this paper, we
choose λ to be the median value of Ψk (t) and the shaping operator to be a Gaussian
smoothing operator. The Gaussian smoothing operator is a convolution operator with
the Gaussian function that is used to smooth images and remove detail and noise. In
this sense it is similar to the mean filter, but it uses a different kernel to represent the
shape of a Gaussian (bell-shaped) hump. The Gaussian function in 1D has the form,


x2
1
G(x) = √
exp − 2 .
(A-5)
2σ
2πσ
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One can implement Gaussian smoothing by Gaussian filtering in either the frequency
domain or time domain. (10) shows that repeated application of triangle smoothing
can also be used to implement Gaussian smoothing efficiently, in which case the
only additional parameter is the radius of the triangle smoothing operator. In this
paper, we use the repeated triangle smoothing operator to implement the Gaussian
smoothing operator.
The computational cost of generating a time-frequency representation with our
method is O (Nt Nf Niter /Np ), where Nt is the number of time samples, Nf is the
number of frequencies, Niter is the number of conjugate-gradient iterations, Np is
the number of processors used to process different frequencies in parallel, and Niter
decreases with the increase of smoothing and is typically around 10.
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Velocity analysis using AB semblance
Sergey Fomel ∗

ABSTRACT
I derive and analyze an explicit formula for a generalized semblance attribute,
which is suitable for velocity analysis of prestack seismic gathers with distinct amplitude trends. While the conventional semblance can be interpreted as squared
correlation with a constant, the AB semblance is defined as a correlation with a
trend. This measure is particularly attractive for analyzing class II AVO anomalies and converted waves. Analytical derivations and numerical experiments show
that the resolution of the AB semblance is approximately twice lower than that
of the conventional semblance. However, this does not prevent it from being an
effective attribute. I use synthetic and field data examples to demonstrate the
improvements in velocity analysis from AB semblance.

INTRODUCTION
Since its introduction by (13), the semblance measure has been an indispensable
tool for velocity analysis of seismic records. Conventional velocity analysis of seismic
gathers scans different values of effective moveout velocity, computes semblance of
flattened gathers and generates velocity spectra for later velocity picking (14) .
While effective in most practical situations, semblance becomes troublesome in
the case of strong variation of amplitudes along seismic events (10). A particular
example is class II AVO anomalies (8) that cause seismic amplitudes to go through a
polarity reversal. To address this problem, (7) and (10; 9) developed algorithms for
correcting the semblance measurement for amplitude variations.
In this paper, I interpret the semblance attribute as a correlation with a constant
and derive an explicit mathematical expression for the measure which corresponds to
correlation with an amplitude trend. This measure is equivalent to AB semblance
proposed by (10; 9). It reduces, in the case of constant amplitudes, to the conventional
semblance. I analyze the statistics of the AB semblance attribute and quantify the
loss of resolution associated with it. Numerical experiments with synthetic and field
data demonstrate the effectiveness of the AB semblance as a robust velocity analysis
attribute, which is applicable even in the presence of strong amplitude variations and
polarity reversals. Moreover, the ratio of the AB and conventional semblances serves
as a useful AVO indicator attribute.
∗
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THEORY
I start by interpreting the meaning of the conventional semblance attribute as a
correlation with a constant. Next, I define AB semblance as a correlation with a
trend and analyze its statistical properties.

Semblance as correlation
The correlation coefficient γ between two sequences of numbers a = a1 , a2 , . . . , aN
and b = b1 , b2 , . . . , bN is defined as
N
X

ai b i
a·b
= v i=1 v
γ(a, b) =
u N
u N
|a| |b|
uX uX
t
a2 t
b2
i

(1)

i

i=1

i=1

The correlation coefficient is analogous to the cosine of the angle between two vectors
a and b. It takes values in the range from −1 to 1. Taking a correlation of a sequence
a with a constant sequence c = C, C, . . . , C produces a measure β, defined as
N
X

N
X

ai C

ai

i=1

i=1

v
=v
β(a) = γ(a, c) = v
u N
u N
u
N
uX uX
u X
t
t
2t
2
ai
C
N
a2i
i=1

i=1

(2)

i=1

Squaring the correlation with a constant yields the measure equivalent to semblance
!2
N
X
ai
β 2 (a) =

i=1
N
X

N

.

(3)

a2i

i=1

Semblance is maximized when the sequence a has a uniform distribution. When
seismic amplitude is uniformly distributed along a moveout curve, the semblance of
a horizontal slice through the gather will be maximized when the event is flattened.
This fact is the basis of the conventional velocity analysis originally developed by (13).
The approach fails, however, when the amplitude variation is distinctly non-uniform.

AB semblance: correlation with a trend
Suppose that the reference sequence has a trend bi = A + B φi , where φi is a known
function. The trend can be, for example, an expression of the P P reflection coefficient
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in Shuey’s approximation (11), where A and B are the AVO intercept and gradient,
φi = sin2 θi , and θi corresponds to the reflection angle at trace i. In examples of this
paper, I use offset instead of angle. Relating offset and reflection angle can be done
either by using approximate equations of by ray tracing once the velocity model is
established.
Estimating A and B from least-square fitting of the trend amounts to the minimization of
N
X
F (A, B) =
(ai − A − B φi )2
(4)
i=1

Differentiating equation (4) with respect to A and B, setting the derivatives to zero,
and solving the system of two linear equations produces the well-known linear fit
equations
N
X

A =

φi

i=1

ai φi −

N
X

i=1
N
X

N
X

B =

N
X

φi

i=1

i=1

!2
−N

φi

i=1
N
X

ai − N

i=1

N
X

,

(5)

φ2i

ai φi

i=1

!2

N
X

−N

φi

ai

i=1
N
X

i=1
N
X

N
X

φ2i

.

(6)

φ2i

i=1

i=1

Substituting the trend bi = A + B φi with A and B defined from the least-squares
equations (5) and (6) into the correlation coefficient equation (A-8) and squaring the
result leads to equation

2
2

α (a) =

N
X
i=1

ai

N
X
i=1

φi

N
X

ai φi −

N
X

i=1
N
X
i=1
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N
X

N
X
i=1

!2
φi

φ2i − N

−N

i=1

N
X

N
X

!2
ai φi

i=1



.

(7)

φ2i 

i=1

Equation (7) generalizes the semblance measure β defined in equation (3) to a new
measure α. In the absence of a trend (when the numerator in equation (6) is zero),
α is equivalent to β.
(10) defined semblance using a normalized least-squares objective
α2 (a) = 1 −

F (A, B)
.
N
X
a2i
i=1

(8)

964

Fomel

GEO-2011

Substituting equations (5) and (6) into (8) is an alternative way of deriving equation (7). This is the AB semblance in terminology of (10; 9).

Sensitivity analysis of AB semblance
(10; 9) observed a decrease of resolution in AB semblance in comparison with the
conventional semblance when applying it on synthetic examples. The explicit equation (7) allows us to access the resolution limits of both methods by measuring their
effect on random noise.
As shown in Appendix A, the semblance of a sequence of uncorrelated normallydistributed zero-mean noise samples has the expectation value of 1/N , where N is the
number of samples. The corresponding AB semblance has the expectation 2/N or
twice higher. Moreover, while the standard deviation of the conventional semblance
decreases as 1/N , the deviation of the AB semblance decreases as 2/N . This analysis
shows that the AB measurement is generally twice as sensitive to noise and has a
twice lower resolution. This is the price one has to pay for the ability to handle
amplitude trends.

EXAMPLES
In this section, I demonstrate the behavior of AB semblance with a synthetic and a
field data example.

Synthetic example
Figure 1 shows two synthetic CMP gathers generated by applying inverse normal
moveout with a variable moveout velocity and adding a modest amount of random
noise. The first gather contains no amplitude variations, while the second gather
contains a region of polarity reversal. Figure 2 shows velocity analysis panels using
conventional semblance scans and the corresponding automatic velocity picks. The
picking algorithm is explained in Appendix B. We can observe that the AVO anomaly
causes a signal loss in the semblance measure, which in turn leads to inaccurate
velocity picking. The AB semblance, on the other hand, is not affected much by the
amplitude variations and allows for accurate velocity picking in both cases, as shown
in Figure 3.
Figures 4 and 5 compare NMO-corrected gathers using velocities picked from
the conventional and AB semblance scans respectively. While Figures 4a and 5a
are virtually identical, the residual curvature evident in the anomalous region in
Figure 4b disappears in Figure 5b, which clearly demonstrates the advantage of the
AB approach. Figure 6 shows NMO-corrected gathers colored according to the AVO-
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Figure 1: Synthetic CMP gathers. a: no AVO, b: AVO trend with polarity reversal
in the middle section. avo/avo cmp
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Figure 2: Conventional semblance scans for CMP gathers from Figure 1. Black curves
indicate automatic velocity picks. The loss of signal in the right plot is caused by
the AVO anomaly. a: no AVO, b: AVO trend with polarity reversal in the middle
section. avo/avo scn
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Figure 3: AB semblance scans for CMP gathers from Figure 1. Black curves indicate
automatic velocity picks. Semblance remains strong despite the AVO anomaly. a:
no AVO, b: AVO trend with polarity reversal in the middle section. Compare with
Figure 2. avo/avo avoscn
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indicator attribute, which I define as a ratio between the conventional and the AB
semblances. The anomalous region is clearly visible in the attribute display.

Figure 4: NMO-corrected CMP gathers from Figure 1 using velocity functions picked
from conventional semblance in Figure 2. avo/avo nmo

Field data example
For a field data example, I select a gather already processed by a seismic contractor.
The gather, shown in Figure 7, exhibits a clear polarity reversal around 3.8 s. The
polarity reversal is the apparent cause of a visible residual moveout artifact. In order
to correct the residual curvature, I apply semblance-based analysis. The comparison
between the conventional and the AB semblance is shown in Figure 8. Similarly to
the synthetic example, the AB semblance provides a better indicator of the residual
velocity for the curved event with anomalous amplitude. Figure 9 shows NMOcorrected gather using a velocity trend picked automatically from the AB analysis.
The curved reflection event is successfully flattened.
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Figure 5: NMO-corrected CMP gathers from Figure 1 using velocity functions picked
from AB semblance in Figure 3. avo/avo avonmo
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Figure 6: NMO-corrected CMP gathers from Figure 5 colored according to the AVO
indication attribute. avo/avo attr
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Figure 7: Input CMP gather after preprocessing. a: trace display, b: wiggle display.
avo/avo2 gath4
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Figure 8: Residual moveout curvature scans using conventional semblance (a) and AB
semblance (b). Black curves indicate automatically picked trends. avo/avo2 scan4

GEO-2011

Velocity analysis using AB semblance

973

Figure 9: CMP gather from Figure 7 after residual normal moveout correction using
trends picked from the AB semblance in Figure 8. a: trace display colored according
to the AVO indicator attribute, b: wiggle display. avo/avo2 nmo4
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CONCLUSIONS
If one interprets the conventional semblance as a correlation with a constant, the
AB semblance is a correlation with an amplitude trend. I have derived an explicit
expression for the AB semblance and analyzed it to quantify the observable loss
of resolution. I have demonstrated the advantages of the AB semblance attribute
using synthetic and field data examples. The ratio of the AB and conventional
semblances serves as a useful AVO indicator attribute. The sensitivity of this attribute
to non-linear variations in the amplitude trend can be a subject of further research.
Further applications may also include velocity analysis of converted waves and seismic
diffractions.
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APENDIX A: STATISTICAL ANALYSIS OF
SEMBLANCE MEASURES
In this appendix, I study the influence of noise on semblance measures. Let us
assume that the signal a = a1 , a2 , . . . , aN is composed of random independent samples
normally distributed with zero mean and σ 2 variance. In this case, the mathematical
expectation for the semblance measure (3) is

!2 
N
N
X
X
 
E
ai 
E a2i


i=1
1
"
# = i=1N
=
.
(A-1)
E β 2 (a) =
N
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X
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E a2i
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Correspondingly, the variance of the noise semblance is

!4 
N
N
N X
X
X
X
 4


E
ai 
E ai + 3
E a2i a2j


i=1
1
1
i=1
i=1 j6=i

− 2 =
!
V β 2 (a) =
−
!
2
N
N X
N
N2
N
X
 4 X
 2 2
X
2
N
E ai +
E ai aj
E N
a2i 
i=1

=

i=1

i=1 j6=i

3 N σ 4 + 3 (N 2 − N ) σ 4
1
2 (N − 1)
− 2 = 2
.
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Equations (A-1) and (A-2) show that both the mathematical expectation and the
standard deviation (the square root of variance) of the random noise semblance decrease at the rate of 1/N with the increase in the number of traces. To derive these
equations, I make an assumption that the terms in the numerator and denominator
are statistically independent. Rather than proving this assumption mathematically,
I test it by numerical experiments with multiple random number realizations. Figure A-1 compares the theoretical prediction with experimental measurements from
10,000 random realizations.
Applying similar analysis to the AB semblance (7), we deduce that
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One can see that, in the case of the AB semblance, the mathematical expectation
and the standard deviation of the random noise semblance decrease at the rate of
2/N , twice higher than that for the conventional semblance. Figure A-2 compares
the theoretical prediction with experimental measurements.

(A-4)
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Figure A-1: Mathematical expectation (a) and standard deviation (b) of randomnoise semblance as functions of the number of traces N . Solid lines are theoretical
curves, circles are measurements from a numerical experiment. avo/stat mean,vari

Figure A-2: Mathematical expectation (a) and standard deviation (b) of random-noise
AB semblance as a function of the number of traces N . Solid lines are theoretical
curves, circles are measurements from a numerical experiment. avo/stat amean,avari
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APPENDIX B: AUTOMATIC VELOCITY PICKING
FROM SEMBLANCE SCANS
The problem of automatic picking of velocities from semblance scans has been considered by many authors (1; 12; 2). The approach taken in this paper is inspired by the
suggestion of (5) to look at velocity picking as a variational problem. According to
(5), an optimally picked velocity trend v(t) in the semblance field α(t, v) corresponds
to the maximum of the variational integral
tZ
max

P1 [v(t)] =

α (t, v(t)) dt .

(B-1)

tmin

I take the variational formulation further by considering its analogy to the ray
tracing problem. The first-arrival seismic ray is a trajectory corresponding to the minimum traveltime. The trajectory corresponding to an optimal velocity trend should
minimize an analogous measure defined in the space of the velocity scan {t, v}. I use
the variational measure
tZ
max

P2 [v(t)] =

exp[−α (t, v(t))]

q
λ2 + [v 0 (t)]2 dt .

(B-2)

tmin

where λ is a scaling parameter. According to variational theory (6), an optimal
trajectory can be determined by solving the eikonal equation
 2
 2
∂T
∂T
1
+ 2
= exp[−2 α (t, v)]
(B-3)
∂v
λ
∂t
with a finite-difference algorithm. The quantity in the right hand side of equation (B-3) plays the role of squared slowness. Small slowness corresponds to high
semblance and attracts ray trajectories in a “wave guide”. After obtaining a finitedifference solution, the picking trajectory can be extracted by tracking backward
along the traveltime gradient direction. An analogous approach has been used in
medical imaging in the method of virtual endoscopy (3). To remove random oscillations, I smooth the picked trajectory using the method of shaping regularization
(4).
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Non-hyperbolic common reflection surface
Sergey Fomel[1] and Roman Kazinnik[1][2] ∗

ABSTRACT
The method of common reflection surface (CRS) extend conventional stacking of
seismic traces over offset to multidimensional stacking over offset-midpoint surfaces. We propose a new form of the stacking surface, derived from the analytical
solution for reflection traveltime from a hyperbolic reflector. Both analytical
comparisons and numerical tests show that the new approximation can be significantly more accurate than the conventional CRS approximation at large offsets
or at large midpoint separations while using essentially the same parameters.

INTRODUCTION
Seismic data stacking is (together with deconvolution and migration) one of the fundamental operations in seismic data analysis (19). Conventional stacking operates on
common-midpoint (CMP) gathers and stacks traces after a hyperbolic moveout. The
method of multifocusing (MF), originally developed by (4; 5) and modified to the
common-reflection-surface (CRS) method by (11), stacks data from multiple CMP
locations. As a result, the signal-to-noise ratio is improved considerably. Both MF
and CRS require estimation of multiple parameters in addition to the conventional
stacking velocity. These parameters correspond to the slope and curvature of seismic
events in the midpoint direction and have physical interpretation in terms of wavefront slopes and curvatures. Many successful applications of MF and CRS have been
reported in the literature (12; 8; 14; 9; 6; 10).
The CRS method employs a multiparameter hyperbolic approximation of the reflection traveltime surface (17). The hyperbolic approximation can be justified from
a truncated Taylor series expansion of the squared traveltime around a reference ray.
As such, it is always accurate at small deviations from the central ray. However, it
loses its accuracy at large offsets or large midpoint separations.
In this paper, we propose a new nonhyperbolic approximation. The form of this
approximation follows from an analytical equation for reflection traveltime from a hyperbolic reflector. The idea of approximation reflection traveltimes by approximating
reflector surfaces was first proposed by (15) and (13). However, these publications
did not provide a closed-form representation of the stacking surface. By analyzing the
accuracy of the proposed nonhyperbolic approximation on a number of examples, we
∗
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show that the proposed approximation can significantly extend the accuracy range of
CRS.

HYPERBOLIC AND NONHYPERBOLIC CRS
If P (t, m, h) represents the prestack seismic data as a function of time t, midpoint m
and half-offset h, then conventional stacking can be described as
Z
S(t0 , m0 ) = P (θ(h; t0 ), m0 , h) dh ,
(1)
where S(t, m) is the stack section, and θ(h; t0 ) is the moveout approximation, which
may take a form of a hyperbola
r
4 h2
(2)
θ(h; t0 ) = t20 + 2
v
with v as an effective velocity parameter or, alternatively, a more complicated nonhyperbolic functional form, which involves other parameters (3).
The MF or CRS stacking takes a different form,
ZZ


b − m0 , h; t0 ), m, h dm dh ,
b
S(t0 , m0 ) =
P θ(m

(3)

where the integral over midpoint m is typically carried out only over a limited neighborhood of m0 . The multifocusing approximation of (4) takes the form
θbM F (d, h; t0 ) = t0 + T(+) (d, h) + T(−) (d, h) ,
where, in the notation of (18),
q
2
1 + 2 K(±) (d ± h) sin β + K(±)
(d ± h)2 − 1
T(±) =
,
V0 K(±)
K(±) =

KN ± σ KN IP
,
1±σ

and
σ(d, h) =

d + KN IP

h
.
sin β(d2 − h2 )

(4)

(5)

(6)

(7)

The four parameters {KN , KN IP , β, V0 } have clear physical interpretations in terms
of the wavefront and ray geometries (4). V0 represents the velocity at the surface
and is typically assumed known and constant around the central ray. One important
property of the MF approximation is that, in a constant velocity medium with velocity
V0 , it can accurately describe both reflections from a plane dipping interfaces and
diffractions from point diffractors.
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The CRS approximation (11) is
θbCRS (d, h; t0 ) =

p

F (d) + b2 h2 ,

(8)

where F (d) = (t0 + a1 d)2 + a2 d2 , and the three parameters {a1 , a2 , b2 } are related to
the multifocusing parameters as follows:
2 sin β
,
V0
2 cos2 β KN t0
=
,
V0
2 cos2 β KN IP t0
.
=
V0

a1 =
a2
b2

(9)
(10)
(11)

Equation (8) is equivalent to a truncated Taylor expansion of the squared traveltime
in equation (4) around d = 0 and h = 0. In comparison with MF, CRS possesses
a fundamental simplicity, which makes it easy to extend the method to 3-D. However, it looses the property of accurately describing diffractions in a constant-velocity
medium.
We propose the following modification of approximation (8):
s
p
2+
F
(d)
+
c
h
F (d − h) F (d + h)
b h; t0 ) =
θ(d,
,
2

(12)

where c = 2 b2 + a21 − a2 . Equation (12), which we call non-hyperbolic common
reflection surface, is derived in Appendix A. A truncated Taylor expansion of the
squared traveltime from equation (12) around d = 0 and h = 0 is equivalent to
equation (8).
There are two important special cases:
1. If a2 = 0 or KN = 0, equation (12) becomes equivalent to equation (8), with
F (d) = (t0 + a1 d)2 . In a constant-velocity medium, this case corresponds to
reflection from a planar reflector.
2. If a2 = b2 or KN IP = 0, equation (12) becomes equivalent to
p
p
F
(d
−
h)
+
F (d + h)
b h; t0 ) =
θ(d,
.
(13)
2
In a constant-velocity medium, this case corresponds to a point diffractor.

3-D extension
In the case of 3-D multi-azimuth acquisition, both d and h become two-dimensional
vectors. A natural way to extend approximation (8) is to replace it with
p
θbCRS (d, h; t0 ) = F (d) + hT B2 h ,
(14)
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where F (d) = (t0 + dT a1 )2 + dT A2 d, a1 is a two-dimensional vector, and A2 and
B2 are two-by-two symmetric matrices (17). A similar approach works for extending
approximation (12) to
s
p
T Ch +
F
(d)
+
h
F (d − h) F (d + h)
b h; t0 ) =
,
(15)
θ(d,
2
where C = 2 B2 + a1 aT1 − A2 . In the 3-D case, we have not found a simple connection between approximation (15) and the analytical reflection traveltime for a 3-D
hyperbolic reflector.

ACCURACY COMPARISONS
Analytical Example
The first example we use to compare the accuracy of different approximations is that
of a circular reflector under a homogeneous overburden. As shown in Appendix B,
the exact traveltime in this case can be derived analytically in a parametric form.
Obtaining a non-parametric closed-form expression in this case would require a solution of a high-order algebraic equation (13). Figure 1 compares the accuracy of CRS
and nonhyperbolic CRS approximations for a range of offsets and midpoints. We
display the relative absolute error as a function of offset to depth ratio and midpoint
separation to depth ratio for a range of offsets and midpoints. The central midpoint is
taken at the same horizontal distance from the center of the circle as the depth. The
CRS approximation (8) develops an error both at large offsets and at large midpoint
separations. The proposed non-hyperbolic CRS approximation (12) shows a significantly smaller error in the full range of offsets and midpoints. In our experiments, the
multifocusing approximation (4) was even more accurate in this example. However,
because of its different functional form, we focus our analysis on comparing CRS and
non-hyperbolic CRS.

Numerical Example
In our next test, we generate a reflection traveltime surface by modeling reflection
seismic data from a Gaussian-shape reflector, shown in Figure 2(a) by Kirchhoff modeling. The velocity changes linearly with depth. We extract the traveltime surface,
shown in Figure 2(b), and fit it with different approximations by non-linear leastsquares optimization.
Our method for fitting the multivariate time-correction function θ̂(d, h; t0 , a) (either CRS or nonhyperbolic CRS) to a given experimental time data t(d, h) by finding
optimal parameters set a is a minimization approach, defined as follows:
min f (a) ,
a

(16)
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Figure 1: Relative error in prediction of reflection traveltime in the case of a circular reflector in a homogeneous medium using different approximations: (a) CRS,
(b) non-hyperbolic CRS. The model parameters are m = R = D (see Figure B-1.)
crs/. crs,ncrs
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Figure 2: (a) Synthetic velocity model with a Gaussian-shape reflector. (b) Modeled
reflection traveltime. crs/dome2 dome,pick
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Figure 3: Absolute error of (a) CRS approximation, (b) nonhyperbolic CRS approximation. The reference midpoint is at 4 km. crs/dome2 crs-err4,ncrs-err4
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Figure 4: Modeled synthetic data with overlaid traveltime surfaces from least-squares
fitting (colored curves). (a) CRS approximation. (b) Nonhyperbolic CRS approximation. The reference midpoint is at 4 km. crs/dome2 crs-data4,ncrs-data4
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1 XX
|θ̂(d, h; t0 , a) − t(d, h)|2 .
2 d h

(17)

where f is the squared-error sum:
f (a) =

The gradient of the objective function is defined by
i ∂ θ̂
X Xh
∂f
=
θ̂(d, h; t0 , a) − t(d, h)
.
∂ai
∂ai
d
h

(18)

The partial derivatives of θ̂ are continuous functions. Therefore, classical minimization methods, such as the Gauss-Newton iteration, can be employed for finding a
local minimum of f (a) (1). In the case of CRS, the solution is unique because of the
linear dependence of θ̂2 on parameters.
The absolute error of CRS and nonhyperbolic CRS approximations, for a range
of offsets and midpoints, is plotted in Figure 3. The nonhyperbolic CRS error is
significantly smaller for a wide range of offsets and midpoints, which extends the
applicability of the approximation. To effect of different approximations is shown
additionally in Figure 4, which displays the modeled synthetic data with overlaid
CRS and nonhyperbolic CRS approximations. The average relative error in different
approximations, for the selected range of offsets and midpoints, is 1.24 % for the case
of CRS and 0.41 % for the case of nonhyperbolic CRS. The average absolute error
is 25 ms for the case of nonhyperbolic CRS and 8 ms for the case of nonhyperbolic
CRS.

CONCLUSIONS
We have presented the non-hyperbolic common reflection surface, a new approximation for prestack reflection traveltimes. Non-hyperbolic CRS uses the same set
of parameters as the hyperbolic CRS but in a different functional form, which can
make the approximation significantly more accurate in a large range of offsets and
midpoints. The proposed approximation is derived from the analytical expression of
the reflection traveltime in the case of a hyperbolic reflector in a constant velocity
medium.
Why use a hyperbolic reflector? A special property of this reflector is that it
reduces to a plane reflector or a point diffractor with a special choice of parameters.
(z0 = 0 or α = π/2 respectively). Thus, it encompasses two particularly important
special cases.
Numerical experiments show that the new approximation can be significantly more
accurate than the conventional hyperbolic CRS while using essentially the same set
of parameters. The multifocusing approximation can be even more accurate but uses
a different set of parameters, which makes it more difficult to extend it to 3-D.
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APENDIX A: HYPERBOLIC REFLECTOR
In this appendix, we reproduce the derivation of an analytical expression for reflection
traveltime from a hyperbolic reflector in a homogeneous velocity model (3). Similar
derivations apply to an elliptic reflector and were used previously in the theory of
offset continuation (16; 2).
Consider the source point s and the receiver point r at the surface z = 0 above a
2-D constant-velocity medium and a hyperbolic reflector defined by the equation
q
z(x) = z02 + x2 tan2 α .

(A-1)

The reflection traveltime as a function of the reflection point location y is
p
p
(s − y)2 + z 2 (y) + (r − y)2 + z 2 (y)
.
t=
V

(A-2)

According to Fermat’s principle, the traveltime should be stationary with respect to
the reflection point y:
0=

∂T
∂y

=
+

y − s + y tan2 α
V

p

(s − y)2 + z02 + y 2 tan2 α
y − r + y tan2 α

V

p

(r − y)2 + z02 + y 2 tan2 α

.

(A-3)

Putting two terms in equation (A-3) on the different sides of the equation, squaring them, and reducing their difference to a common denominator, we arrive at the
following quadratic equation with respect to y:

y 2 (s + r) tan2 α − 2 y s r sin2 α − z02
− z02 (s + r) cos2 α = 0 .
Only one of the two branches of the solution
y=

z02 (s + r) cos2 α
p
z02 − s r sin2 α + (z02 + s2 sin2 α) (z02 + r2 sin2 α)

(A-4)
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has physical meaning. Substituting this solution into equation (A-2), we obtain, after
a number of algebraic simplifications,
2z02 + s2 + r2 − 2 s r cos2 α
V2
p
2 (z02 + s2 sin2 α) (z02 + r2 sin2 α)
+
.
(A-5)
V2
Making the variable change in equation (A-5) from s and r to midpoint and half-offset
coordinates m and h according to s = m − h = m0 + d − h, r = m + h = m0 + d + h,
we transform this equation to form (12), where the following correspondence between
parameters is applied:
t2 =

z02

=

m0 =
sin2 α =
V2 =

t20 a2
,
(a21 + a2 ) (a21 + b2 )
t0 a1
,
2
a1 + a2
a21 + a2
,
a21 + b2
4
.
2
a1 + b 2

The inverse relationships are given by
p
2 m20 sin2 α + z02
t0 =
,
V
2 m sin2 α
p 0 2
,
a1 =
V m20 sin α + z02
4 z02 sin2 α
,
a2 =
V 2 m20 sin2 α + z02
b2


4 m20 sin2 α cos2 α + z02
 .
=
V 2 m20 sin2 α + z02

(A-6)
(A-7)
(A-8)
(A-9)

(A-10)
(A-11)
(A-12)
(A-13)

The connection with the multifocusing parameters is summarized in Table 1 for
the general case and three special cases (a plane dipping reflector, a flat reflector, and
a point diffractor). The first two special cases turn the nonhyperbolic CRS equation
into the hyperbolic form (8). The last case turns it into the double-square-root
form (13).

APPENDIX B: CIRCULAR REFLECTOR
In the case of a circular (cylindrical or spherical) reflector in a homogeneous velocity
model, the closed-form analytical solution is complicated, because it involves a solution of a high-order polynomial equation (13). However, the traveltime surface can
be easily described analytically by parametric relationships (7).
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t0
Hyperbolic reflector

2

Plane dipping reflector
z0 = 0
Flat reflector
α=0
Point diffractor
α = π/2

√
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KN IP

m20 sin2 α+z02
V

√

1
sin2 α+z02

m20

KN
KN IP

z02 sin2 α
m20 sin2 α cos2 α+z02

sin β
√ m20 sin2

2

α
m0 sin α+z02

2 m0 sin α
V

1
m0 sin α

0

sin α

2 z0
V

1
z0

0

0

2

√

m20 +z02
V

√

1
m20 +z02

KN IP

√ m20

Table 1: Multifocusing parameters for a hyperbolic reflector in a homogeneous
medium (V0 = V ). The general case and three special cases.

s

r

D
θ
L

θ

γ
R

Figure B-1: Reflection from a circular reflector in a homogeneous velocity model (a
scheme). crs/XFig crefl

m0 +z02
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Consider the reflection geometry shown in Figure B-1. According to the trigonometry of the reflection triangles, the source and receiver positions can be expressed as
s = R sin γ + (L − R cos γ) tan (γ − θ) ,
r = R sin γ + (L − R cos γ) tan (γ + θ) ,

(B-1)
(B-2)

where R is the reflector radius, D is the minimum reflector depth, L = D + R,
γ is the reflector dip angle at the reflection point, and θ is the reflection angle.
Correspondingly, the midpoint and half-offset coordinates are expressed as
cos γ sin γ
,
cos2 θ − sin2 γ
cos θ sin θ
h = (L − R cos γ)
,
cos2 θ − sin2 γ

m = R sin γ + (L − R cos γ)

and the reflection traveltime is expressed as


L − R cos γ
1
1
t =
+
V
cos (γ − θ) cos (γ + θ)
L − R cos γ cos γ cos θ
,
= 2
V
cos2 θ − sin2 γ

(B-3)

(B-4)

where V is the medium velocity. Equations (B-3-B-4) define the reflection traveltime
surface t(m, h) parametrically via the dependence {m(γ, θ), h(γ, θ), t(γ, θ)}. The connection with the multifocusing parameters is given by

p
m20 + L2 − R
2
t0 =
(B-5)
V
1
,
(B-6)
KN IP = p 2
m0 + L2 − R
1
KN = p 2
,
(B-7)
m0 + L2
m0
sin β = p 2
,
(B-8)
m0 + L2
and V0 = V .
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Carbonate reservoir characterization using seismic
diffraction imaging
Luke Decker, Xavier Janson, and Sergey Fomel ∗

ABSTRACT
Although extremely prolific worldwide, carbonate reservoirs are challenging to
characterize using traditional seismic reflection imaging techniques. We use computational experiments with synthetic models to demonstrate the possibility seismic diffraction imaging has of overcoming common obstacles associated with seismic reflection imaging and aiding interpreters of carbonate systems. Diffraction
imaging improves the horizontal resolution of individual voids in a karst reservoir model and identification of heterogeneous regions below the resolution of
reflections in a reservoir scale model.

INTRODUCTION
Carbonate reservoirs contain a majority of remaining proven oil reserves, yet are
much more difficult to evaluate than their siliciclastic counterparts (11; 27; 6; 30).
Many aspects of carbonate rocks make their seismic signature complex and difficult
to interpret both qualitatively and quantitatively. Because carbonate rocks generally
have higher seismic velocities than siliciclastics, horizontal and vertical resolution is
commonly low.
Carbonate sediments are also more prone to complex, rapid diagenetic alteration, where heat and pressure change rock chemistry, after deposition and continuing
through the burial process (31). These diagenetic processes significantly affect the
acoustic properties of carbonate rocks. Postdepositional alteration such as karst processes, where weathering creates steep sided valleys and cave networks in carbonate
strata, or dolimitization, where calcium carbonate is replaced by calcium magnesium
carbonate (dolomite), can further complicate already heterogeneous deposits. Carbonate heterogeneity exists at different scales. Carbonates often posses larger-scale
voids, caves, and fracture networks, accompanied by small scale features such as
microfractures, intergranular porosity, and chemical alteration (24).
The acoustic properties of carbonate rocks are not a simple function of mineralogy
and porosity. Recent advances in rock mechanics have shown that carbonate rocks’
acoustic properties also depend on their pore type, size, shape, and distribution (32;
6; 1; 33). Heterogeneities in carbonates scatter seismic energy, attenuating high
∗
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frequency signal and reducing resolution. High impedance contrasts typically exist
between carbonate structures and surrounding rocks, leading to a strong reflective
interface that can generate multiple reflections. Impedance contrasts for strata within
the carbonate body tend to be relatively weak, and horizontal homogeneity means
that reflections rarely have strong lateral continuity.
Rock physics models developed for siliciclastics often fail to effectively describe
carbonate systems (29; 2). This makes relating velocities from core, sonic logs, and
seismic very difficult, as these are sampled with different frequency waves. As a result,
seismic images of carbonate deposits are usually not easily interpreted, especially at
the reservoir scale (1-5 km). In addition, because of the intertwined control factors on
the seismic response of carbonates, quantitative interpretation of the seismic signal
is even more challenging. (16) and (14) used outcrop analogues and synthetic models
to better understand the seismic response of carbonate deposits.
The difficulties associated with reflection imaging in carbonates encourage us to
explore alternative imaging approaches, such as diffraction imaging. Seismic diffractions are a fundamentally different phenomenon than seismic reflections (20). They
occur when seismc waves scatter from small-scale features. Diffractions may be
caused by geologically significant features including voids, faults, fractures, karsts,
pitchouts, salt flanks, and other small-scale heterogeneities (13; 19; 8; 25; 21). Rays
associated with seismic diffractions take more diverse paths than those associated
with reflection events, and thus can contain more information about the subsurface
(26). These more diverse ray paths enable super-resolution with seismic diffraction
imaging (19).
Seismic diffraction imaging can highlight features commonly observed in carbonates, such as karsts, voids, and small scale heterogeneities, with high resolution. These
characteristics make seismic diffraction imaging well suited for use with carbonate
imaging targets, where reflection resolution is typically limited. In this paper, we
use two synthetic models to illustrate how seismic diffraction imaging can better constrain void geometry and detect heterogeneous zones that may not be immediately
apparent in conventional reflection imaging.

SYNTHETIC MODELS
Ordovician Model
Our first synthetic model is based on the very deeply buried (5,500-6,500 m) Ordovician limestone strata in Northwest China’s Tarim Basin, which features anomalous
seismic amplitude bright spots. The amplitude bright spots correspond to highgamma-ray, low-velocity zones in wireline logs and have been interpreted by (34) as
paleokarst features. A geocellular model was built to study the seismic response of
the paelokarst in detail (16; 35). The synthetic model uses the Ordovician unconformity surface (boundary between a basal Ordovician interval and an overlying Silurian
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siliciclastic interval) that was mapped from subsurface seismic data (Figure 1). Collapsed paleocaves with cave sediments were modeled by randomly distributing low
acoustic impedance (AI) circular geobodies that measured 300 × 300 m in the horizontal dimension and 18 m in vertical dimension. The AI (approximated by acoustic
velocity using constant density) is distributed using a sequential Gaussian simulation
with parameters derived from a sonic log in the cored well (16; 34; 35).

Figure 1: Ordovician velocity model. synth/ordexample20hz vp

Permo Triassic Khuff Model
Our second model examines rocks equivalent to the Permian-Triassic Khuff-A and -B
reservoirs, which crop out near Buraydah in central Saudi Arabia. An outcrop-based
geocellular model 600 m × 385 m × 30 m was built to investigate the effect of smallscale carbonate reservoir heterogeneities on subsurface flow models (15). In addition,
the 3D geological geocellular model was converted into a acoustic impedence (AI)
model using laboratory velocity (Figure 2(a)) and density (Figure 2(b)) measurement
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from outcrop plugs. An average acoustic impedance value for each lithofacies present
in the geological model was used to convert the lithofacies model into an impedance
volume (Figure 2(c)) in order to maintain the realistic level and distribution of reservoir heterogeneities. Because of its limited size, the outcrop-based geocellular model
was scaled up for seismic modeling by addition of a similar but simpler model of
strata below it as well as acoustically constant buffer layers above and below to make
the final model 110 m thick.

Figure 2: Khuff synthetic model: (a) velocity; (b) density; (c) acoustic impedance
synth/small-khuff kvp,kden,kai

METHOD
Seismic diffraction events carry much less energy than reflection events, requiring that
they be separated to be utilized. Several methods for seismic diffraction extraction
exist (13; 23; 17; 19; 22; 21), including plane-wave destruction applied to commonoffset data (8).
Plane-wave destruction (PWD) filters (3; 7), determine the dominant slope of
seismic events as they attempt to map data to adjacent traces. Data not conforming
to the local slope field is iteratively minimized. Because reflection events appear
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planar in common-offset data while diffraction events appear hyperbolic, this residual
will contain the set of diffractions along with random noise present in the data (13).
Zero offset data are modeled using methods described in the subsequent section.
We use PWD to determine the dominant slope field of our modeled zero-offset data
and remove the reflections that conform with local slope, providing us with zerooffset diffraction data. Zero-offset “conventional” data containing diffractions and
reflections as well as zero-offset diffraction data are migrated, providing our conventional and diffraction images respectively. A workflow for the diffraction extraction
and imaging process starting from common-offset data is displayed in Figure 3. Planewave destruction of common-offset data may face difficulties extracting diffractions in
regions with complex geometry or velocity structure (5). The synthetic models we use
in this paper have small enough lateral velocity variations for this to not be an issue.
If the wavefield is sufficiently complicated to prevent common-offset data plane-wave
destruction from functioning properly other methods of separating diffractions exist,
including plane-wave destruction of angle-migrated partial images (4).

Figure 3: Our diffraction imaging workflow synth/. DD-PWD
Although we employ the same method of diffraction extraction on both the
Orodovician and Khuff synthetic models, we adopt different methods of modeling
and migration that are best suited for each model’s scale and subsurface position.
Reverse-time migration (36; 10) is used on the Ordovician model for greater accuracy
while one-way wave-equation migration (12; 18) is utilized on the reservoir-scale Khuff
model to allow for upward continuation of modeled data through an overburden to
model the response of the interval at a geologically plausible depth.

RESULTS
Ordovician
We begin our experiment on the constant-density Ordovician synthetic velocity model,
Figure 1, by calculating reflectivity. We transform this reflectivity to the time domain, convolve it with a 20 Hz ricker wavelet, and transform it back to the depth
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Figure 4: Modeled Ordovician zero-offset data: (a) conventional data; (b) separated
diffraction data synth/ordexample20hz exp0,diffractions

domain to create an idealized seismic reflectivity image. Zero-offset data is generated
by performing time domain low-rank forward modeling on the idealized image (10),
providing us with conventional zero-offset data, Figure 4(a).
Data slopes are calculated using PWD, and events conforming with that slope are
removed, providing the set of diffraction data shown in Figure 4(b). Conventional and
diffraction data are migrated using low-rank RTM with a smoothed-slowness velocity
field to provide a conventional image, shown in Figure 5(a), and a diffraction image,
shown in Figure 5(b).
To highlight the improvement in horizontal feature resolution using diffraction
imaging we take two depth slices from the images, which will be interpreted and
discussed in the subsequent section. The depth slices represent the average of a 20
m interval centered around the target depth. Depth slices of the conventional and
diffraction images for the first depth, 0.55 km, are visible in Figures 6(a) and 6(b).
We zoom in on an interesting region of these slices featuring the karst interface and
several superimposed voids to generate Figure 7.
Conventional and diffraction image slices for the second depth, 0.7 km, are shown
in Figure 8. We zoom in on an area with several closely spaced voids, creating
Figure 9.

Khuff
We use the Khuff synthetic model to illustrate how diffractions may be used to characterize features at the reservoir scale using higher frequency data.
The experiment begins with the Khuff velocity and density models, shown in
Figures 2(a) and 2(b) respectively. We multiply density and velocity data to obtain acoustic impedance (Figure 2(c)). Reflectivity is calculated from this acoustic
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Figure 5:
Low-rank RTM smoothed-slowness images for Ordovician model:
(a) conventional image;
(b) seismic diffraction image
synth/ordexample20hz exp0-mig,diffractions-mig

Figure 6: Ordovician depth slices from 0.55 km: (a) conventional image; (b) seismic
diffraction image synth/ordexample20hz img2dstk-1,dif2dstk-1

Figure 7: Zoomed Ordovician depth slices from 0.55 km: (a) conventional image; (b)
seismic diffraction image synth/ordexample20hz img2dstka-1,dif2dstka-1
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Figure 8: Ordovician depth slices from 0.7 km: (a) conventional image; (b) seismic
diffraction image synth/ordexample20hz img2dstk-2,dif2dstk-2

Figure 9: Zoomed Ordovician depth slices from 0.7 km: (a) conventional image; (b)
seismic diffraction image synth/ordexample20hz img2dstkb-2,dif2dstkb-2

Figure 10:
Zero-offset Khuff data:
synth/small-khuff zo-ovr,k-diffractions

(a)

conventional;

(b)

diffraction
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Figure 11:
Migrated Khuff images:
(a)
synth/small-khuff zo-ovr-mig,k-diffractions-mig

conventional;
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(b)

diffraction

Figure 12:
Khuff
cross sections for 150 m crossline:
(a) conventional image;
(b) diffraction image;
(c) acoustic impedance model
synth/small-khuff zo-ovr-migI,k-diffractions-migI,aiI
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Figure 13:
Khuff
cross sections for 250 m inline:
(a) conventional image;
(b) diffraction image;
(c) acoustic impedance model
synth/small-khuff zo-ovr-migX,k-diffractions-migX,aiX
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impedance, transformed to the time domain, convolved with a 100 Hz ricker wavelet,
and transformed back to the depth domain to provide an idealized seismic reflection image. We model the zero-offset reservoir response using one-way wave equation
modeling in the frequency domain (28), and then upward continue the reservoir response through a 3 km thick overburden to generate the zero-offset data, shown in
Figure 10(a).
We separate diffractions using PWD. Data slopes are calculated and reflection
events conforming to slope are removed, leaving zero-offset data with primarily
diffractions (Figure 10(b)).
Conventional and diffraction zero-offset data are then downward continued
through the smoothed-slowness overburden, and then depth migrated through the
smoothed-slowness reservoir. This provides a conventional image (Figure 11(a)) and
a diffraction image (Figure 11(b)). We zoom in on a horizontal cross section along
crossline 150 m for the conventional and diffraction images as well as the acoustic
impedance of the synthetic model, creating Figure 12. We also generate a cross
section along inline 250 m (Figure 13).

INTERPRETATION
The following analysis shows that seismic diffraction imaging can better highlight
small features in synthetic models than reflection imaging.

Ordovician
Seismic diffraction imaging improves the resolution of voids present in time slices relative to seismic reflection imaging. Examining the zoomed conventional and diffraction
images from 0.55 km depth, Figures 7(a) and 7(b), we notice that diffraction imaging
enables us to tell that what appears as single shapes in the reflection image are actually superpositions of multiple void responses. If we examine the features centered at
inline 8.85 km, crossline 4.5 km; inline 10.15 km, crossline 4.25 km; and inline 10 km
crossline 6.5 km in the conventional image, Figure 7(a), we see responses that may
appear to be single voids. In the corresponding diffraction image, Figure 7(b), these
shapes separate into joined rings, which define the edges of two overlaying voids.
The deeper slices from 0.7 km depth illustrate how diffraction imaging increases
void edge resolution. If we compare the voids visible in the zoomed image (Figure 9),
using the diffraction image we are better able to tell where void edges are located;
they are marked by the reverse of seismic polarity. Additionally, diffraction imaging
enables us to see that the feature centered at inline 1.65 km, crossline 12.25 km is
actually a superposition of two nearby voids.
Therefore, using seismic diffraction imaging methods on the Ordovician model we
are able to better distinguish between overlaying voids in depth slices, and better

1004

Decker et al.

TCCS-8

spatially locate void edges.

Khuff
Seismic diffractions in the Khuff model highlight two strata with increased heterogeneity that are not immediately apparent in the conventional image.
If we examine the Khuff seismic diffraction image, Figure 11(b) we notice that
amongst a chaotic diffraction background, there are two upward sloping linear features
which intersect the left side of the image cube’s inline axis near depths of 3040 m
and 3065 m, and the right side of the image cube’s inline axis near 3030 m and 3055
m. These layers correspond to the heterogeneous zones in the acoustic impedance
model, Figure 2(c). These heterogeneous regions are lost in the reflection image,
Figure 11(a), which features a series of parallel reflections.
Examining the diffraction image cross sections, Figures 12(b) and 13(b) provides
a clearer view of the heterogeneous layers visible in the acoustic impedance cross
sections, Figures 12(c) and 13(c), which remain less apparent in the corresponding
conventional image cross sections, Figures 12(a) and 13(a). Although many of the
features in the Khuff model are below diffraction resolution, the different scattering
behavior and intensity is clearly helpful for detection of heterogeneous regions.
The heterogeneous strata are also apparent in the Khuff seismic diffraction data,
Figure 10(b). These strata, located where at the left edge of the cube’s inline axis
near Time 1.6 s and Time 1.618 s slope upward to the right, and are rich in hyperbolic
diffractions.
We can conclude that applying seismic diffraction imaging methods on the Khuff
model enables us to more accurately determine regions of heterogeneity in a reservoirscale model.

CONCLUSIONS
Using two synthetic models, we have investigated the potential of seismic diffraction
imaging for aiding interpreters of carbonate systems. We use the first model to
demonstrate how seismic diffraction imaging can better constrain the edges of voids
and distinguish between the superposition of overlaying features. We use the second
model to illustrate how diffraction imaging can detect reservoir-scale heterogeneous
zones that might be indistinguishable in a conventional reflection image. The use of
synthetic models is effective for comparing the differences between seismic diffraction
and reflection imaging results, but additional case studies with field-data are required
to verify the effectiveness of these promising methods on real carbonate systems.
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Publication, 269–302.
[16] Janson, X., H. Zeng, B. Loucks, A. John, Y. G. Jackson, Q. Wang, and C.
Wang, 2010, An Ultra-Deep Paleokarst System in the Ordovician North-Central
Tarim Basin China: Outcrop Analog And Synthetic Seismic Models: 80th Annual
International Meeting, SEG, Expanded Abstracts.
[17] Kanasewich, E. R., and S. M. Phadke, 1988, Imaging discontinuities on seismic
sections: Geophysics, 53, no. 3, 334–345.
[18] Kessinger, W., 1992, Extended split-step Fourier migration: 62nd Annual International Meeting, SEG, Expanded Abstracts, 917–920.
[19] Khaidukov, V., E. Landa, and T. Moser, 2004, Diffraction imaging by focusingdefocusing: an outlook on seismic super resolution: Geophysics, 56, 1478–1490.
[20] Klem-Musatov, K., 1994, Theory of seismic diffractions: SEG.
[21] Klokov, A., and S. Fomel, 2012, Separation and imaging of seismic diffractions
using migrated dip-angle gathers: Geophysics, 77, S131–S143.
[22] Landa, E., S. Fomel, and M. Reshef, 2008, Separation, imaging, and velocity
analysis of seismic diffractions using migrated dip-angle gathers: 78th Annual International Meeting, SEG, Expanded Abstracts, 2176–2180.
[23] Landa, E., V. Shtivelman, and B. Gelchinsky, 1987, A method for detection of
diffracted waves on common-offset sections: Geophysical Prospecting, 34, 359–373.
[24] Lucia, F. J., 1999, Carbonate Reservoir Caracterization: An Integrated Approach: Springer.
[25] Moser, T., and C. Howard, 2008, Diffraction imaging in depth: Geophysical
Prospecting, 56, 1365–2478.
[26] Neidell, N. S., 1997, Perceptions in seismic imaging, Part 2: Reflective and
diffractive contributions to seismic imaging: The Leading Edge, 16, no. 9, 1121–
1123.
[27] Palaz, I., and K. J. Marfurt, 1997, Chapter 1: Carbonate Seismology: an
overview, in Carbonate Seismology: I. Palaz and K. J. Marfurt, ed., volume 6
of SEG Geophysical Developments, 1–7.
[28] Sava, P., 2007, Stereographic imaging condition for wave-equation migration:
Geophysics, 72, no. 6, A87–A91.
[29] Sayers, C., 2008, The elastic properties of carbonates: The Leading Edge, 27,
no. 8, 1020–1024.
[30] Sayers, C., and R. Latimer, 2008, An introduction to this special section: Carbonates: The Leading Edge, 27, no. 8, 1010–1011.
[31] Vanario, T., C. Scotellard, and G. Mavko, 2008, The effect of chemical and
physical processes on the acoustic properties of carbonate rocks: The Leading
Edge, 27, no. 8, 1040–1048.
[32] Wang, Z., 1997, Seismic properties of carbonate rocks, in Carbonate Seismology:
I. Palaz and K. J. Marfurt, ed., volume 6 of SEG Geophysical Developments, 29–52.
[33] Weger, R., G. P. Eberli, G. Baechle, J. L. Masaferro, and Y. F. Sun, 2009,
Quantification of pore structure and its effect on sonic velocity and permeability

TCCS-8

Carbonate seismic diffraction imaging

1007

in carbonates: The Leading Edge, 93, 1297–1317.
[34] Zeng, H., R. Loucks, X. Janson, G. Wang, Y. Xia, B. Yuan, and L. Xu, 2011a,
Three-dimensional seismic geomorphology and analysis of the Ordovician paleokarst drainage system in the central Tabei Uplift, northern Tarim Basin, western
China: AAPG Bulletin, 95, no. 12, 2061–2083.
[35] Zeng, H., G. Wang, X. Janson, R. Loucks, Y. Xu, and B. Yuan, 2011b, Case
History Characterizing seismic bright spots in deeply buried, Ordovician Paleokarst
strata, Central Tabei uplift, Tarim Basin, Western China: Geophysics, 76, no. 4,
B127–B137.
[36] Zhang, Y., and J. Sun, 2009, Practical issues in reverse time migration: true
amplitude gathers, noise removal and harmonic source encoding: First Break, 26,
29–35.

1008

Decker et al.

TCCS-8

Texas Consortium for Computational Seismology, TCCS, March 25, 2015

Random noise attenuation by f -x empirical mode
decomposition predictive filtering
Yangkang Chen[1] and Jitao Ma[2] ∗

ABSTRACT
Random noise attenuation always plays an important role in seismic data processing. One of the most widely used methods for suppressing random noise is
f − x predictive filtering. When the subsurface structure becomes complex, this
method suffers from higher prediction errors owing to the large number of different dip components that need to be predicted. In this paper, we propose a
novel denoising method termed f − x empirical mode decomposition predictive
filtering (EMDPF). This new scheme solves the problem that makes f − x empirical mode decomposition (EMD) ineffective with complex seismic data. Also,
by making the prediction more precise, the new scheme removes the limitation
of conventional f − x predictive filtering when dealing with multi-dip seismic
profiles. In this new method, we first apply EMD to each frequency slice in the
f − x domain and obtain several intrinsic mode functions (IMF). Then an autoregressive (AR) model is applied to the sum of the first few IMFs, which contain
the high-dip-angle components, in order to predict the useful steeper events. Finally, the predicted events are added to the sum of the remaining IMFs. This
process improves the prediction precision by utilizing an EMD based dip filter to
reduce the dip components before f − x predictive filtering. Both synthetic and
real data sets demonstrate the performance of our proposed method in preserving
more useful energy.

INTRODUCTION
Further development of exploration and production of reservoirs increases the demand
for random noise suppression. Current random noise attenuation methods are realized
in either the t − x or a transformed domain (17). In the t − x domain, denoising
methods include stacking (19; 26; 15), polynomial fitting (28; 14), and median filtering
(13). All these methods fully utilize the differences of both travel time and apparent
velocity between signal and noise in the t − x domain. In transformed domains,
denoising methods include f − x predictive filtering (4), the wavelet transform (27;
6), the curvelet transform (20), and the seislet transform (16; 5). These methods
transform the seismic data from the t − x domain to some other domain, where the
∗
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signal and random noise can be separated. The noise is removed in the transformed
domain prior to transformation back to the t − x domain.
(4) first used f − x predictive filtering to attenuate random noise. Since then,
continuous efforts have been made to improve the predictive precision or to modify
the conventional version to meet better the requirements set by various applications.
(7) proposed f − xy predictive filtering in order to improve the adaptation to both
2D and 3D post-stack seismic data processing. (22) suggested f − xyz predictive
filtering, which is mainly used for random noise attenuation in a pre-stack data set.
(10) proposed a f − x quasi-linear transform method adapted to the non-linear events
of seismic data in complex regions. Unfortunately, when the subsurface is extremely
complex, f − x predictive filtering does not yield good results because of the large
number of dip components that need to be predicted.
(9) proposed a new signal processing method, which uses empirical mode decomposition (EMD) to prepare stable input for the Hilbert Transform. The essence of
EMD is to stabilize a non-stationary signal. That is, to decompose a signal into a
series of intrinsic mode functions (IMF). Each IMF has a relatively local-constant frequency. The frequency of each IMF decreases according to the separation sequence
of each IMF. EMD is a breakthrough in the analysis of linear and stable spectra.
It adaptively separates non-linear and non-stationary signals, which are features of
seismic data, into different frequency ranges. (2) applied f − x EMD to attenuation
of random and coherent noise, with good results. (3) suggested using t − f − x EMD
to denoise seismic data on the basis of a mixed time-frequency analysis. Nevertheless,
for the purpose of random noise attenuation, the f − x and t − f − x domain EMD
methods can only be applied on NMO corrected or post-stack seismic data. With
profiles containing dipping events, these methods will suppress some of the useful
energy.
In this paper, we propose a new approach , termed f − x empirical mode decomposition predictive filtering (EMDPF), which combines both f − x EMD and f − x
predictive filtering. This new noise attenuation methodology can adapt to more complex seismic profiles than f − x EMD and preserve more useful energy than f − x
predictive filtering. f − x EMDPF uses an EMD based dip filter to reduce the dip
components for the subsequent predictive filtering in order to improve the predictive
precision.
We start this paper by reviewing the conventional f − x predictive filtering theory
and point out its high-prediction-error problem when the number of dip components
becomes large. Then we review basic EMD theory and its application, both in data
processing and the exploration geophysical fields. Finally, we suggest a way to combine the properties of both f − x predictive filtering and f − x EMD in order to form
the new denoising algorithm, f − x EMDPF. Three synthetic data sets and one real
data set demonstrate that f − x EMDPF can preserve much more useful energy while
removing slightly less random noise than f − x EMD and f − x predictive filtering.
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F-X PREDICTIVE FILTERING
Let s(t, h)(h = 1, 2, · · · , H) be the signal of trace h and H be the number of traces.
If the slope of a linear event with constant amplitude in a seismic section is ψ, then:
s(t, h + 1) = s(t − hψ∆x, 1),

(1)

where ∆x denotes the trace interval. Equation 1 can be transformed into the frequency domain in order to give:
S(f, h + 1) = S(f, 1)e−i2πf hψ∆x .

(2)

For a specific frequency f0 , from equation 2 we can obtain a linear recursion, which
is given by:
S(f0 , h + 1) = a(f0 , 1)S(f0 , h),
(3)
where a(f0 , 1) = e−i2πf0 ψ∆x . This recursion is a first-order difference equation, also
known as an auto-regressive (AR) model of order 1. Similarly, superposition of p
linear events in the t − x domain can be represented by an AR model of order p
(24; 8) as the following equation:
S(f0 , h+1) = a(f0 , 1)S(f0 , h)+a(f0 , 2)S(f0 , h−1)+· · ·+a(f0 , p)S(f0 , h+1−p), (4)
where a(f0 , h)(h = 1, 2, · · · , p) denotes the predictive error filter, with a length of p.
The prediction error energy E(f0 ) is given by the following equation:
E(f0 ) = ka(f0 , h) ∗ S(f0 , h) − S(f0 , h + 1)k22 ,

(5)

where symbol ∗ denotes convolution, and k · k22 denotes the least-squares energy.
By minimizing the prediction error energy E(f0 ), we can get the filtering operator
a(f0 , m). Applying this operator to the spatial trace yields the denoised results for
the frequency slice f0 .
f − x predictive filtering works perfectly on a single event. Figures 1(a)-1(c) show
and compare the denoised results for a single flat synthetic event. The denoised result
(Figure 1(b)) is quite good, with the random noise in Figure 1(a) largely removed and
only a small amount of the useful component in the noise section, Figure 1(c). For
a single dipping event, Figures 1(d)-1(f), the results are similar. However, when the
number of different dips is increased, the seismic section becomes more complex and
predictive filtering is not as effective. Figure 1(j) shows a synthetic section containing
four events with differing dips. In the removed noise section, Figure 1(i), there remains
a significant amount of residual useful energy.
The synthetic data shown in Figures 1(a), 1(d), and 1(j) were all generated by
SeismicLab (21), with a signal-to-noise ratio (SNR) of 2.0 for all of them. Here we
define the SNR as the ratio of maximum amplitude of useful energy and the maximum
amplitude of Gaussian white noise. Note that the same parameters were used for the
predictive filters in each case shown in Figure 1.
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We now conclude that the effectiveness of f − x predictive filtering deteriorates as
the number of different dips increases, mainly because the total of leaked useful energy
increases at the same time. In particular, when the number of dips is extremely large,
as occurs with hyperbolic events, f − x predictive filtering fails to achieve acceptable
results. It is natural to infer that if we can first reduce the number of dips, or in
other words pick the very steep events and total random noise out, then by applying
the same f − x predictive filtering, the predictive precision will improve. That is the
subject of the section on f − x empirical mode decomposition predictive filtering.

EMPIRICAL MODE DECOMPOSITION
1D EMD
The aim of empirical mode decomposition (EMD) is to empirically decompose a
non-stationary signal into a finite set of subsignals, which are termed intrinsic mode
functions (IMF) and are considered to be stable. The IMFs satisfy two conditions:
(1) in the whole data set, the number of extrema and the number of zero crossings
must either equal or differ at most by one; and (2) at any point, the mean value of the
envelope defined by the local maxima and the envelope defined by the local minima
is zero (9).
Provided that s(t), cn (t), r(t), and N denote the original non-stationary signal, the
separated IMFs, the residual, and the number of IMFs, respectively, the mathematical
principle of EMD can be expressed as:
s(t) =

N
X

cn (t) + r(t).

(6)

n=1

For a non-stationary signal s(t), using equation 6, we get a finite set of subsignals
cn (t),(n = 1, 2, · · · , N ).
A special property of EMD is that the IMFs represent different oscillations embedded in the data, where the oscillating frequency for each subsignal cn (t) decreases
as the sequence number of the IMF becomes larger (we call it a frequency decreasing
property in the following context). This property results from the sifting algorithm
used to implement the decomposition. Appendix A gives a detailed instruction about
the sifting process, which can be summarized as a process in which low-frequency
components are gradually removed to generate a more local-constant-frequency mode,
which is followed by the generation of the next mode.
Figure 2 gives a demonstration for a synthetic signal. The original synthetic signal
is generated through d(t) = sin(0.2πt) + sin(0.4πt) + sin(0.8πt); in other words, it
is constructed from three individual frequency components corresponding to 0.1 Hz,
0.2 Hz and 0.4 Hz, respectively. From Figure 2, we can see that, except for small
edge imprecision and negligible residual, EMD successfully decompose this signal into
three components with a frequency ratio of approximately 4:2:1.
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Figure 1: Demonstration of f − x predictive filtering (a-i) and f − x EMDPF
(j-l) on synthetic section with different number of dip components. (a) Single flat event.
(b) Denoised single flat event.
(c) Removed noise section
corresponding to (a) and (b). (d) Single dipping event. (e) Denoised single
dipping event. (f) Removed noise section corresponding to (d) and (e). (g)
Complex events section. (h) Denoised complex events section. (i) Removed
noise section corresponding to (g) and (h). (j) Same as (g). (k) Denoised result by f − x EMDPF. (l) Removed noise section corresponding to (j) and (k).
emdpf/fxdecon syn01-flat,syn01-flat-fxdecon,syn01-flat-fxdecon-noise,syn01-dip,syn01-dip-fxdecon,syn
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Because of the frequency decreasing property, EMD has been used outside geophysics for noise attenuation (18; 12). Since random noise represents mainly the
high-frequency components, by removing the IMFs with the highest frequency, we
can attenuate this type of noise. However, in exploration geophysics, applying EMD
to time traces is not effective because of the mode mixing problem. (11) defined mode
mixing as any IMF consisting of frequencies of dramatically disparate scales. When
mode mixing exists, the first one or two IMFs contain a lot of useful reflection energy. Extensions to EMD, such as ensemble empirical mode decomposition (EEMD)
(25) and complete ensemble empirical mode decomposition (CEEMD) (23) have been
proposed to solve the mode-mixing problem in signal processing and have been used
in geophysics to analyze time-frequency properties, but have not been used for t-x
domain seismic noise attenuation.

f-x EMD
Instead of t−x domain EMD, a f −x domain EMD method to attenuate random noise
in seismic data has been proposed by (2). They apply EMD on each frequency slice
in the f − x domain, and suppress the higher wavenumber components, which mainly
represent random noise. However, a problem occurs when applying f − x EMD,
because the high-wavenumber dipping events will also be removed.
This problem
occurs because, for many data sets, the random noise and any steeply dipping coherent
energy make a significantly larger contribution to the high-wavenumber energy in the
f-x domain than any desired signal (2).
(2) cleverly utilize this by-product of f − x EMD to attenuate coherent noise such
as ground roll.
The detailed algorithmic steps of f − x EMD are given by (2) as:
1. Select a time window and transform the data to the f − x domain.
2. For every frequency,
(a) separate real and imaginary parts in the spatial sequence,
(b) compute IMF1, for the real signal and subtract it to obtain the filtered
real signal,
(c) repeat for the imaginary part,
(d) combine to create the filtered complex signal.
3. Transform data back to the t − x domain.
4. Repeat for the next time window.
f − x EMD can be used as an adaptive f − k filter. The cutoff wavenumber is
adaptively defined and does not need any apriori knowledge about the seismic data
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in order to define the filter parameters. This adaptability makes f − x EMD very
convenient to utilize in real applications. The frequency-slice-dependent adaptability
also makes f − x EMD more precise than f − x predictive filtering, because all the
filter parameters in f − x predictive filtering for each frequency slice are the same.
Another advantage of f − x EMD over f − x predictive filtering is that the trace
spacing does not need to be perfectly regular because no convolutional operator is
used, a characteristic similar to local median and SVD filtering (1; 2).

Figure 2: Demonstration of empirical mode decomposition on a synthetic signal.
(a) The original signal, (b) first IMF, (c) second IMF, (d) third IMF, (e) residual.
emdpf/synsig sigimf
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F-X EMPIRICAL MODE DECOMPOSITION
PREDICTIVE FILTERING
f − x EMDPF utilizes the property that the first few (generally 1 ∼ 3) IMFs for each
frequency slice in the f −x domain contain the high-dip-angle components and random
noise. Thus the leaked dipping events can be obtained by applying a predictive filter
to these IMFs. Adding the predicted signal to the sum of the remaining IMFs will
suppress random noise without harming the effective signals.
F − x EMDPF is a new seismic noise attenuation method which combines the
advantages of both f −x predictive filtering and f −x EMD. The detailed algorithmic
steps of f − x EMDPF are similar to f − x EMD (2) and are shown below:
1. Select a time window and transform the data to the f − x domain.
2. For every frequency,
(a) separate real and imaginary parts in the spatial sequence,
(b) compute IMF1, for the real signal and subtract it to obtain the filtered
real signal,
(c) apply an AR model to IMF1 and add the result to the sum of the remaining
IMFs,
(d) repeat for the imaginary part,
(e) combine to create the filtered complex signal.
3. Transform data back to the t − x domain.
4. Repeat for the next time window.
It should be emphasized that the number of the filtered IMFs is not limited to
one, but is selected according to both the noise level and the distribution of the dip
components within the specific seismic data set. If the noise level is high, then a
larger number of IMFs should be chosen, because the noise remains not only in the
first IMF but also in the second or the third, albeit with decreasing energy. If the
dip components are mainly distributed in the high-angle range, then the number of
IMFs could be relatively smaller, but when the dip components are distributed in the
low- or mid-angle range, we should choose more IMFs in order to ensure that noise
is removed whilst still preserving these dipping components.
Generally the number of IMFs for filtering is within the range of 1 ∼ 3. In
conventional EMD, the signal is completely decomposed into all the IMFs, along
with the remainder. In our proposed algorithm, EMD decomposes a signal into only
1 ∼ 3 components, which correspond to the number of IMFs to be filtered. Compared
with the conventional EMD, this uncompleted decomposition algorithm can improve
the computation efficiency by about 5 times.
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EMD BASED DIP FILTER
In this section, we seek to connect f − x EMDPF with f − x predictive filtering and
f − x EMD. We would like to first introduce the so-called EMD based dip filter.
Since the frequency of each IMF decreases according to the order in which it is
separated out, by subtracting the first few IMFs of each frequency slice in the f − x
domain, we extract the higher wavenumber components, which represent the energy
of random noise and high-dip-angle events in seismic sections.
If we divide the set of IMFs into more-detailed zones, we can separate the section
into several dip bands. Thus, we reach the definition of the EMD based dip filter:


1 ui (f, h) i ∈ D1


 2 ui (f, h) i ∈ D2
ũi (f, h) =
,
(7)
..
..

.
.


  u (f, h) i ∈ D
m i

Λ(f, h) =

N
X

m

ũi (f, h),

(8)

i=1

where Λ(f, h) is the filtered data for frequency slice f in the f P
− x domain.
ui (f, h)(i = 1, 2, · · · , N ) is the ith separated IMF such that S(f, h) = N
i=1 ui (f, h),
where S(f, h) is the transformed f −x domain seismic data. Di (i = 1, 2, · · · , m) is the
ith of m, the number of dip bands, and i is the corresponding weighting coefficient.
For a simple high-pass dip filter, we choose m = 2, 1 = 1, 2 = 0 and D1 = {1, 2},
D2 = {3, 4, · · · , N }.
Figure 3 demonstrates how an EMD based dip filter works on a synthetic planewave seismic profile containing three events corresponding to three dips. After filtering with high-pass, mid-pass, and low-pass dip filters, respectively, the three plane
waves are successfully separated . The parameters we choose in designing these three
filters are shown in Table 1.
Type
N m

D
high-pass 10 2
1 = 1, 2 = 0
D1 = {1}, D2 = {2, 3, · · · , 10}
mid-pass 10 3 1 = 0, 2 = 1, 3 = 0 D1 = {1}, D2 = {2}, D3 = {3, 4, · · · , 10}
low-pass 10 2
1 = 0, 2 = 1
D1 = {1}, D2 = {2, 3, · · · , 10}
Table 1: Parameters in designing high-pass, mid-pass and low-pass dip filters corresponding to Figure 3.
The EMD based dip filter is defined adaptively since the filtering process is data
driven. We only need to define the number of IMFs contained in each dip band at
the start, a step that is convenient to implement.
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If we consider random noise as high-dip-angle components, then f − x EMD
denoising (2) is equivalent to applying a high-cut dip filter with the form of equation
7 to the seismic data in order to remove both random noise and ground roll. We can
also understand f −x EMDPF from EMD based dip filter. f −x EMDPF first uses an
EMD based dip filter to separate the high-dip-angle and low-dip-angle components,
where the high-dip-angle components are composed of steeply dipping useful events
and noise, and low-dip-angle components are all useful signals. The useful signal in
the high-dip-angle components are predicted and subsequently restored. Due to the
effects of the EMD based dip filter, a decrease occurs in the number of useful signal
components that needs to be predicted. This decrease results in more accurate overall
performance when compared with conventional predictive filtering.

Figure 3: Demonstration of EMD based dip filter. (a) Original synthetic profile, (b)
with high-pass dip filter, (c) with mid-pass dip filter, (d) with low-pass dip filter.
emdpf/dipfilter plane,planeemd1,planeemd2,planeemd3

EXAMPLES
In this section, we first reuse the previously discussed synthetic data (Figure 1(j)),
then show two other synthetic data and one field data example to demonstrate the
performance of f − x EMDPF.
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Figure 1(k) shows the denoised result after f − x EMDPF. The removed noise
section is shown in Figure 1(l). Comparing Figure 1(i) and Figure 1(l), we see that
the useful events leaked into Figure 1(i) have been returned to the denoised result
(Figure 1(k)), while the noise level stays nearly unchanged.
The second synthetic example is composed of one linear dipping event and two
flat events (Figure 4). A 40 Hz Ricker wavelet has been used with a time sample
interval of 4 ms. The number of samples for each trace is 501, and the number
of traces is 120. Figures 4(d), 4(e), and 4(f) illustrate the comparison of denoised
results of the synthetic data using f − x predictive filtering, f − x EMD filtering, and
f −x EMDPF, respectively. Figure 4(a) is the noise free data, Figure 4(b) is Gaussian
white noise, and Figure 4(c) is the noisy data. The SNR of the noisy data is 2.0 (using
the previous definition of SNR). Figures 4(g), 4(h), and 4(i) show the removed noise
sections corresponding to f − x predictive filtering, f − x EMD, and f − x EMDPF,
respectively. From Figure 4(g), we can see that f − x predictive filtering harms both
flat and dipping events to some extent. Although by increasing the length of the
predictive step we can decrease the damage done to the signals, the noise suppression
is less effective because of the stronger prediction of noise. Also, as seen in Figure
4(d), the f − x predictive filtering introduces some artefacts. In Figure 4(h), we see
that f − x EMD tends to harm much of the dip energy but preserves entirely the flat
events. Using the same predictive filtering parameters, we see from Figure 4(i) that
both flat and dipping signals are hardly affected when f − x EMDPF is applied. In
this example, the first IMF is removed for prediction in the process of f − x EMDPF.
Figure 5 demonstrates the sensitivity of the f − x EMDPF for increasing the number
of filtered IMFs. We can see that, as the number of filtered IMFs increases, the
denoising result becomes more similar to f − x predictive filtering; that is, more noise
is removed and more obvious artefacts appear in the denoised section. However, for
f − x EMDPF, the horizontal events are always totally preserved, which supposes a
generally better denoising result than f − x predictive filtering.
The third synthetic example is a benchmark data set from SeismicLab. The
central frequency of the Ricker wavelet is 40 Hz and the temporal sampling is 2
ms. The number of time samples is 750 and the number of spatial samples is 50.
Figures 6(a), 6(b), and 6(c) denote the clean data, noise section, and noisy section,
respectively. The SNR in Figure 6(c) is 2.0. Figures 6(d), 6(e), and 6(f) are the
denoised results using f − x predictive filtering, f − x EMD, and f − x EMDPF,
respectively. From removed noise sections Figures 6(g), 6(h), and 6(i) we can conclude
that f − x predictive filtering harms much useful energy when the number of dip
components increases, whereas f − x EMD affects most of the dipping events, and
f − x EMDPF preserves the useful energy to the greatest extent while removing the
slightly weaker level of noise. In this example, the first IMF is removed for prediction
in the process of f − x EMDPF.
The field data is shown in Figure 7. It is a stacked section without migration from
the South China Sea. Figure 7(b) is a zoomed portion of Figure 7(a) from 1.5s to
3.0s. The denoised profiles, shown in Figures 8(a), 8(c), and 8(e), demonstrate f − x
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Figure 4: Comparison of denoising effects. (a) Clean data. (b) Gaussian
white noise. (c) Noisy data. (d) Denoised result by f − x predictive filtering. (e) Denoised result by f − x EMD. (f) Denoised result by f − x
EMDPF. (g) Removed noise section corresponding to (d). (h) Removed noise
section corresponding to (e). (i) Removed noise section corresponding to (f).
emdpf/linear syn02-clean,syn02-noise,syn02,syn02-fxdecon,syn02-fxemd,syn02-fxemdpf,syn02-fxdecon-
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Figure 5:
Comparison of denoising effects.
(a) f − x EMDPF denoised result with prediction on 1 IMF. (b) Noise section corresponding
to (a).
(c) f − x EMDPF denoised result with prediction on 2 IMFs.
(d) Noise section corresponding to (c).
(e) f − x EMDPF denoised result with prediction on 3 IMFs.
(f) Noise section corresponding to (e).
emdpf/linear syn02-fxemdpf-1imf,syn02-fxemdpf-1imf-noise,syn02-fxemdpf-2imf,syn02-fxemdpf-2imf-n
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Figure 6: Comparison of denoising effects. (a) Clean data. (b) Gaussian
white noise. (c) Noisy data. (d) Denoised result by f − x predictive filtering. (e) Denoised result by f − x EMD. (f) Denoised result by f − x
EMDPF. (g) Removed noise section corresponding to (d). (h) Removed noise
section corresponding to (e). (i) Removed noise section corresponding to (f).
emdpf/hyper syn03-clean,syn03-noise,syn03,syn03-fxdecon,syn03-fxemd,syn03-fxemdpf,syn03-fxdecon-
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predictive filtering, f − x EMD, and f − x EMDPF, respectively. The corresponding
noise sections are shown in Figures 8(b), 8(d), and 8(f). From these noise sections,
we see clearly that f − x EMD removes many dipping events. Even though we can’t
see clearly the improvement after applying f − x EMDPF at the scale of Figure 8,
the improvement can be identified on the zoomed noise sections shown in Figure 9.
The useful energy shown around 1.75s, 2.6s in Figure 9(b) does not exist in the same
part of Figure 9(f). From these differences, we conclude that f − x EMDPF is more
satisfactory than f − x predictive filtering and f − x EMD, in that it leaves less useful
energy in the noise section. In this real data example, we apply the AR model on the
first three IMFs for f − x EMDPF. For display reasons, the noise sections have been
amplified by 3 times.

Figure 7:
Field data from the South China Sea.
(a) Original poststack pre-migration profile.
(b) Temporal zoomed part from 1.5s to 3.0s.
emdpf/southsea southsea,southsea-zoom

CONCLUSIONS
We have proposed a new denoising method suitable for complex subsurface structures. We demonstrate that the number of dipping events will affect the denoising
performance of f −x predictive filtering. We also give the definition of an EMD based
dip filter and ascribe the effectiveness of f − x EMD to applying a high-cut EMD
based dip filter to seismic profiles.
By using the AR model to predict the steeply dipping event, f − x EMDPF can
deal with complex seismic profiles that conventional f − x EMD can’t handle. By
applying an EMD based adaptive dip filter in advance, f − x EMDPF can preserve
more useful energy as compared with conventional f − x predictive filtering. f − x
EMDPF is actually a modification to both f −x predictive filtering and f −x EMD, so
it maintains the benefits of being convenient, data driven, whilst combining the dipselection property of EMD with the power of the AR model used in f − x predictive
filtering.
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Figure 8: Comparisons between denoised results and corresponding noise sections. (a) Denoised result by f − x predictive filtering. (b) Removed noise
section by f − x predictive filtering (×3).
(c) Denoised result by f − x
EMD. (d) Removed noise section by f − x EMD (×3).
(e) Denoised result by f − x EMDPF. (d) Removed noise section by f − x EMDPF (×3).
emdpf/southsea southsea-fxdecon,southsea-fxdecon-noise,southsea-fxemd,southsea-fxemd-noise,souths
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Figure 9: Zoomed part of denoised results and corresponding noise sections. (a) Denoised result by f − x predictive filtering. (b) Removed noise
section by f − x predictive filtering (×3).
(c) Denoised result by f − x
EMD. (d) Removed noise section by f − x EMD (×3).
(e) Denoised result by f − x EMDPF. (d) Removed noise section by f − x EMDPF (×3).
emdpf/southsea southsea-fxdecon-zoom,southsea-fxdecon-noise-zoom1,southsea-fxemd-zoom,southsea
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Although the incomplete EMD described in this paper can improve computational
efficiency, a great deal of time is still required to process the data. Currently, this time
requirement is the major drawback of the approach. In addition, continued research
is required in order to find an efficient thresholding method in the f − x domain in
order to improve the preservation of useful signal.
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APPENDIX A: SIFTING ALGORITHM FOR EMPIRICAL
MODE DECOMPOSITION
In this appendix, we review the sifting algorithm of empirical mode decomposition
(equation 6 in the main paper). For the original signal, we first find the local maxima
and minima of the signal. Once identified, fit these local maxima and minima by
cubic spline interpolation in turn in order to generate the upper and lower envelopes.
Then compute the mean of the upper and lower envelopes m11 , the difference between
the data and first mean h11 .
h+ + h−
10
,
(A-1)
m11 = 10
2
h11 = h10 − m11 ,
(A-2)
where hij denotes the remaining signal after jth sifting for generating the ith IMF,
−
h+
ij and hij are corresponding upper and lower envelopes, respectively, and mij is
the mean of upper and lower envelopes after jth sifting for generating the ith IMF.
Repeating the sifting procedure (A-2) k times, until h1k reach the prerequisites of
IMF, these are:
h1(k−1) − m1k = h1k .
(A-3)
The criterion for the sifting process to stop is given by (9) as:
#
"
T
X
|h1(k−1) (t) − h1k (t)|2
≤ 0.3,
0.2 ≤ SD =
h21(k−1)
t=0

(A-4)

where SD denotes the standard deviation. When h1k is considered as an IMF, let
c1 = h1k , we separate the first IMF from the original data:
d − c1 = r1 ,

(A-5)

where d is the original signal, cn denotes the nth IMF, and rn is the residual after
the nth IMF based sifting. Repeating the sifting process from equation A-1 to A-5,
changing h1j to hij , in order to get the following IMFs: c2 , c3 , · · · , cN . The sifting
process can be stopped when the residual rn , becomes so small that it is less than
a predetermined value of substantial consequence, or when rn becomes a monotonic
function from which no more IMF can be extracted.
Finally, we achieved a decomposition of the original data into N modes, and one
residual, as shown in equation 6 in the main context.

